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THE ANANLYSIS OF WILSON’S
NONCONFORMING MULTIGRID ALGORITHM
FOR SOLVING THE ELASTICITY PROBLEMS

KAB SEOK KANG AND DO YouNGg KwAK

ABSTRACT. In this paper we consider multigrid algorithms for solving elasticity prob-
lems by using Wilson’s nonconforming finite element method. We consider two types
of intergrid transfer operators which is needed to define the multigrid algorithm and
prove convergence of W-cycle mutigrid algorithm and uniform condition number es-
timates for the variable V-cycle multigrid preconditioner.

1. INTRODUCTION

There are various ways of solving the elasticity problems. One can use conform-
ing or nonconforming methods, which use elements not of class CY. In [12], it has
been shown that Wilson’s element which is used in practice by engineers to solve
the elasticity problems in two dimensions, passed the patch-test and the errors on
the stresses and displacements are asymptotically of order h and h? respectively.

The convergence of conforming multigrid algorithm for elliptic problems was
given by many others, for example [1, 2, 3, 4]. The convergence of nonconforming
multigrid algorithm for elliptic problems was given in [5, 6, 7, 8]. To show the
convergence of nonconforming multigrid algorithms, it is usually necessary to show
the stability of the intergrid transfer operators [5, 6]. In this paper, we introduce
two types of intergrid transfer operators for Wilson’s nonconforming finite element
method and show that the intergrid transfer operators satisfy the stablity condition
if the Lamé constant A is small.

Another property which is necessary for the convergence of multigrid algorithms
is , so called, “regularity and approximation property”([4, 5]). Under certain regu-
larity assumptions on the solutions, we are able to verify the regularity and approx-
imation property in section 6, thus show that the convergence factor of W-cycle
multigrid algorithm is C//(C +m!/?) for sufficiently large smoothing number m and
the variable V-cycle multigrid preconditioner has uniform condition number.

The outline of this paper is as follows. In section 2, we recall the variational
formulation of an elasticity problem. In section 3, we define the Wilson’s noncon-
forming finite element method for elasticity problem. In section 4 and 5 we define
two types of intergrid transfer operators and verify the stability of the intergrid
transfer operators. Finally, in section 6, we define the multigrid algorithm and give
the convergence proof and some numerical results.

1991 Mathematics Subject Classification. Primary 65N30.
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2. ELASTICITY PROBLEM

Let © be a bounded open subset of the x-y plane with a Lipschitz-continuous
boundary I' = I'g UI'; where the measure of I'j is strictly positive and I'y = ' —I'g.
For any v = (v, v2) € (H'(Q))?, we let

1 /0v; Ov; ..
w =3 (G + 52 ). 1<ij<o, (21)
Oij (V) = )\(le V)(Sij + Z[LEZ‘J' (V), 1<1,5 <2, (22)

where the constants A > 0 and p > 0 appearing in the relationship (2.2) between
the stresses o;; and the strains €;; are the coefficients of Lamé of the continuum
We consider the problem

u; =0 on Dy, 1<e<2, (2.3)

2
S oywn; =g onTy, 1<i<2
j=1

where n = (n1,n2) denotes the outer normal on I'. The solution u of (2.3) is
the displacements relative to an equilibrium state of a homogenous and isotropic
elastic continuum  under the action of distributed body forces f = (fi, fo) per
unit volume and external loading g = (g1,92) per unit area, the displacements
being specified and equal to zero along the subset I'g of I'.

To get a weak form of (2.3), we consider the space

V ={v=(v1,v2) € (HQ)?:v; =00nTy,1<i<2}. (2.4)

We let the bilinear form a(-,-) be defined on V' x V' by

a(u,v) = /Q Z oij(u)€;;(v)dedy

W= ) (2.5)
= )\/ div udiv vdzdy + 2/1/ Z €;j(n)e;j(v)dedy,
Q Q52
and we let the linear form F'(-) be defined on V' by
F(v) = / (fiv1 + fave)dzdy +/ (g1v1 + g2v2)ds, (2.6)
Q 't

where f; € L*(Q), g; € L?(I'1), i = 1,2, and s denote a curvilinear coordinate along
T;.
The weak form of (2.3) can be formulated as follows:
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Find the dispalcements u = (u1, uz) € V such that

a(u,v) =F(v) forall v=(v,v9) €V. (2.7)

We denote a seminorm and a norm over the Sobolev space H™(2) as | - |0
and ||

* |lm, respectively. For any v = (vi,v2) € V, we denote the expressions
(lv1]2, o+lval2, )2 and ([Jo1]|2, g +lvallZ,

7 79)1/2 as |V|m, o and || V||m,q, respectively.
Using the Korn’s inequality,
1/2
[Vlla <ec Z lei; (V)50 + VI3 .0 for all v € (H'(%))
i,7=1

and the fact that the measure of I'y is strictly positive

1/2

veV — E:Wm M3 0 (2.8)

1,j=1

is a norm over the space V' that is equivalent to the norm || -[|;.o. As a consequence
we get, for a constant ¢ > 0 depending only on 2

al(v,v) > 2u Z leis(VEq =cllviq forallveV. (2.9)
i,j=1

On the other hand, we have

a(u,v) < cluly o|v]1,0 for all u,v € V. (2.10)

By the Lax-Milgram lemma, (2.9) and (2.10) imply that problem (2.7) has a unique
solution u € V.

