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ABSTRACT. In this paper, we investigate continuity of

F@) =) [ a6

and Henstock-Stieltjes integrability of product of two functions and
obtain the formula of integration by parts for the Henstock-Stieltjes
integral.

1. Introduction }

Henstock integral is a generalization of Riemann integral. This
integral includes the Lebesgue integral. The definition of the Henstock
integral is very similar to the definition of the Riemann integral as
we will see. On this situation, it is very natural that we consider the
Stieltjes type integral for the Henstock integral. This is the Henstock-
Stieltjes integral.

In this paper, we investigate continuity of

Fo)= () | e

and Henstock-Stieltjes integrability of product of two functions and
obtain a formula of integration by parts for the Henstock-Stieltjes
(H-S) integral.
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In order to define the Henstock-Stieltjes(H-S) integral, it is neces-
sary to specify the terms that are allowed in the Riemann-Stieltjes
sums. We begin by looking at certain types of tagged partitions. Pay

close attention to the notation and terminology.

DEFINITION 1.1. Let d(z) be a positive function defined on [a, b].
A tagged interval (z,[c,d]) consists of an interval [c,d] C [a,b] and a
point x € [c,d]. The tagged interval (z,[c,d]) is subordinate to ¢ if
le,d] C (x —d(x),z+ d(z)). The letter P will be used to denote finite
collections of nonoverlapping tagged intervals. Let P = {(x;, [c;, d;]) :
1 < 4 < n} be such a collection in [a,b]. We adopt the following
terminology,
(a) The points {z;} are the tags of P and the intervals [c;, d;] are
the intervals of P.
(b) If (24, [ci, d;]) is subordinate to ¢ for each ¢, then P is subor-
dinate to d.
(c) If P is subordinate to § and la,b] = U [ci,di], then P is a
tagged partition of [a,b] that is subordinate to 4.

Let P = {(zi,[ci,di]) : 1 < ¢ < n} be a finite collection of non-
overlapping tagged intervals in [a, b], let f : [a,b] — R and let F' be a

function defined on the subintervals of [a,b]. We will use the following

notations,
Fé(P) =) £(z:)(G(di) - G(e)),
=1
F(P)=) F(leidi]) = Y (F(di) — F(cs))
i=1 i=1
and F( = f ¥ fdG will always be treated as a function of intervals

when defined on tagged partition of [a,b] , that is,

F(le,d)) = / £dG — / fdG.
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DEFINITION 1.2. Let f and G be two finite valued functions on
[a,b]. Then f is Henstock-Stieltjes integrable with respect to G on
[a,b] if there exists a real number L with the following property: for
every € > 0, there exists a positive function d on [a,b] such thatvert

|f¢(P) — L| < € whenever P is a tagged partition of [a,b] that is
b

subordinate to 6. We denote the integral as L = (H) / fdG. The

function f is Henstock-Stieltjes integrable with respec’(c1 to G on a
measurable set E C [a,b] if fxg is Henstock-Stieltjes integrable with
respect to G on [a,b].

We use the following lemma frequently to prove theorems on the

H-S integral.

LEMMA 1.3. (Henstock—Stieltjes Lemma) Let f be H-S integrable
with respect to G, and let F(z) = [ fdG for each = € [a,b], and
let € > 0. Suppose that § is a p0511;1ve function on |a,b] such that
|f¢(P) — F(P)| < € whenever P is a tagged partition of [a,b] that is
subordinate to §. If Py = {(zi,[ci,d;]) : 1 < i < n} is subordinate to
0, then

|f9(Po) — F(Po)| <,
3 1F(2:)(G(di) = Glex)) — (F(ds) — F(e))| < 2e.
i=1

We need the next lemma to obtaine the formula of integration by

parts.

LEMMA 1.4. Let {ax : 1 < k <n} and {Bk : 1 < k < n} be two
finite collections of real numbers. Then

n—1 k

Zakﬂk = ZZO"L ﬁk_ﬁk+1 +Zazﬂn

k=1 1i=1
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2. Main Results

THEOREM 2.1. Let f : [a,b] — R is H-S integrable with respect to
G on [a,b], where G is continuous on [a,b]. And let F(z) = [ fdG

for each z in [a,b]. Then the function F is continuous on [a,b] .

Proof. Let € > 0 be given. Since f is H-S integrable on [a, b], there
exists a positive function &, on [a, ] such that |f¢(P) — F(P)| < ¢/3
whenever P is a tagged partition of [a,b] that is subordinate §;. For
each y in [a, b], since G is continuous on [a, b], there exists a d2(y) > 0
such that |G(z) — G(y)| < ¢/3(|f(y)| + 1) , whenever|z — y| < d2(y).
Let 6 = min{d1,d2} . By the Henstock-Stieltjes Lemma,

|F(z) — F(y)| <|F(x) — F(y) - f(y)(G(z) - G(y))|
+ () (G(z) - G(y))|

dfw)l  _
3@ +1) =

whenever |z — y| < d(y). Therefore, the function F is continuous at
each y € [a, b]. : O

< .2._ +
€
3

We use this theorem to prove the following theorem.

THEOREM 2.2. Let f : [a,b] — R is H-S integrable with respect to
H on [a,b] , where H is continuous on [a,b] and let F(z) = [7 fdH
for each z in [a,b]. If G : [a,b] — R is of bounded variation on [a,b] ,
then fG is H-S integrable on [a,b] with respect to H and

/a ’ FfGdH = F(b)G(b) — /a " Fac.

Proof. Let € > 0. Since f is H-S integrable on [a,b] with respect

to H, there exists a positive function §; defined on [a,b] such that

b
F(P) - / faH| < ¢,



INTEGRATION BY PARTS FOR THE HENSTOCK-STIELTJES INTEGRALS 27

where P is a tagged partition of [a,b] that is subordinate to §;. By
Theorem 2.1, F' is continuous on [a,b]. Since F' is Riemann-Stieltjes

integrable with respect to G on [a, b], there exists > 0 such that

n b
I3 Fe)(Ge) - Glai— 1) - / FdG| < ¢

where P = {(¢;, [z; — 1,%;]) : 1 <i < n}is a tagged partition of [a, b]
with || P|| < n. Define d on [a, b] by |
min{d;,n/2,z — a,b—z}, ifz € (a,b),
@ ={ |
min{d;(z),n/2}, ifx=aqaorb.
Let P = {(ck,[zr — 1,zx]) : 1 < k < n} be a tagged partition of
[a, b] that is subordinate to § and assume that each tag occurs only
once. Note that ¢; = a and that ¢, = b. Using Lemma 1.4 and the
Henstock-Stieltjes Lemma, we obtain

b
|Zf @)Gle e — (FHG(E) - [ FdG)

n—1 k n b
=13 Y H@HGL + 3 F(e)HiGlen) - (FOG) - [ FaG)
=1 i=1 i=1 @
nk-l1 b
TN IZf(cz)H — Fla)| + |ZF(azk Gk—/ Fdg|
k=1

+1G()]] Z fe)H; — F(b)]
=1
< eV(G, [a,b]) + € + €|G(b)|,
where H; = H(z;)—H(z;—1), Gy, = G(cx)—G(ck+1) for 1 <4,k <n
and V(G, [a,b]) is variation of G on [a,b]. Hence the function fG is
H-S integrable on [a, b] with respect to H on [a,b] and
b b
/ FGAH = F(B)G() — / FdG.

This completes the proof. O
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