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INTEGRAL REPRESENTATION OF SOME
BLOCH TYPE FUNCTIONS IN C"

K1 SEoNG CHOI AND GYE TAK YANG

ABSTRACT. Let B be the open unit ball in the complex space C™. A
holomorphic function f : B — C which satisfies sup{(1— < z,z >) ||
V.f || |z € B} < 400 is called Bloch type function. In this paper,
we will find some integral representation of Bloch type functions.

1. Introduction

Throughout this paper, C will denote the complex field, and C"
will be the Cartesian product of n copies of C. Let D be the open unit
disk in C. Then the Bloch space of D consists of analytic functions f
on D such that

sup{(1 — |z3)|f'(2)| | = € D} < +oo.

Bloch functions in the Bloch space of D are well known and have been
studied by many authors [See 1].

In this paper, we will consider some functions on the open unit ball
B in complex space C™. Specifically, we let B denote the linear space
of all holomorphic functions f : B — C which satisfy

sup{(1— < z,2>) | V.f || |z € B} < +o00.

In [5], Timoney showed that the linear space B is a Banach space

under the norm
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£ llg=1f(0)] +sup{(1- < z,2>) || V-f ||| z € B}.

The purpose of this paper is to find some integral representation

of Bloch type functions in B.

2. Integral representation
Let a € B and let P, be the orthogonal projection of C" onto the

subspace generated by a, which is given by

___<z,a>a’ ifa#0,
Paz: <a,a>
0, if a=0.

Let Q, =1 —.Pa. Define ¢, on B by

a—Piz—1/1—| al’Qaz
#a(2) = 1- <z,a> '
THEOREM 2.1. Let a € B. Then

(i) ¢4 is a biholomorphic mapping of B onto itself.

(i) ©a(0) =a, @a(a) = 0 and wa(pa(z)) = 2.

(iii) For all z,w € B, we have

_ (- Ja)(1-<zw>)
1= <¢al2)0aw) > = = SN < aw )

2 2
o= Ll -l

1-|<za>])

1_”90(1

Proof. See [3, Theorem 2.2.2]. O

THEOREM 2.2. Let ¢ be a biholomorphic mapping of B onto itself
and a = ¢~1(0). The determinant Jri of the real Jacobian matrix

of 1 satisfies the following identity:

o [ 1-lal? " (1-1ve@ P\
TRy (2)] “(11—<z,a>|2> “( 1- || 2 |? ) '
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Proof. See [3, Theorem 2.2.6]. ' O

Let v be the Lebesgue measure on C™ normalized by v(B) = 1.
We let o be the rotation invariant positive Borel measure on S for
which ¢(S) = 1. Here, S is the boundary of B. The term “rotation -
invariant”refers to the invariant porperty of o i.e., 0(pE) = o(F) for
every Borel set E' C S and for every rotation p € O(2n) which is the
group of all isometries of R?” that fix the origin. The measure v and

o are related by the formula

fdv =2n / ” r2 gy / f(r¢)do(¢).
0 S

(Cn
The measure p is the weighted Lebesgue measure:
du=(n+1)(1 - || 2 ||*)dv(2).

LEMMA 2.3. If f € L, (B) N H(B) where H(B) is the set of holo-
morphic functions on B, then f(0) = [ f(2)du(2).

Proof. Since f € H(B), by the mean value theorem

(1) £(0) = /S F(r&)do(¢), 0<r < 1.

By integrating both sides of (1) with respect to the measure 2n(1 —

r2)r2"=1dr over [0, 1], we have

2n/0 /Sf(rg")(l —r)r*" " do(¢)dr = f(0)(n+1)7".

Namely,

£(0) = (n+1) /B F(2)A = || 2 [)di(z) = /B £(2)du(2).
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THEOREM 2.4. Iffis analyticon B and [p(1—|| 2 I (2)|dv(z) <

oo , then

(1—1<——zl,i :: £)n+2 f(w)dv(w).

@)=

Proof. By Lemma 2.3,

£(0) = (n+1) /B Fw)(1= < w,w >)dv(w).
Replace f by f o ¢, and using Theorem 2.1, 2.2, then
f(2) =(f 0 92)(0)
—(n+ 1)/ (f 0 02) (W) (1= < w,w >)dv(w)
B

~n+1) [ fw) 1—l<pz(w)|2)( (1 JII) )n+1du<w>

- <w,z>|?
(A= P2l ),
=(n+1) /f( - <w,z > [>T dv(w)
—+ =121 [ s . i;”z"”;'lin+4dv<w>.

Replace f(w) again by f(w)(1— < w,z >)""2 then
F@L = 2 %)™

~r -1 [ s e D

(1- < z,w >)nt2

dv(w).

So, we have

(L—flwl?)

f6) =+ [ -
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THEOREM 2.5. Suppose that z € B and f € B. Then

1(z) = £(0) + /B )

<z,w > (1= <z,w >)tl

where V,, f - z—z (9 2.
w;

Proof. By Theorem 2.4,

B 2
Viof = (n+1) /B (1—1<tz”3i)"+2 Voo feli(w).

Taking the line integral from 0 to z, we get

£(2) - £(0) = /0 Voof - 2dt
1 w 2 Wf -z
=/0 (n+ 1)/B U= lw [)Vwr dv(w)dt

(1- < tz,w >)nt2

2 ! 1
:(n+1)/)5’(1f||w|| )wa-z/o (1—t<z,w>)"+2dtdy(w)
2 1 1
S P R S e R
2 1
:/B(l ~lwi)vef: 2 z,w > (1— < z,w >)ntl dv(w)

- [a=lw s v,
B

< z,w >
It is easy to see (using Taylor expansion) that

/ (1= w [)Vuf - 2——du(w) = 0.
B

<z,w>

Thus we obtain the desired result as follows:

2
f(z)—f(O):/ (L= l|w ) Vuwf - 2

B < z,w>(1— < z,w >)*t!

dv(w).
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