3. WILSON’S NONCONFORMING FINITE ELEMENT

Assume now that the domain  is the unit square(0 < z < 1,0 < y < 1). For

the sake of simplicity, we consider a triangulation 7, of € in equal_squ;mres with
sides h = 1/I, for I = 2 for some integer K. We let

:Ek:kh, yl:lh, Akl :(wk,yl), ng,lgf;

1 1
le — ((kf+ 5)}1, (l + 5)]%), Tk:l = [l’k,ﬂjk_H] X [yl,yH_l], 0 S k‘,l S I—1.

For 0 < k,l < I —1, we let Fj; € (P1)? be the affine transformation mapping the
reference square T'(—1 <z < 1,—1 < y < 1) onto the square Ty, with Fy,
Tri:

1+¢ 1-¢

5 Tht1l + ——

Y
1+ 1—n

pu— . u].
5 Tk y 5 Y41 + 5 Y (3.1)
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Definition 3.1. Wilson’s brick can be defined on the reference square T as follows:

(1) The space of shape functions is P= P,

(2) The degree of freedom ¥ are the values of the functions p at the four vertices
of the square and the average values of 9%p/9¢2 and 92p/0n? on the square
T.

The function p € P such that

2.5 2

0 6 D
2L jedn = pe, dEdn Py, (32)

plai) =pi, 1<i<4, - o¢

can be written as follows:

Qs  A-00+n,  0-00-n),
(

p= 4 4
(1+&)(1—n) &-1 n? —1
+ 1 pa+ 3 e + g

(3.3)

Dn-

The finite elements (7, by , P)j; will be the images by the transformations F; of
the element of reference (1,3, P), with

Pu={p=poF;':¥pe P}, 0<kI<I—1. (3.4)

The finite dimensional subspace X}, of L?(€2) will be the space of functions whose
restriction to each element T}; belongs to Py, 0 < k,I < I—1, defined by their values
at the vertices of the elements Tx; and the averege values of their second derivatives
0?/0z% and 0?/0y? on each element Tj;. In general, the inclusion X; C C°(Q)
does not hold.

Definition 3.2. For any function ¢ € H2(T), its interpolation Iy will be the
unique function of P equal to ¢ at the vertices of T" and such that

92 9?
/T oo~ )iy = /T oy~ gy = 0.

The following equality is then satisfied:
p—Ilp =0 forall pe P (3.5)

Now for all u = (u1,u2) € (H%(Q))?, we let its (X} )*interpolation Il u be
the unique function of (Xh)2 whose restriction to each element T of 75, has its
components respectively equal to ITu; and Ius.

Assume that I'y = Uj<i<;,1'0,i, where the I'g ; are subsets of I'. Then space V,
will be the subspace of (X})? of functions equal to zero at the vertices belonging
to Fo.
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Since Vj, is nonconforming, i.e., Vi, ¢ V N C°(Q) and the functions of V}, are
smooth on each T' € 73, we define a new bilinear form ay(-,-) on Vj, +V by

ap(an, vi) = Y /T > oij(un)eij(va)dady

TE’Th i,j:l

) (3.6)
= Z )\/ div updiv vhdxdy+2u/ Z €ij(up)€ij(vy)dady
Ter, T T =1

The discrete problem of (2.7) will be defined as follows:
Find uj, € V}, such that

ah(uh, Vh) = F(Vh) for all vy, € V},. (37)
We let ||| - |||n from V}, into R be defined by

) 1/2
vallln =1 > > lesvalllsr | - (3.8)
TeT, 1,5=1

Then, by (2.9) and (2.10), there exist two positive constant ¢ and C independent
h such that
clllvalllz < an(va, va) < Cl[lvalll; (3.9)

for all vy, € V.

Remark 3.3. From the definitions (3.6) and (3.8), we note that C in (3.9) depends
on the Lamé constant \.

Here and thereafter, we assume the smoothness hypothesis for the system of
elasticity, i.e., for all f = (f1, f2) € (L?(£2))?, the system

2

0
—2870'1']'(11):]0@‘ inQ, 1<i<2,
i=1 9%
u; =0 on Iy, 1<i<2, (3.10)
2
Zaij(u)nj:O on I'y, 1<:<2
j=1

has a unique solution u = (u, uz) € (H*(2))>NV and [Jul2,0 < C||f]o.0-
The next results which concern the error estimation of Wilson’s elements for
elasticity problems are from [12]:

Lemma 3.4. Let s be an integer with 2 < s < 3, let u € (H*(Q))2NV, and let
IIpu € Vi, the Vy, interpolation of u. We have

lu—Ipulp,r <ch® ™uls,r, 0<m<s, (3.11)

for allu € (H*(Q))?, all T € 11, the constant ¢ > 0 being independent of h.
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Theorem 3.5. Let u € (H?*(Q))2NV be the solution of problem (2.7) and let
uy, € Vi, be the solution of problem (3.7). Then we have:

llu —aplf[n < chlulz0 (3.12)
where the constant ¢ > 0 is independent of h. Moreover we have:
[u—unllo,0 < ch®lul20. (3.13)

Here we describe two equivalence relations which will be used in next sections.
For any v = (v1,v2) € (Xp,)?, we define,

2 2

9 9
(le) = 4h2 (6 2 > (le) (le) = 4h/ <a 2 > (le)
Uli,l:vi(Akl)a 1=1,2, 0<ZkI<I-1.

We let, for 0 < k,1 <1 —1,

Dyi(v) = (vl%,lJrl - Ul%,l)2 + (Ui+1,l+1 - Ul%Jrl,l)z + (Ui(le))Q + (Ui(sz))2
+ Whs1y = V0)* + Whp1i1 — Vhig1)® + (a(Gr))? + (v, (Grr))?

