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ON THE MODIFIED HYERS-ULAM-RASSIAS 
STABILITY OF THE EQUATION

/o2 -y2 + rxy) = f(x2) — f(y2) + rf(xy)

Gwang Hui Kim

ABSTRACT. In this paper, we prove a generalization of the stability 
by S. M. Jung[3] of the functional equation f(x2 — 이2 -}— rxy) = 
f(x2) — f(y2) + rf (xy) , which can be considered as a variation of 
the Hosszu’s functional equation.

1 • Introduction
The stability problem of functional equations has been originally 

raised by S. M. Ulam[6] in 1940. He raised a question : In what 
conditions does there exist a linear mapping near an approximately 
additive mapping ?

In 1941, this problem was solved by D. H. Hyers[2]. After a long 
time, it was improved by Th. M. Rassias[4]. In 1994, this problem was 
further generalized by P. Gavruta[l]. The Cauchy equation f(x+y) = 
f(x)+f(y) leads to the Hosszu’s equation f(x+y—xy) = f(x)+f(y) — 
f(xy), and which leads to the function equation f(x2 — y2 + rxy) = 
f(x2) — f(y2) + rf(xy).

In this paper, we will prove the modified Hyers-Ulam-Rassias sta­
bility of the above last equation by using the Gavruta’s method, which 
is a generalization of Rassias’ result. The known stability result of the 
above equation is the following result by S. M. Jung [3]:
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Let p < 1, r > 0, r 斗 1, and 0 > 0 be given. Suppose / :」E\ — 乃2 
to be a mapping such that

||/02 -y2 + rxy) — f(x2) + f(y2) — r/(@)|| < 0(\\x2\\p + \\y2\\p)

for all x,y E E±. Then there exists a unique mapping T ; E± —今 E2 
satisfying

T(x2 — y2 + rxy) — T(x2) + T(y2) — rT{xy) = 0

for all x,y e and

2/9
\\f(x)-T(x)\\ < 서—쉐씨오 for all :r € Eu

where E± is a real normed space for which the multiplication u•” 
between the elements is defined with (ax) • (0y) = (a/3)(x • y) for all 
x,y e Ei and aJ3 e R, and = {x2 : x e E±} U {—x2 : x e E’i}. 
The real space R is an example for the space E\. Also let E2 be a 
real Banach space.

2. Result
Let Ei and E2 be those in section 1, and define a mapping (p : 

Ei x Ei ——> [0, oo) such that

00
(1) 烈⑦川)：=乞『幼(히 丕 x,r고y) < 00

k=o

for all x,y E E±, where r > 0 and 7• 斗 1.

Theorem. Let f : E± ——> be a mapping such that

(2) ||/(수 -y2 + rxy) — /(x2) + f(y2) — rf(xy)\\ <〈p(x,y),
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for all x,y e E±, where r > 0,r 子 !. Then there exists a unique 
mapping T : E± ——> such that, for all x,y e Ei,

(3) T(x2 -y2 + rxy) - T(a?2) + T(y2) — rT(xy) = 0

and

{
■1(그(之,之), if x = 22,
I
-》(z, —z), if x = —z2.

Proof. For x — y inequality (2) implies

||/(nr2) — r/(x2)|| < ⑵⑦，情).

Thus

(5) ||『\f(=2) — /(文2)|| < for all x G E±.

Replacing x by y/rx^ inequality (5) gives

(6) ||r-1/(r2:z:2) — /(rx2)|| < -(p(y/rx, y/rx),
r

From (5) and (6) it follows that

||『2/(r2x2) —/(x2)||

< \\r~2f(r2x2) — r-\f(7•:r2)|| + Wr^f^rx2) — /(鉛2)||

< r-1||r“\f(r2:z:2) — /(rx2)|| +
r

1 1
< 주이(⑦，⑦) + 平Wf리h).

Hence

(7) ||『2/(r2:z〉2) — /(⑦2)|| < x) + V心)]
r r
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for all ⑦ E •
Applying an induction argument to n we obtain 

1 n—l
(8) \\r~nf(rnx2) — < — 丁r—k(p(r&x,r*x)

r fc=O

for all x e Ei，Indeed,

||r-(써"1)/(7•…:r2) — /02)|| < ||r-("十^/(r"十V) - r-1/(ra2)||

+1|『1/("2) —/02)||

and with (8) and (5) we obtain
||『(—l)/(r『+V)_/(,2)||

1 n—l 1
< r”"1 _ g] r“"열砂(r엌丄 ⑦, r엏丄 x) H——夕(⑦, x)

후 k=0 해

1 n
= _ y^r~~k(月(r을흘x).

k—0
On the other hand, by putting y = —x in (2), we have the following 

inequality
||/(—nr2) — r/(—乞2)|| <(p(x, ~x).

