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THE EQUIVALENCE OF PERRON, HENSTOCK
AND VARIATIONAL STIELTJES INTEGRALS

Yung JiN Kim

ABSTRACT. In this paper, we verify that Perron, Henstock and vari-
ational Stieltjes integrals are all equivalent. That is, a function which
is integrable in one sense is integrable in the other sense and their
values are all equal. '

1. Introduction

In 1914, O. Perron developed an extension of the Lebesgue inte-
gral and showed that this integral also had the property that every
derivative was integrable. This integral was designed to overcome the
deficiencies of the Lebesgue integral. Another integral developed for
the same purpose is the Henstock integral. The definition of the Hen-
stock integral is very similar to the definition of the Riemann integral
as we will see. There is other integral that is defined without mea-
sure. It is known as the variational integral and definition varies from
author to author depending on the situation. The variational integral
represents a transition between the Henstock and Perron integrals.
It avoids Riemann sums and derivates. On this situation, it is very
natural that we consider the Stieltjes type integral for the integrals.
These are the Perron, Henstock, and variational Stieltjes integrals. In
this paper, we verify that these integrals are all equivalent. That is,

a function which is integrable in one sense is integrable in the other
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sense. Now, we give basic definitions and results for us to prove the

main results.

DEFINITION 1.1. Let f and G be finite valued functions on [a, b]
and G be strictly increasing on [a,b]. Then,

(a) A functionU : [a,b] — R is a major function of f with respect
to G on [a,b] if

DU%(x) > —o0 and DU%(z) > f(x) for all x € [a, b],
G(p) — Tim i U(y)-U(=) . _
where DU (x) = 61—1>I(I)1+ inf { Gl)—C) - 0 < lz —y| < 6}.

(b) A functionV : [a,b] — R is a minor function of f with respect
to G on [a,b] if

DV€(x) < 400 and DV%(z) < f(z) for all z € [a,b],

where DV % (z) = 61_i+151+sup {—g—gz—g}gg—g 0< |z —y| < 5} :

DEFINITION 1.2. Let f and G be finite valued functions on [a, b]
and G be strictly increasing on [a, b]. Then, f is Perron-Stieltjes inte-
grable with respect to G on [a,b] if f has at least one major function

and one minor function with respect to G on [a,b] and the numbers

inf {Us : U is a major function of f with respect to G on |a, b]} ,

sup {Vab : V is a minor function of f with respect to G on [a, b]}

are equal, where U? = U(b) — U(a) and V? = V(b) — V(a). This
common value is called the Perron-Stieltjes(P-S) integral of f with
repect to G on [a,b]. We denote the common value as (P) f: fdG.
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THEOREM 1.3. (Cauchy Criterion for the Perron-Stieltjes Integral)
A function f : [a,b] — R is P-S integrable with respect to G on [a, b] if
and only if for each € > 0 there exists a major function U and a minor
function V of f with respect to G on [a,b] such that U — V? < e.

In order to define the Henstock-Stielties(H-S) integral, it is neces-
sary to specify the terms that are allowed in the Riemann-Stieltjes
sums. We begin by looking at certain types of tagged partitions. Pay

close attention to the notation and terminology.

DEFINITION 1.4. Let d(z) be a positive function defined on [a, b].
A tagged interval (z,[c,d]) consists of an interval [¢,d] C [a,b] and a
point z € [c,d]. The tagged interval (z,[c,d]) is subordinate to ¢ if
le,d] C (z—d(z),z+ 6(x)). The letter P will be used to denote finite
collections of nonoverlapping tagged intervals. Let P = {(z;, [c;,d;]) :
1 < ¢ < n} be such a collection in [a,b]. We adopt the following

terminology.

(a) The points z; are the tags of P and the intervals [c;, d;] are
the intervals of P.

(b) If (z4,[ci, d;]) is subordinate to d for each 7, then P is subor-
dinate to 4.

(c) If P is subordinate to § and [a,b] = U™ 4[c;,d;] , then P is a
tagged partition of [a,b] that is subordinate to 4.

Let P = {(zi,[ci,di]) : 1 < i < n} be a finite collection of non-
overlapping tagged intervals in [a,b], let f : [a,b] — R be a finite
valued function defined on [a,b] and let F' be a function defined on

the subintervals of [a,b]. We will use the following notations,

n

FEP) =) f(@:)(G(ds) — Gles)),

=1
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F(P) =Y F(lci,di]) = > (F(di) — F(c:))
=1 1

and F(z) = [T fdG will always be treated as a function of intervals

when defined on tagged partitions of [a, b, that is,
d c
Flle,d)) = F(d) — F(c) = / fdc — / fdc.

DEFINITION 1.5. Let f and G be two finite valued fuctions on
[a,b] . Then f is Henstock-Stieltjes(H-S) integrable with respect to G
on [a,b] if there exists a real number L with the following property:
for every € > 0 , there exists a positive function & on [a, ] such that
|f¢(P) — L| < ¢ whenever P is a tagged partition of [a,b] that is
subordinate to §. We denote L = (H) f: fdG.