2 2 2 2 1 1 1 1 2
F (Vg 1,041 T V10 = Vhit1 — Vit T V10401 T Ukttt = Ukt — V1)
(3.14)

Bp(v) = =n’ z{ Ukl Uk+1,l)2 + (Uli,l+1)2 + (Uli+1,l+1)2

+ (V5 (Gr))? + (v (Gr))?}-

Lemma 3.6. There exist two constants ¢ and C, with 0 < ¢ < C, independent of
h, such that

(3.15)

C Z HG'LJ HO Tt S Dk?l C Z HE'LJ HO N (316)

1,j=1 1,j=1

for all v = (vi,v2) € (Xp,)? and for 0 < k, 1 <T—1.

Proof. On the reference square T', we let (&, 1) = vi(z,y), W(E,n) = va(x,y) with
(z,y) = Fri(§,m). Then we have

2 2 2
dy oY Odp Oy
2
> lless - 77 s @Y . 1
=, I J(Vh)HO,TM /T <<8§> + (877> + < + B¢ dédn (3.17)
To simplicify the calculation, we let a; = (—1,—1), a2 = (1,-1), a 1,1),

= (
and a4 = (—1 1) in &-n plane and let ¢, = ¢(a;) and ¢; = ¥ (a;) for i = 1,2,3,4,
e = 3 (Gr1), on = 0y (Gra), e = vV2(Gr), and ¢y = v2(G).
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Then according to (3.3), we have

dp 1
a% = 7101 = @2 = w5+ pa) +0lp1 — P2 + 03— pa) + et
W

an i[(¢1+¢2 — 3 —hg) +E(P1 — Y2 + Y3 — Ya) + by,

0 0 1
(f;;‘*‘E;g_4[(<P1+<P2—803—804+1/11—1/12—1/134-1/14)

+&(p1 — 2 + 03 — 01+ ) F (b1 — b2 + 1Pz — Py + o).

(3.18)

From (3.18), (3.17) becomes

2
1
> e vn)ldm, = 55 [3(<P1 — @2 — 03+ 0a)° + (1 — P2+ 03 — Pa)* + ¢}
ij—1

+3(¢1 + ho — 3 — Pa)® + (b1 — 2 + Y3 — a)® + U]
+3(p1 + P2 — 3 — g + 1 — o — Y3 +2hy)?

+ (01 — P2 + 03 — pa + V) + (Y1 — 2 + 3 — Yy + )2

1 125

_ L |4 _ _ 2
—12[9(% Y2 — 3+ P4)° +

[\
[\

(o1 — 92)® + = (3 — ¢a)* + 3

Nej
NeJ

2 2
+ %(% + 4y — b3 — )’ + §(¢1 —hg)? + §(1/J2 —1p3)® + P}
+3(p1 + w2 — 3 — Ya + Y1 — Yo —¢3+¢4)2+i¢§+%@%

3 /4 > 3/4 2
+4<3(801—802+903—904)+¢5> +4<3(¢1—¢2+¢3—¢4)+S@n> .

From the above equality and elementary arithemetic calculations, we get (3.16)
where ¢ > i and C < % O

Lemma 3.7. There exist two constants ¢ and C, with 0 < ¢ < C, independent of
h, such that

for all v e (X3)? and for 0 < k,1 <1 —1.

Proof. According to (3.3) and using notations in the proof of Lemma 3.6, we have,
for all v € Py(Ty;) and (&, 1) = v(z,y) with (z,y) = Fr (&, n),

1

1 1 1
o= o1+ Y2+ 03+ 01— -0 — oy |+ (1 — 2 — @3+ @a)
4 2 2 4 (3.20)

1 1 1 1
+ (P12 — s =)+ 7 (p1 — 02+ w3 — pa)én + §905£2 - g@onng-
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Here we let, for i = 1,2,

1 . ) , ,
_ 3 (A 7 7
Ai = i(vk+1,l+1 + Vg1 Uk + Vg1 )s

_ i i i i
B; = 1(_“k+1,l+1 + Va1 T Vg — Vkgr)s

1 ) . . .

C; = Z(_U/Z€+1,l+1 = Vg 41 T Vet + Vki10)s

D’L’ — Z(U}g+1’l+1 — Uk,l+1 + U]Zg’l - U}C-ﬁ-l,l)’

1 1

Ei =g v (Gu),  Fi= g”y(le)'

Then we get
2 4 16
— Z <4A2 (Bl +C7) + 5D} = 5 Au(Es + F)

i=1 (3.21)
16 16
—(B; + F))?>+ —(E? + F?) ).

From (3.21), we have
76
VI3 7, < B Z ( (A? + BY + C7 + D) + - (EF + Ff))
2

< OBy ((Wha)® + (V1) + Wh1)? + Whsra50)® + (05 (Gr)? + (v)(Gia))?)

i=1

and

2
4 1
2 2 2 2 2
V16,7, =P Z (A +5(BF +C) + 9D

17 (24 > 6
— A; — E; — F E? + F?
9 (1 ) 45( - )>

2
4 6
> ch? — (A7 4+ B?+C?+ D)+ —(E? + F?
2 el >\ g 47+ BI+ OF 4 DIy + g5 (B + F)
2
> ch? ((Ukl)2+(Uk+1,l)2+(vkl+1) + (Vkt1.041)
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is a norm in Vj, which is equivalent to || - ||§ o. Therefore we can define the inner
product (-,-)p as follows

2 I
(W, v)n =h2) | Y wi(Aw)vi(Aw)
i=1 \ k,1=0
I—-1
+ > (W (Gr)vi(Gra) + ul (Gra) vy (Gra))
k,l1=0

4. INTERGRID TRANSFER OPERATOR I%

In this and next section, we define two types of intergrid transfer operators

Ih{ Vg — V, and J Ih{ : Vg — V3, where Vg and V), are defined in section 3 for
H = 2h.