Throughout the same process from (5) to (8), we can easily prove 
가 72—1

(9) \\r~nf(-rnx2) — /(—文2)|| < - r~k夕(r흐：c, ~r^x)
r k=0

for all n € A『, x E E±.
According to (8), (9) and the properties of the space 乃i, we con­

clude
rm、 II -n，/ n x 川 XH f ||『nW — /(之2)||
(10) Hr •/‘(r 찌 — /Gz시l = <〔||r_v(_rM_/(_,2)||

/ 1 冗 一1
— 丁 r-k(p(r* z、r 트 之)

후 A=0
< .

구 Tl— 1
— 匕 '厂k(P(J즈 Z、-V뜰 Z)

< r k=0
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for all n E N and each x = z2 or x = —z2 E
Given :z: € 乃1, we now define

( lim r~nf(rnx) for r > 1
T(x) := { ’…0

1 lim rnf(r~nx) for 0 < r < 1. 
丁 n—>oo

Let n > m > 0. Using (10), we then obtain, for r > 1,

||r”n/(rnj;)-r-m/(rm2：)|| ="그)八背_mrm씨 _ y(rm아)g
1 n—m—l

< r~m- r~k(p(r^z,r^z)
k=Q

1 n—1
= _ 리 r_p(p(〈rgz,r$z),

p=m

for each ⑦ = 之2, with x^z E Taking the limit as m —今 oo we obtain

\\r~nf(rnx) — r-m/(rm;r)|| — 0.

Similarly, we have for 0 < r < 1

\\rnf(r~nx) — rm/(r-m ⑦) || — 0

as m —今 oo.
Hence the above two conditions imply that both sequences

{r~nf(rnx)}neN, for r > 1

and
{rnf(r~nx)}neN, for 0 < r < 1

are cauchy sequences. Since E, is the Banach space, the value of T 
is defined for all x e E±. We consider the case that r > 1. The other 
case can be proved similarly . We claim that T satisfies (3).
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By using (2)

\\T(x2 -y2 + rxy) — T(x2) + T(y2) — rT(xy)\\

lim — ||/(rnx2 — rny2 + rn+1xy) n—oo rn
—/(r"z2) + /(r 物2)—77(7이7八/)||

< lim — Vr^y) n—>oo Tn
= 0.

Hence, we arrive that (3) holds for all x^y e E^.
To prove (4), taking the limit in (10) as n —> oo

{
-(p(z. 之), for x = 之2,

I
—之), for x = —方2.

r

It remains to show that T is unique.
Assume that Tf : E± ——> were another such mapping with (3)

and (4) satisfied. It follows from (3) with some calculation that

(11) T(rnx) = rnT(x) and Tf(rnx) = rnT'(x)

for every n E N and each x E E±. Further, assume Tf(x) 羊 T{x) for 
some x e jEi，Using (4) and (11), we have

\\T(x) — 7기(:r) || = \\r~nT(rnx) — r~nT\rnx)\\

<『"이T(rG) — /(r"z)|| + \\f^x) — 7기(r"x)||)
2

< r~n(-(p(rnxJ rnx)) —> 0 as n —> oo,

which leads to the contradiction. Hence the proof of the theorem is 
complete. □
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3. Application
For the application of Jung’s theorem, let G be a normed linear 

space and define H : J?十 x R十 — 2?十 and(po : 2?十 — R十 such that

(A)(사 > 0,

<A)(r) < 후,

¥?o(此) <(Po(s)(Po(t),

互(소2ii>2ii)=w(ii：<+ihr),

for all A > 0,

for all s,t e 7?十,

for all s,i e A > 0, 

for all x,y E

We take in our theorem (砂(:r,以) = 2f(||:z:2||, ||이2||). Then

(白(7•쯔:r,7•히/) = Zf(||(r&;z:)2||, ||(7•하/)21|)

=ff(rfc||x2||,r 池21|) 

유o(rfcWM|>2||) 

引 Mr))%(||x2||>2||)

and because< r we have
oo

W入 y〉< 乞仰-*%"))*方(||x2||, \\y2\\) 
k=0

= 1—
and the relation (4) becomes

( 1
_砂(之，그), if ⑦ = 之으,

\\f(x)-T(x)\\ < 수

—中it x = —z2 v r
으；치1’1치1}

= r_：o(r)2이1지1"-
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