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ON THE MODIFIED HYERS-ULAM-RASSIAS
STABILITY OF THE EQUATION

f(@? —y? +ray) = f(2?) — f(y?) + rf(zy)

GwANG Hur Kim

ABSTRACT. In this paper, we prove a generalization of the stability
by S. M. Jung[3] of the functional equation f(z? — y? + rzy) =
f(z?) — f(y?) + rf(zy) , which can be considered as a variation of
the Hosszu’s functional equation.

1 . Introduction

The stability problem of functional equations has been originally
raised by S. M. Ulam[6] in 1940. He raised a question : In what
conditions does there exist a linear mapping near an approximately
additive mapping ?

In 1941, this problem was solved by D. H. Hyers[2]. After a long
time, it was improved by Th. M. Rassias[4]. In 1994, this problem was
further generalized by P. Gavruta[l]. The Cauchy equation f(z+y) =
f(z)+f(y) leads to the Hosszu’s equation f(z+y—zy) = f(z)+f(y)—
f(zy), and which leads to the function equation f(z? —y? + rzy) =
f(@?) = F(y®) + 7 f(zy).

In this paper, we will prove the modified Hyers-Ulam-Rassias sta-
bility of the above last equation by using the Gavruta’s method, which
is a generalization of Rassias’ result. The known stability result of the

above equation is the following result by S. M. Jung [3]:
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Let p< 1,7 >0, 7 #1, and 8 > 0 be given. Suppose f : Fq4 — Ea
to be a mapping such that

1f(a? = 42 +rzy) — f(2?) + F(y°) = rfzy)ll < O(2*]P + ly*[I7)

for all z,y € E;. Then there exists a unique mapping T : F; — FE»
satisfying

T(xz? —y? + rey) — T(z?) + T(y?) — rT(zy) =0

for all z,y € Eq, and

20

=]

|z||P for all z € Ey,

If(z) = T(@)]| <

where F; is a real normed space for which the multiplication “.”
between the elements is defined with (az) - (By) = (af)(x - y) for all
z,y € Ey and a,f € R,and E; = {2? : z € E;}U{-2%: 2 € E1}.
The real space R is an example for the space F1. Also let Es be a

real Banach space.

2. Result
Let E; and F5 be those in section 1, and define a mapping ¢ :
E; x E; — [0, 00) such that

o0
(1) P(z,y) =Y rFp(riz,riy) < oo
for all z,y € F1, where r > 0 and r # 1.

THEOREM. Let f: E; — FEs be a mapping such that

2)  f(@® = +ray) — f(@®) + f(B7) —rfzy)] < o(z,y),
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for all x,y € FE1, where r > 0,r # 1. Then there exists a unique

mapping T : E1 — E5 such that, for all x,y € Ej,

(3) T(x? — y? + roy) — T(2?) + T(y?) —rT(zy) =0
and

“(e,2),  ifz=7
(4) If(2) =T <9 1

;(ﬁ(z, —z), ifz=—22

Proof. For z = y inequality (2) implies
1f(rz?) = rf(2?)|| < ¢(z, ).

Thus
6) I fra?) - S < Spl(e,2), forall v By
Replacing = by /rz, inequality (5) gives
(© 7 £(r%2%) = f(r?)| < S (v, Vi)
From (5) and (6) it follows that

Ir=2 f(r?a?) — f(z?)]|

< |r2f(r%2) — v f(ra®)|| + |lr 7 f(ra®) — f(2?)]]

<r U (%) — Fra?)] + ()

< Zg(z,2) + 9(vFz, Vo).

Hence

—

(M) 2675 ~ f@)] < ~lo(,2) + oz, Vi)

r
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for all z € F;.

Applying an induction argument to n we obtain
® ) - 1l < LS retrta rta)
for all z € F1. Indeed, =
Ir= D () — f(@®)] < e Y F ) — T f(ra)|
+ 7t f(ra®) - f(2?)]
and with (8) and (5) we obtain
lr= D £ 2?) = f(2?)]

n—1
k41 E+1

1 1
< -1 —k 2 2 —
r - kg_or o(r= z,r 2 x)+ T(p(m,:v)

1 n
== Zr‘kgo(r%a:,r%:c).
" k=0
On the other hand, by putting y = —z in (2), we have the following
inequality
IF(=rz?) = rf(=2?)| < oz, ~z).
Throughout the same process from (5) to (8), we can easily prove

n—1
1
©) I f(=rme?) - f(=a?) < - 3 r R e(rEa, i)
k=0
forallm e N, x € F.