We consider h = 1/I;, and H = 1/Ig for I;, = 2™ and Iy = 2™~ ! in section 3
and let

wp =kh, yP =1lh, Al =(alyl), 0<kI<Iy

1 1
G = <<k+>h, <l+> h),
2 2 0<kI<I,—1,

Tlill = [J"Zux;;—&-l] [ylhaylh-i-l]
e =kH, yf' =1H, A=l /1), 0<k1<Iy;

Gg:(( > (l 2) ) 0<kI<Iy—1.

Tkl = [ffk 7f%+1] [yl ,yﬁ

l\DM—t

For ug € Xy, we define uj, = IZuH € X, as follows:

(A2k2l) = UH(Ag)’
ur (A) +um (Al 1))

uh(A?2k+1)2l) = 9 )
N w(Af) + UH(AkH(l-i-l))
Uh(AQk(QH-l)) = 9 )
n B ur (AfD) + UH(A{?LH)(;H)) + UH(Aggﬂ)z) + UH(AkH(z+1))

up ( (2k+1)(2z+1)) = 4 )
uH,z(GkH,z)

Uh,z(Glzlml) = Uh,r(ngH,zz) = Uh,z(ng,zzH) = Uh,z(ng+1,2l+1) = 4
uH,y(GkH,l)

Uh,y(Ggml) = Uh,y(ngH,zz) = Uh,y(GgmlH) = Uh,y(ng+1,2l+1) -4

We define I}y : Vi — Vj, as follows: for vy = (v1,vs) € Vi,

II};VH = (I}L]Ul, I}LI’UQ).
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Lemma 4.1. There exists a constant C' > 0, independent of h, such that
HVH — IIZVHHO,Q < Ch|HVHH|H f07’ allvg € Vg. (4.1)

Proof. Since vy € (P2(Th))?, we have

In—1 In—1
Ve = Igvelia =D IV —Iivally . < C Y Biy(Valey, — Iiva).
k,l=0 k,l=0

From (3.3), we have, for 0 < k, I < Iy —1,

2
ngm (VH|T2h,€21 — Ifyve) = h* Z{ Vi H|T2 (Agkm) - II}-LIUi7H(A}21k2l))2

k21

+ (vi,m | (Afpksyzr) = Tirvim (Afoprny)?

+ (vi,mlmn (Agk(2l+l)) - Iﬁlvi,H(Agk(le)))Q

+ (vi,m|n (Alsksy i) = Th0ua (Al 2041)))

+ (03 (GBrzr) — (Tr0)5 (Ghz))? + (v (szzz) (IHU) (Gz))?}

2 i vi v vi 2
-y (%) +<<§Hz>> +< G | y<805>>
2
+ <iv;(Gg)) + (ivé(Gﬂ))}

2
<ch® > {vi(GR) + (G} < CR’Dfi(va).

By the same argument, we have
B(h2k+1)2z(VH|’71"<2k+1>21 —Ifyvy) < CRDfj(vn),
Bor1)(VE 1y, — Tirve) < CR2Di(Va),
B?Qk-&-l)(zl-i-l)(VH‘}YL‘(%+1)(2[+1) - II@VH) < Ch2Dlg(VH)'
From the above and (3.16), we have (4.1). O
Lemma 4.2. There exists a constant C' > 0, independent of h, such that
NIy gl|n < Cllvalllg  for all vy € V. (4.2)

Proof. Since vy|pn € (P2(T]))? and from (3.16), we have

In—1 2
I vallli =Y > llei(Ihve —vi) + e (va)I§ o
k,1=04,j=1
In—1 2 In—1 2
<2y > lleUve = va)lgm +2 > > lle(vn)l§
k,=01,j=1 k,=01i,j=1
Ih_l Ih_l

Z Z l€eij (Ve ”0 T +C Z Di( Vel — I}vn).

k,l1=01,j=1 k,1=0
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Since
Ip—1 Ig—1
> Z les (Vg zn = D Z leis (VEDIG 71 (4.3)
k,=01,5=1 k,1=01,5=1

we only need to show that

In—1 Ig—1
> Divaly, = Iive) <C Y Dii(va). (4.4)
k,1=0 k,1=0

By using the arguments in proof of Lemma 4.1,

h h
Dzkzl(VH|T;M —Ifva)

., (@) s (ffﬂ) N <vz<4cz> N v;<fg>>2
+ (ivx@ﬁ)r + <3vi(Gﬁ>>2 + (3v;(Gg))2 + <3 2(Gh ))2

11 2 11 19
< = (MG + = (v2(GH LGk Hier
By the same argument, we have
D?2k+1)2z(VH‘T<2k+1)zl —Ifyve) < CDii(va),
ng(21+1)(VH|T2k(2l+1) —Ifyvy) < CDi(va),
D(2k+1)(2l+1)(VH‘T(%_H)(ZH_I) Ifvir) < CDi(va).

From the above and (3.16), we have (4.4). O
Corollary 4.3. Let P,ff : Vi, — Vg be the operator such that
ah(uh,IZVH) = aH(P;f{uh,vH) for all vy € Vg, up € Vj,.

