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POSITIVE SOLUTIONS ON
NONLINEAR BIHARMONIC EQUATION

Q-HreunG CHOI1' AND TACKSUN JUNG?

ABSTRACT. In this paper we investigate the existence of positive so-
lutions of a nonlinear biharmonic equation under Dirichlet boundary
condition in a bounded open set 2 in R"| i.e.,

A%u+cAu=but +s in €,
u=0,Au=0 on 0f).

0. Introduction

Let ©2 be a bounded open set in R™ with smooth boundary 0f). In
this paper, we shall concern with the nonlinear biharmonic problem

A%u 4+ cAu=but +s in ,

1
(0-1) u=0,Au=0 on 012,

where u™ = maz{u,0},c is not an eigenvalue of —A s € R, and A?
denotes the biharmonic operator. Throughout this paper, we assume
that b is a bounded real number. Equations with nonlinearities of
this type have been extensively studied in the context of second order
elliptic operators (cf. [6]).

In section 1, we introduce the Banach space spanned by eigenfunc-
tions of A? + cA and investigate properties of it in the Banach space.

In section 2, we study the positive solutions of (0.1) when \; < ¢ <
A2, b < A1 (A1 —¢) and s > 0.
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1. The Banach space spanned by eigenfunctions

In this section we investigate the multiplicity of solutions of the
biharmonic equation under the Dirichlet boundary condition
(11) A%u+cAu=but +s in €,

' u=0,Au=0 on 02,
where c¢ is not an eigenvalue of —A,s € R. Here we assume that the
nonlinearity bu™ crosses eigenvalues of A? + cA\.

Let A\p(k = 1,2,---) denote the eigenvalues and ¢r(k = 1,2,---)

the corresponding eigenfunctions, suitably normalized with respect to
L?(Q) inner product, of the eigenvalue problem

Au+ du =0 in €,

u=>0 on 052,
where each eigenvalue \ is repeated as often as its multiplicity. We
recall that 0 < A\ < A2 < A3 < -+, \; — 400, and that ¢1(z) > 0 for

x € .
Hence the eigenvalue problem

A%y + cAu = pu in €,
u=0,Au=0 on 0f),
has infinitely many eigenvalues
pr = A (Ag — ) k=1,2,---,

and the corresponding eigenfunctions ¢ ().
The set of functions {¢} is an orthonormal base for L?(2). Let us
denote an element u, in L?(Q2), as

u = Shydp, Yhi < .

Now we define a subspace H of L?(f2), which will contain all solu-
tions of equation (1.1), as follows

H={ueL*Q): MM — c)|h2 < oo}
Then this is a complete normed space with a norm
lulll = [Zx (O = o) |hg]=.

Since A\ — 400 and c¢ is not an eigenvalue of —A, we have the
following simple properties of the Hilbert space H.
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PRrOPOSITION 1.1. Let ¢ be not an eigenvalue of —A. Then we
have:

(1) A%u+ cAu € H implies u € H.
(2) [llu]l] > CH’U/HI:Z(Q) for some C > 0.
(3) llullp2qy = 0 if and only if ||[u]|| = 0.

Proof. (1) Suppose ¢ is not an eigenvalue of —A. We write
A?u + cAu = S\, (Ax — ¢)hidr.
Then

00 > |HA2u+ cAu|||2 =X Ae(Ae — ) |(Ae( Mg — c))th
> SO Ak(Ak — o)k = CllJull]?,

where C' = ank{l)\k:()\k — c)’ k= 1727.‘ }
(2) and (3) are trivial. O O

LEMMA 1.1. Let ¢ be not an eigenvalue of —/A. Suppose d is not an
eigenvalue of A? +cA and u € L*(Q). Then (A? +cA —d)~'u belongs
to H.

Proof. Suppose that d is not an eigenvalue of A% + cA and finite.
We know that the number of {Ax(Ax —¢) : [Ag(Ax — ¢)| < |d|} is finite,
where A\, (A — c) is an eigenvalue of A% + cA. Let u = Shidy. Then

1

A2+ cA—d) tu=X
( ) )\k()\k—c)—

dhk(r/)k-

Hence we have the inequality

1

1087 + e —a)~Mulll = S~ Ol =g

Shi < CZhi

for some C, which means that

1A% + eA = d) || < Crllulliz),  C1=VC.O

With Lemma 1.1, we can obtain the following lemma.
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LEMMA 1.2. Let f € L?(Q). Let b be not an eigenvalue of A% +

cA. Then all solutions in L?(2) of
A2y + cAu = but + f(2) in L*(Q)
belong to H.

With aid of Lemma 1.2, it is enough to investigate the existence of
solutions in the subspace H of L?(2) of (1.1).

Let A\ < ¢ < A1 and A\pg(Ar — ¢), Ag+1(Ak41 — ¢) be successive
eigenvalues of A2+ cA such that there is no eigenvalue between A\ (A —
c) and A1 (Agr1 —c¢). Then A\g( A —¢) < 0 < A1 (Ag1 —¢) and we
have the uniqueness theorem.

2. Existence of positive solution

Now, we investigate the existence of the positive solution of (1.1).

LEMMA 2.1. Let \y < ¢ < A2,b < A\(A1 —¢) and s > 0. Then
the unique solution of the linear problem
(2.1) A%u+ cAu=bu+s in €,
u=0,Au=0 on 0f)
is positive.

Proof. Let A\ < ¢ < Ay and b < A\;(A\; — ¢). Then the problem
A%u + cAu — bu = pu in €,
u=0Au=0 on 0f)
has eigenvalues A\ (Ax — ¢) — b and they are positive. Since the inverse
(A2 + cA —b)~! of the operator A% + cA — b is positive, the solution
u = (A% + cA — b)~1(s) of (2.4) is positive.
This proves the lemma. U 0

An easy consequence of Lemma 2.1 is

THEOREM 2.1. Let \y < ¢ < A2,b < A\(A1 —c¢) and s > 0. Then
the boundary value problem (2.1) has a positive solution ;.

Proof. The solution u; of the linear problem (2.1) is positive, hence
it is also a solution of (1.1). O O
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