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INTEGRATION BY PARTS FOR THE 
HENSTOCK—STIELTJES INTEGRALS

Yung Jin Kim

ABSTRACT. In this paper, we investigate continuity of

F(x〉= (H〉［ fdG

and Henstock-Stieltjes integrability of product of two functions and 
obtain the formula of integration by parts for the Henstock-Stieltjes 
integral.

1. Introduction
Henstock integral is a generalization of Riemann integral. This 

integral includes the Lebesgue integral. The definition of the Henstock 

integral is very similar to the definition of the Riemann integral as 

we will see. On this situation, it is very natural that we consider the 

Stieltjes type integral for the Henstock integral. This is the Henstock- 

Stieltjes integral.

In this paper, we investigate continuity of

F(x) = (H) I" fdG

J a

and Henstock-Stieltjes integrability of product of two functions and 

obtain a formula of integration by parts for the Henstock-Stieltjes 

(H-S) integral.
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In order to define the Henstock-Stieltjes(H-S) integral, it is neces

sary to specify the terms that are allowed in the Riemann-Stieltjes 

sums. We begin by looking at certain types of tagged partitions. Pay 

close attention to the notation and terminology.

Definition 1.1. Let be a positive function defined on pz, 이. 

A tagged interval (⑦, [c,(이) consists of an interval [c, d\ C [a, 이 and a 

point x E [c, 이• The tagged interval (:r, [c, 씨) is subordinate to S if 

[c, d\ C (⑦ 一 5(x), ⑦ + 5(立)). The letter P will be used to denote finite 

collections of nonoverlapping tagged intervals. Let P = {(:成, [仁引 成]) : 

1 < z < n} be such a collection in [a, 이. We adopt the following 

terminology,

(a) The points {xi} are the tags of P and the intervals [(규, 씨 are 

the intervals of P.

(b) If (⑦引 [c%, di]) is subordinate to 5 for each i, then P is subor

dinate to 5.

(c) If P is subordinate to d and [a, 이 = (시丄[(주,(니，then P is a 

tagged partition of pz, b] that is subordinate to S.

Let P = {(:z차, [(자, c나) : 1 < i < n} be a finite collection of non

overlapping tagged intervals in pz, 이, let / : pz, 이-—and let F be a 

function defined on the subintervals of [a, b]. We will use the following 

notations,
n

/C(」P) = E』=)(GU) —G(c,)), 

i=i 
n n

F(P) = £ F([q, 씨) = £(F4 - F(# 

i=l i=l

and F(x) = fdG will always be treated as a function of intervals 

when defined on tagged partition of [a, 이 , that is,

pd pc
F([c,d]) = F(d) — F(c) = / fdG- / fdG.

J a J a
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Definition 1.2. Let f and G be two finite valued functions on 

[a,&]. Then f is Henstock-Stieltjes integrable with respect to G on 

[a, 이 if there exists a real number L with the following property: for 

every 6 > 0, there exists a positive function 8 on [a, 이 such thatvert 

|/G(P) — L| < c whenever P is a tagged partition of [a, 이 that is 

subordinate to 6. We denote the integral as L = (H) / fdG, The
J a

function f is Henstock-Stieltjes integrable with respect to G on a 

measurable set E G [a, 이 if f%E is Henstock-Stieltjes integrable with 

respect to G on [a,b].

We use the following lemma frequently to prove theorems on the 

H-S integral.

Lemma 1.3. (Henstock-Stieltjes Lemma) Let f be H-S integrable 

with respect to G, and let F(x) = fdG for each x € [a, 6], and 

let e > 0. Suppose that 6 is a positive function on [a, b] such that 

lfG(P) — F(P)| < e whenever P is a tagged partition of [a, 이 that is 

subordinate to 5. If P()= {(우, [c》,c나) : 1 < i < n} is subordinate to 

5, then

|/G(P0)- W)l<6,

n

乞 Lf«)(G(成) 一 G(cJ) — (F((k) — F(c,))| < 2€. 

i=l

We need the next lemma to obtaine the formula of integration by 

parts.