Then we have

1P ws|||zr < Clllapllln for all uy, € V. (4.5)
Lemma 4.4. There exists a positive constant C, independent of h, such that

1175 () = Mpul|[x < Chlulzo (4.6)

and

I} (M gu) — Hpullo.o < Ch*lulsn (4.7)
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for allu € (H*(Q2))2NV.

Proof. By using the arguments in the proof of Lemma 4.1 and Lemma 4.2, we have,
for all u € (H?(Q))?2NV,

In—1 2
175 (M) = [ = 37 3 e (g (W) = )2 1
k,1=04,j=1
In—1 2
<33 3 {llew (T Tru = Ty 7+ lleis (Mara = w2 7
k1=01,5=1
s (u = )2 7 }
In—1 2
<C YD DI ([Mgw) — (M)l
k=0 1=1
Ip—1 Ip—1
+3 Z Z i (T — Ho TH +3 Z Z €5 (0 — Hhu)Ho T
k,0=01,5=1 k,l=01,j=1
Ig—1 2 9 9
<03 S (e (GH) + (M) (GE)° )
k,l=0 i=1

+3/[[Mza — |3 + 3[|[a — Muullf7.

For all v € H?(Q) and ¢ = v o FH| from the definition and Cauchy-Schwarz
inequality, we have

82 82
(M50 (Gr) = /T g3 (e = /T Sz

1/2
0° 9\’
= dxdy < Ch — dxd
- §p2 Vdrdy < C </T,§{ (8$2v> a:y) ,

62
(T0)y (Gt) = /T 7772<HH¢>dfdn= /T sz

82 \°
/ S vdzdy < Ch / < v> dxdy
TH oy?

From the above inequality and Lemma 3.4, we have

1/2

117 (T gra) — Tpul]f7
Iy—1 2 2 92 2
2 i i
< Ch ZZ(/ (6 2u> dxdy—l—/:FH(ayQU) diUdy)
k,1=0 i=1 kl
+ CH?|ulo0 + Ch?|ul20
Ig—1
<cn?| ) [ufy py + g | < CR?[ufq.
k,i=0
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By the same way, we get

I,—1
123 () Tl = 37 17 (M) — Mo
k,1=0
I -1
<3 7 {5 (Tmw) T3 gy + [ =l gy + (T — w7 }
k,1=0
Ih—l IH_1
<O Y (BT M) — (Mwlgy) +3 Y- [n = ulf
k,l=0 k,l=0
Ip—1
2
+3 Z HHhu - u”oj&
k,1=0
Ip—1 2 9 5
<or? 3 3 {((Mau)(G)” + ((Mau)(GH),)}
k,1=0 i=1

+ [ Tgu —uf§ o + [lu—Thulf o

<ch'lulfg. O

Theorem 4.5. There exists a positive constant C, independent of h, such that

H(I — I]ZPf{I)VhHO,Q < Chmvhmh fOT' all Vp € Vh. (48)

Proof. Given vy, € Vi, let w € V be the solution of (3.10) where f = (I— I PH)vy,.
Then we have [|[w]l2.0 < [|fo.q-

Let
ah(wh, uh) = F(uh) Vuh € Vh, (4 9)
CLH(WH,HH) = F(UH) Yug € Vg. '
From Theorem 3.5, we have
lIw = wallln < Chlwl. and [[[w — willlin < Chlwla,o. (4.10)

Let, for all v,u € (H(T))?,
2
ar(v,u) :/ Z 0ij(v)e;j(a)dzdy
T5=1
Then we have

11130 = {Hng,g — > ar(w,v, - PIfIVn)} + Y ar(w,v — Pilv). (4.11)

TeT Ter,
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Since P vy, € Vi, we can rewrite the first term on the right-hand side of (4.11)
as follows:

I£15.0 = > ar(w,vi — Pifvy)
TET)

= (f,Vh — IZP{IV}L)(LQ(Q))Q — Z aT(W,Vh) + Z aT(w, P;{{Vh)
TG’T;L TE’T}L

= an(wWn,vi) — (£, 15 Pvi) (12@)2 — an(w, vi) + an(w, Bl vy)
= ap(wi —w,vp) — (£, Py vi) (12 (0))2
—+ (f, (I — IZ)P}{{V;L)(L%Q))z + aH(w, P]?V}J

=ap(wp —w,vy) +ag(w— WH,P}{{Vh) + (f, (I — II}L{)P}{{V]—L)(LZ(Q))Q.

Using the Cauchy-Schwarz inequality, (4.10), Lemma 4.1, Corollary 4.3 and The-
orem 3.5, we have

IEl5.0 — > ar(w,va = Fi'vi) <|llw = walllalllvallln
TeET)

+llw = wrlllzl[[Pvalllz + Iflo.oll( = 1) Py vallog
< Chlltllo.ell[vallla-

(4.12)

The remaining term on the right-hand side of (4.11) can be rewritten as follows:

Z ar(w,vy, — Pfvy) = ap(w,vy) — ag(w, Pfvy,)
TET

an(w —Ipw,vy) + ap(Iyw — IR gw, vy,)

_l’_

an(Iyw, vy) — apg(w, B vy,)

=ap(w —pw,vy) + ap(Ilpw — IZHHW, vp) +ag(lgw — w, P}{{Vh).