DEFINITION 1.6. Let f and G be finite valued functions on [a, b].
Then f is variational Sieltjes(V-S) integrable with respect to G on
la, b] if there exists a function F' : [a,b] — R with the following prop-
erty: for each € > 0, there exists nondecreasing function ¢ defined on
[a, b] and a positive function § defined on [a, b] such that ¢(b)—¢(a) < €

and
|f(z)(G(d) — G(c)) — (F(d) — F(c))| < ¢(d) — ¢(c)

whenever (z,[c,d]) is a tagged interval in [a, b] that is subordinate to
d. We denote the integral as (V) f: fdG = F(b) — F(a).

The following lemma is a simple modification of Saks-Henstock

lemma.

LEMMA 1.7. (Henstock-Stieltjes Lemma) Let f and G be two func-
tions defined on [a,b] and let € > 0. Assume that f is H-S inte-
grable with respect to G on [a,b] and let F(z) = [ fdG for each
z € [a,b]. Suppose that ¢ is a positive function on [a,b] such that
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|f¢(P) — F(P)| < € whenever P is a tagged partition of [a,b] that is
subordinate to §. If Py = {(x;,[ci,d;]) : 1 <4 < n} is subordinate to
4, then

IF¢(Po) — F(R)| <¢,

n

3" 1F(2:)(G(di) — Glex)) — (F(di) — F(ex))] < 2e.

i=1
The following definition is related to the variational integral.

DEFINITION 1.8. Let ® be a function defined on the intervals on
[a,b]. The function ® is superadditive if |

®([u,v]) + &([v,w]) < &([u,w])

whenever a <u<v<w <b.
2. Main Results

THEOREM 2.1. Let f be a finite valued function on [a,b] and G be
finite and strictly increasing on [a,b]. Then, if f is P-S integrable on

la,b], then f is H-S integrable on [a,b] and the integrals are equal.

Proof. The proof of this theorem is very similar to the proof of [1,
- Theorem 11.5]. The only difference is that G is strictly increasing on
[a,b]. This condition guarantees that G(y) — G(x) is positive for all
y > x. So in the process of the proof, the directions of inequalities

are not changed. (I

THEOREM 2.2. Let f be a finite valued function on [a,b] and G be
finite and strictly increasing on [a,b]. If f is H-S integrable on [a, b),
then f is P-S integrable on [a,b] and the integrals are equal.

Proof. Let € > 0. By definition, there exists a positive function‘é
on [a,b] such that |f¢(P) — (H) f: fdG| < € whenever P is a tagged
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partition of [a,b] that is subordinate to . For each z € [a, b], let

U(z) = sup{f%(P) : P is a tagged partition of [a, z]
that is subordinate to d},

V(z) = inf{f¢(P) : P is a tagged partition of [a, z]
that is subordinate to d}

and let U(a) = 0 = V(a). By the Henstock-Stieltjes Lemma, the
functions U and V are finite valued on [a,b]. Then we can verify that
U and V are major and minor function of f with respect to G on [a, b]
as follows:

Fix a point ¢ € [a,b]. For z € (¢,c+ d(c)) N [a,b] and for any tagged
partition P of [a, ¢] that is subordinate to J, we fined that

U(z) > f¢(P) + f(c)(G(z) — G(c))
and it follows that
U(z) 2 U(c) + f(c)(G(z) — G(c))-

For z € (¢ — é(c),c) N [a,b] and for any tagged partition P of [a,z]

that is subordinate to 4,

U(e) 2 f9(P) + f(e)(G(e) — G(z))
and it follows that

Ulc) 2 U(z) + f(c)(G(c) — G(z)).

This shows that
U(z) —Ul(c)

Gz —Clo =19
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for all z € (¢ — 6(c),c+ d(c)) N [a,b] with = # ¢ and hence it follows
that
DU%(c) > f(c) > —o0.

Thus the function U is a major function of f with respect to G on
[a,b]. Similarly we can verify that V is a minor function of f with
respect to G on [a, b]. The rest of the proof is almost identical to that
of [1, Theorem 11.6]. O

The following theorem is needed to prove the equivalence of those

three Stieltjes integrals.

THEOREM 2.3. Let f and G be two functions defined on [a,b] .
Then, f is H-S integrable on [a,b] if and only if there exists a function
F : [a,b] — R with the following property: for each € > 0 there exists
a superadditive interval function ® defined on [a,b] and a positive
function ¢ defined on [a,b] such that ®([a,b]) < € and

|£(@)(G(d) = G(e)) — (F(d) — F(c))| < ([¢,d])

whenever (z, [c,d]) is a tagged interval in [a,b] that is subordinate to
J.

Proof. The proof of this theorem is similar to that of [1, Theorem
11.9]. The proof is obtained as we simply replace d; — ¢; by G(d;) —
G(c;) in the proof of [1, Theorem 11.9). O

We show in the following theorem the equivalence of H-S integral
and V-S integral.

THEOREM 2.4. Let f and G be finite valued functions on [a,b].
Then f is H-S integrable with respect to G on [a,b] if and only if it is
V-S integrable with respect to G on [a,b] .

Proof. The proof of this theorem is almost identical to that of [1,
Theorem 11.10]. ’ O



36 ’ YUNG JIN KIM

Thus we obtain the following theorem.

THEOREM 2.5. If f is a finite valued function on [a,b] and G is
finite and strictly increasing on [a, b, then P-S, H-S and V-S integrals

are all equivalent.
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