Lemma 1.4. Let {(% : 1 < A; < n} and {/九 : 1 < k < n} be two 

finite collections of real numbers. Then

n n—1 k n

스 스 으씨J『k = 스〕스 : — 0k 4~ 1) + 스 스 이i0m

k=l k=l i=l i=l
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2. Main Results

Theorem 2.1. Let y : [a, 이 一>is H-S integrable with respect to 

G on [a, 이, where G is continuous on [a, b]. And let F{x) = fdG 

for each x in [a, b]. Then the function F is continuous on [a, 이 .

Proof. Let c > 0 be given. Since f is H-S integrable on [a, 이, there 

exists a positive function 伍 on [a, 이 such that \ fG(P) — F(F)| < e/3 

whenever F is a tagged partition of [a, 이 that is subordinate . For 

each y in [a, b], since G is continuous on [a, 이, there exists a 6사 > 0 

such that |G(x) — G{y)\ < e/3(|/Q/)| + 1) , whenever|x — y\ < 於⑵으 

Let 6 = min{@L,@2} • By the Henstock-Stieltjes Lemma,

|F(z) — F(y)\ <\F(x) — F(y) — — GQ/))| 

+ LfG/)(G(으)一 이 (?/))l 

2 +_의쓰1_ 
~3e+3(|/(t/)| + l)

whenever \x — y\ < Therefore, the function F is continuous at 

each 이 € [a, b]. □

We use this theorem to prove the following theorem.

Theorem 2.2. Let / : [a, 이 一今 B is H-S integrable with respect to 

H on [a, 비 , where H is continuous on [a, 6] and let F(x) = fdH 

for each x in [a, 이 . If G : [a, b\ R is of bounded variation on [a, 이 , 

then fG is H-S integrable on [a, 이 with respect to H and

pb pb
/ fGdH = F(6)G(6) — / FdG.

J a J a

Proof. Let € > 0. Since f is H-S integrable on [a, b] with respect 

to H, there exists a positive function @l defined on [a, 이 such that 

b 
fdH\ < 仁,
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where P is a tagged partition of [a, b\ that is subordinate to @l. By 

Theorem 2.1, F is continuous on [a, 이. Since F is Riemann-Stieltjes 

integrable with respect to G on [a, 6], there exists 7/ > 0 such that

| 乞 F(c,)(G(꺼)一 G(財一 1))— / &?에<€ 

i=i Ja

where P = {(⑶, [우 一 1,:미) : 1 < i < n} is a tagged partition of [a, b] 

with ||P|| < rj. Define 6 on [a, b] by

, . f min{5i,77/2,x - a,b - 까, if x € (a, 6),
X \ min{(5i(37),77/2}, if ⑦ = a or b.

Let P = {(久, [xk — l,：z시) ： 1 < fc < n} be a tagged partition of 

[a, 이 that is subordinate to 6 and assume that each tag occurs only 

once. Note that c± = a and that cn = b. Using Lemma 1.4 and the 

Henstock-Stieltjes Lemma, we obtain

I 江 f(ck)G(ck)Hk — (F(b)G(b) — / FdG)\

k=i Ja

n—l k n 후b
늬EE』仏)*거+E八⑶)=-)—(月(6)이(6)— / FdG^\ 

k=l i=l i=l a
n—l k n—l 우 b

丁Ek시〔E/(cW고wi + iE2고(아)아-/ 깨에 

k=l i=l k=l a
n

i=l

<€V(G,[a, 이)+ € + €|G(b)|,

where Hi = —1), Gk = G(q) —G(이c + 1) for 1 < i,k < n

and V(G, [a, 6]) is variation of G on [a, b]. Hence the function fG is 

H-S integrable on [a, 이 with respect to H on [a, 이 and

pb pb
/ fGdH = F(b)G(b) — / FdG.

J a J a

This completes the proof. □
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