Using the Cauchy-Schwarz inequality, Lemma 4.4, Lemma 3.4 and Corollary 4.3,
we have

> ar(w,vi = Pfvy) < |llw = TLwl|[a]|[val|[n

TeTy
4.13
T w — 2T gwllalllvallls + Taw — wlilall P vl 1)

< Chllwllz.elllvallln < Chlf]lo.alllvallln-

Inequality (4.8) follows from (4.11), (4.12) and (4.13). O

5. INTERGRID TRANSFER OPERATOR JJ

In this section, we define other intergrid transfer operator J% : Viy — Vj,. The
notation are the same in section 4.
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For uy € Xy, we define uj, = JZuH € X}, as follows:
uh(AngZ) = UH(Ag)»
UH (Ag) +tun (Agg+1)l) (UH,J:)(GE) + UH,m(GkH(z_U)

(A(2k+1)2l) 2 - 16 ’
h ur (Af)) + uH(AkH(lH)) uny (Ghy) + UH,y(G{;Ic—nl)
Uh(Azk(21+1)) = 9 - 16 )
A un (A7) + wr (A agn) + wm (A ) + wr (A5 )
up ( (2k+1)(2l+1)) = 1
_ un 2 (Gh) +umy (G)
8 )
UH,w(GkHl)
Uh,w(Gizlk,zl) = Uh,x(ngH,zz) = Uh,w(ng,21+1) = Uh,x(ng+1,zl+1) = f’,
, quy(GkH,l)
“hyy(ng,zl) = Uh,y(ngH,zz) = “h,y(G}zk,zzH) = Uh,x(G3k+1,2l+1) =71

We define J& : Vi — Vj, as follows: for vy = (v1,vs) € Vi,
Ty = (Jho, Jhos).
Lemma 5.1. There exists a constant C' > 0, independent of h, such that
Ive — Jhvilloa < Chll|vel|lg  for all vy € V. (5.1)

Proof. Since vy |pn € (P2(Th))?, we have

I,—1 I,—1
Ve = Jgvelda= D Ve = Jgveldm < C Y Bilviley, — Jivi).
k,1=0 k,1=0

From (3.3) and the argument in Lemma 4.1, we have, for 0 < k, 1 < Iy — 1,

2 ”;(GZ) (le 1) ’
ngm(VH’Tth, —Jive) = h? Z ( 16 -

i=1

. (@(Giﬂ —11)6;((?{2—1)0)2 i <iv;(Gﬁ)>2 + (i y(GH))

< Ch*{D{j(vi) + Dify_1)(ver) + D1y (va)}

By the same argument, we have

B?2k+1)2l(VH|T<2k+1>2l JHvir)
< ChQ{Dkl( #) + Dy (vi) + D{i 1y (va)},
ng(Ql-H) (VH|T%(2H1) HvEH)
< ChQ{Dkl( #) + D1y (Vi) + D1y (va)},
B(2k+1)(21+1)(VH|T<2,€+1)(2H1) HVH)
< ChQ{Dkz (vir) + D{jy 1y (va) + Dy (Vi) }-
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From the above and (3.16), we have (5.1). O
Lemma 5.2. There exists a constant C' > 0, independent of h, such that

||‘JZVH‘||h§C|HVHH’H forallvyg € Vy. (5.2)

Proof. Following the arguments in the proof of Lemma 4.2, we only need to show
that

Inp—1 Ig—1
> Dyl = Jive) <C Y Dii(va) (5.3)
%,1=0 %,1=0

By using the arguments in the proof of Lemma 5.1,

ngzz(VH|T;W — Ifyve)

2 2
_ ”i(Gg) - vz(G(k—l)l) i vz (GY) — U%(Gk(l—l))
16 16
2 2
03 (Gh) — 2 (Gr-1y) vy (GE) — vy (G —1y1)
+ 16 + 16

1
+ (Stet ~ @l - e + (Gl o0

2
FO(GH) — oG — ol (GE) + @(Gﬁl_l))})

3 E: > /3 E: ?
+(Gerem) + (Geet) + (Guiem) + (i)
< C{Dfi(vu) + Dijy—1y(va) + Dfi 1y (v}

By the same argument, we have

h
Diopy1ya(v H’T(2k+1)21

< C{Dkl( vu)+ D1€1(1+1)(VH) + D{llf—l)l(vH)}v
ng(QH—l) (Ve VH

2k(2[+1)

VH)
)
)
< C{Dk:l( H)+ Dﬁl—U(VH) + D(Hk+1)z(VH)}v
D(2k:+1)(2l+1) (VH|T(%+1)(21+1> HVH)

< C{DL(vi) + Diy1) (V) + Dty (va)}
From the above and (3.16), we have (5.3). O
Corollary 5.3. Let QhH : Vi, — Vi be the operator such that

ah(uh, J;LIVH) = aH(QhHuh,vH) for all vy € Vg, up € Vj,.

Then we have

1@ wnlllz < Clllunllln for all up € Vi (5.4)
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Lemma 5.4. There exists a positive constant C, independent of h, such that

1175 () — Myu], < Chlulzg (5.5)

and

175 (M) — Moo < Ch?lulzq (5.6)
for allu e (H*(Q))2NV.
Proof. By using arguments in proof of Lemma 5.1, Lemma 5.2 and Lemma 4.4, we
have, for all u € (H*(Q2))* NV,

Ip—1 2
1178 (M) = pull[f = > > e (5 (Mga) — T3
kd=01i,j=1
Ip—1 2
<C Y Di(E(gu) — (Mgua)|py )
k,l=01i=1
Ig—1 Ip—1
+3 Z Z HE’L] pu— Ho TH +3 Z Z Helj _Hhu)Hg,T&
k,l=01,5=1 k,=01,5=1
Ig—1 2 9
<03 Y {(@au)a (@) + (Mau), (GH))° |
k,l=0 i=1

+ 3| Tgu — |l + 3[[[u — Txul[[;