According to (8), (9) and the properties of the space F;, we con-
clude |

pT T'"Z2 _ zz
(1) [rf("e) - f(x)||:{“ 2 = £

Ir=™ f(=r"2%) = f(=2°)l

n—1

1 A S
;E r p(r2z,r2z)
k=0

IN

n—1

1 —k k k
;E r—"p(r2z,—r2z)
k=0
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2

foralln € N and each z = 22 or x = —22 € E;.

Given z € F1, we now define

lim r~"f(r"z) forr >1
T( ) — n— 00
{ lim r"f(r~"z) for0<r<1.

n— oo
Let n > m > 0. Using (10), we then obtain, for r > 1,

I f @)= f )| = e f ) — f(rm)|

n 1

_ ]. iy _ k+m k+m
<r M- E r kcp(r T oz,r 2 2)
r
k=0
n—1
1 —p )4 b
:—E r Po(rzz,r2z),
r =

for each = 22, with z, z € E;. Taking the limit as m — oo we obtain
7= f (") = () | = 0.
Similarly, we have for 0 <r < 1
[r"f(r~"x) —r™ f(r~" )| — 0

as m — OoQ.

Hence the above two conditions imply that both sequences
{r="f(r"z)}nen, forr >1

and
{r"f(r7"x) }nen, for0<r<1

are cauchy sequences. Since Fs is the Banach space, the value of T
is defined for all x € E;. We consider the case that » > 1. The other

case can be proved similarly . We claim that T" satisfies (3).
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By using (2)

IT(2? — y* + ray) — T(2?) + T(y*) — rT(zy)]|

T 1 n_2 n_ 2 n+1
L

— f(r"z®) + f(ry?) — rf(rhay)l|

1 1 n n
< Jlim (v, vrty)

n—o0

= 0.

Hence, we arrive that (3) holds for all z,y € Ej.
To prove (4), taking the limit in (10) as n — oo

5(z,2), forz =22,
PIREETRPY Rt

P(z,—2), forxz=—22.

SIS e

It remains to show that 7' is unique.
Assume that 7" : E; — E5 were another such mapping with (3)

and (4) satisfied. It follows from (3) with some calculation that
(11) T(r"z) =r"T(z) and T'(r"z)=7r"T'(x)

for every n € N and each z € E;. Further, assume T"(z) # T'(x) for
some z € E;. Using (4) and (11), we have

IT(z) = T'(@)|| = |r"T(r"z) — r "T'(r"z)|
<r "(|T(r"z) = f(ra) || + | f(r"z) = T'(r"x)]))
< r”"(;gb(r";v,r"m)) — 0 asn— oo,

which leads to the contradiction. Hence the proof of the theorem is

complete. U
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3. Application
For the application of Jung’s theorem, let G be a normed linear
space and define H : Ry x Ry — Ry and ¢p : Ry — R, such that

wo(A) >0, for all A >0,

wo(r) <r

o (st) < wo(s)wo(t), for all s,t € Ry,
H(Xs,At) < @o(A)H(s,t), for all s,t € Ry,A >0,

H(llz?Il, lly*1) = 0(llz]|? + llylI?), ~ for all ,y € Ex.
We take in our theorem o(z,y) = H(||z?||, ||y?|]). Then
p(riz,riy) = H(|(ri2)?], | (r#9)*])
= H(r*|l<?|,r*[|y?])
< o(r*)H(l|z*[l, [ly*])
< (eo(m)*H(lI2*|, Iy

and because ¢o(r) < r we have

¢(z,y) <Z(r (po(r)*H(|l2*[, 5]}

T
- 1_(900(7.)/7_)1{(” s ly“1),

and the relation (4) becomes

1gb(z 2) if z = 22
@ -T@I<{ " |
;cﬁ(z, —2), ifz=—22
<—L _H(2), )12
~ r—po(r)

1
= ——20||z||P.
ety el
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