Ig—1 2 2 82 2
< Ch? / ( u> dxdy + / <u) dxd
ZZ( i\ v Jo a2 y

k,l=0 i=1
+ CH?ul3 o + Ch?[ul3 g
Ig—1
<O § i, + g < CRluf3 g
k,i=0

By the same way, we get

In—1
175 (Maw) = pulg o = Y (177 (M) — yulff 4
k,l=0
In—1 Ig—1
<C Y (Bh(Jh(gu) = (Mgu)lzy) +3 Y [Hgu—ul
k,1=0 k,1=0
In—1
+3 ) [Ihu—ulff .
k,l1=0 h
Ig—1 2 9
<on? 3 S {(@u)a(G1) + (M), (GH) )
k,l=0 i=1

+ 3| — ullf o + 3[lu - Myuf§ o
<chiluljg. O



122 KAB SEOK KANG AND DO YOUNG KWAK

Theorem 5.5. There exists a positive constant C' such that

H(I — JthH)VhHOVQ S Chmvhmh fOT' all Vp € Vh. (57)

Proof. The proof is same as the proof of Theorem 4.5. [

6. MULTIGRID ALGORITHM

In this section, we describe the multigrid algorithm, its convergence proof and
numerical results. To define the multigrid algorithm, we let hy = 2% for k =
1,..., K and denote V3, and ap,(-,-) in section 3 as Vi and ag(-,-), respectively.
And we also define (-,-); as in section 3. Here we denote

1/2
- Wlls = k()72 and |- llog = (8>

Then || - |o.x is a discretize norm which is equivalent to L?-norm on Vj.
The symmertric positive definite operator Ag : Vi, — Vj is defined by

(Apv, W) = ag(v,w) VYv,w e V. (6.1)
By a standard inverse estimate,
ag(v,v) < C’h,;g(v,v)(Lz(Q))z Vv € V. (6.2)
Then (6.1) and (6.2) imply that the largest eigenvalue A\j of Ay is bounded by

Ak < Ch2. (6.3)

Here we define coarse-to-fine intergrid transfer operator I ,’j_l by either I ,};]’:71 or

J,?:_l in previous sections. The fine-to-coarse intergrid transfer operator I ,ljfl :
Vi — Vi_1 is defined by

(v, 7wy = (IF_ v, W) YV eV, w eV, (6.4)
and P,f_l be either P,?:’l or QZ:’1
Also, we require a sequence of linear smoothing operators Ry : Vi — Vj for
k=2,...,K. We shall always take Ry = Al_l. Let Rf denote the adjoint of Ry
with respect to the (-,-); inner product and define

Ry, if I is odd,
R;(Cl):{ r ifliso

Rf if [ is even.

We define the multigrid operator By : Vi — Vi in terms of an iterative process
as follows.
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Multigrid Algorithm. Set B; = A;'. Assume that Bj_; has been defined and
define Big for g € V;, as follows;

(1) Set v¥ =0 and q° = 0.

(2) Define v¢ for i = 1,2,... ,m(k) by

vi=vitl 4 R,(:er(k))(g — ApviTh. (6.5)
(3) Define wm*) = ym(k) 4 IF_,qP, where q° for i = 1,...,p is defined by
o = a1+ By [ (g — Av™®) — 4, g1, (6.6)
(4) Define w' for i = m(k) +1,...,2m(k) by
wi=wil+ ngi+M(k))(g — Apwih). (6.7)

(5) Set Bpg = w2m(k),

In the algorithm, m(k) is the number of pre- and post-smoothing iterations and
can vary as a function of k. If p = 1, we have a V-cycle multigrid algorithm.
If p = 2, we have a W-cycle algorithm. A variable V-cycle algorithm is one in
which the number of smoothings m(k) increase exponentially as k decreases (i.e.,
p = 1 and m(k) = m25~F for fixed integer m). The smoothings are alternated
following [5] and are put together so that the resulting multigrid preconditioner By,
is symmertric in the (-, ) inner product for each k.

Here we show the regularity and approximation property.

Proposition 6.1. There exists a positive constant C 4 such that

(AkV, AkV

1/2
lay (I — IF_ PFYv,v)| < Cy4 ( " )k> ar(v, V)2 Yv eV, (6.8)

fork=1,...,7.
Proof. From (4.8) or (5.6) and Cauchy-Schwarz inequality, we have
Jar((I = Iy PE v, v = (1 = Ly Py )v, Av)id
< (I = Iy B vl loellAkv]lok
< Cheel|IVI[l& - [|AkvI]o,k-
From (6.3), we get (6.8). O
to have following results.

Now we can apply the theory in |

5]
Theorem 6.2. Define By by p = 2 and m(k) = m for all k in the multigrid
algorithm. Then there exists C' > 0, independent on k, such that for m large

enough,
o C
where
lap((I — BpAk)v,v)| < drag(v,v) Vv e V. (6.10)

The condition number of By Ay for the preconditioner By is K(ByAk) = n1/n0
where 7y and 7; satisfy

noax(v,v) < ax(BrApv,v) < mag(v,v) Vv e V. (6.11)
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Theorem 6.3. Define By by p = 1 and m(k) = m2E=% for k =1,... |K in the
multigrid algorithm. Then the constants ny and ny in (6.11) satisfy

m(k)/* C + m(k)/*
> d <
Mo = C +m(k)1/4 e = m(k)l/4

Remark 6.4. The constants C' in Theorem 6.2 and 6.3 depend on the Lamé con-
stant \ because the constants C in Theorem 4.5 and 5.5 depend on the Lamé con-
stant.

From Theorem 6.2 and Theorem 6.3, we have an optimal convergence property
of the W-cycle and a uniform condition number estimate for the variable V-cycle
preconditioner if the Lamé constant A is small. If the Lamé constant is big then
the W-cycly multigrid algorithm needs large m and the variable V-cycle multigrid
preconditioner have a large condition number.

Next we give the numerical results for various A and fixed p = 1.0 for variable

V-cycle and W-cycle multigrid algorithms with Gauss-Seidel smoother.

K\ 0.0 0.5 1.0 2.0 10.0 50.0
2 1.9029 1.8774 1.9910 2.3871 7.5843 52.7875
3 1.9055 1.8775 1.9818 2.3439 6.3980 41.3589
4 1.9198 1.8863 1.9881 2.3457 6.1564 34.4257
5 1.9252 1.8890 1.9894 2.3464 6.1591 30.4515

Table 1. Condition Number of By Ay, for variable V-cycle with I% and m(k) = 25-*

K\\ 0.0 0.5 1.0 2.0 10.0 50.0
2 1.9508 1.9807 2.1369 2.5893 7.4635 61.9335
3 1.9908 1.9984 2.1402 2.6012 7.7160 66.6534
4 2.0416 2.0519 2.2036 2.6844 8.1370 70.7702
) 2.0611 2.0540 2.2318 2.7301 8.2283 72.6752

Table II. Condition Number of By A; for variable V-cycle with J I}} and m(k) = 2K—F

K\ 0.0 0.5 1.0 2.0 10.0 50.0
2 0.45734 0.44849 0.47450 0.54631 0.81387 divergent
3 0.46150 0.45316 0.47852 0.55097 0.81991 divergent
4 0.46161 0.45335 0.47868 0.55037 0.81952 divergent
5 0.46161 0.45335 0.47868 0.55040 0.81953 divergent

Table III. Convergence factor §; in (6.10) with 1% and m(k) = 1

K\ 0.0 1.0 2.0 10.0 50.0 100.0
2 0.09083 0.08934 0.10976 0.45255 0.83602 0.91310
3 0.07339 0.07810 0.11216 0.46232 0.84035 0.91554
4 0.07134 0.07782 0.11313 0.46271 0.84088 0.91589
5 0.07134 0.07783 0.11213 0.46274 0.84091 0.91591

Table IV. Convergence factor §x in (6.10) with 17 and m(k) = 4
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K\\ 0.0 0.5 1.0 2.0 10.0 50.0
2 0.43707 0.42467 0.44722 0.51554 0.79072 divergent
3 0.43420 0.42127 0.44396 0.51450 0.79527 divergent
4 0.43425 0.42128 0.44401 0.51462 0.79562 divergent
) 0.43426 0.42128 0.44402 0.51462 0.79563 divergent
Table V. Convergence factor &y in (6.10) with J% and m(k) =1
K\\ 0.0 1.0 2.0 10.0 50.0 100.0
2 0.08121 0.08560 0.09496 0.42649 0.81839 0.90164
3 0.05837 0.05221 0.08590 0.44118 0.82373 0.90425
4 0.05800 0.05204 0.08536 0.44130 0.82347 0.90416
5 0.05799 0.05494 0.08536 0.44124 0.82347 0.90416
Table VI. Convergence factor 3 in (6.10) with JJ; and m(k) = 4
REFERENCES
1. R.E. Bank and C.C. Douglas, Sharp estimates for multigrid rates of convergence with general

10.
11.
12.

smoothing and acceleration, SIAM J. Numer. Anal. 22 (1985), 617-633.

R.E. Bank and T. Dupont, An optimal order process for solving finite element equations,
Math. Comp. 36 (1981), 35-51.

D. Braess and W. Hackbush, A new convergence proof for the multigrid method including the
V-cycle, SIAM J. Numer. Anal. 20 (1983), 967-975.

J.H. Bramble and J. E. Pasciak, New convergence estimates for multigrid algorithms, Math.
Comp. 49 (1987), 311-329.

J.H. Bramble, J. E. Pasciak, and J. Xu, The analysis of multigrid algorithms with nonnested
spaces or noninherited quadratic forms, Math. Comp. 56 (1991), 1-34.

S.C. Brenner, An optimal-order multigrid method for P1 nonconforming finite elements,
Math. Comp. 52 (1988), 1-15.

S.C. Brenner, A nonconforming multigrid method for the stationary Stokes Equations, Math.
Comp. 55 (1990), 411-437.

Z. Chen and D.Y. Kwak, The analysis of multigrid algorithms for nonconforming and mized
method for second order elliptic problems, Preprint.

P.G. Ciarlet, The finite element method for elliptic problems, North-Holland, Amsterdam,
New York, and Oxford, 1978.

W. Hackbush, Multi-grid methods and applications, Springer-Verlag, NewYork, 1985.

S. McCormick (Ed.), Multigrid methods, STAM, Philadelphia, PA, 1987.

P. Lesaint, On the convergence of Wilson’s nonconforming element for solving the elastic
problems, Computer Methods in Applied Mechanics and Engineering 7 (1976), 1-16.

DEPARTMENT OF M ATHEMATICS,

KOREA ADVANCED INSTITUTE OF SCIENCE AND TECHNOLOGY
TarJoN, KOREA 305-701

E-mail address: kks002@math.kaist.ac.kr

DEPARTMENT OF MATHEMATICS,

KOREA ADVANCED INSTITUTE OF SCIENCE AND TECHNOLOGY
TAEJON, KOREA 305-701

E-mail address: dykwak@math.kaist.ac.kr





