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INTEGRAL REPRESENTATION OF SOME
BLOCH TYPE FUNCTIONS IN Cn

Ki Seong Choi and Gye Tak Yang

ABSTRACT. Let B be the open unit ball in the complex space Cn. A 

holomorphic function f : B C which satisfies sup{（l— < z、z >） || 

V^jf || \z E B} < -F（x）is called Bloch type function. In this paper, 

we will find some integral representation of Bloch type functions.

1. Introduction
Throughout this paper, C will denote the complex field, and Cn 

will be the Cartesian product of n copies of C. Let D be the open unit 
disk in C. Then the Bloch space of D consists of analytic functions f 
on D such that

sup{（l — |히2）|/'（之시 \ z E D} < +oo.

Bloch functions in the Bloch space of D are well known and have been 
studied by many authors [See 1].

In this paper, we will consider some functions on the open unit ball 
B in complex space Cn. Specifically, we let B denote the linear space 
of all holomorphic functions f : B — C which satisfy

sup{（l- < >） || \7zf || \z e B} < +oo.

In [5], Timoney showed that the linear space 匕 is a Banach space 
under the norm
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II f W13 = l/(°)l + wp{(l— < … >) II 幻zf || | 之 e B}.

The purpose of this paper is to find some integral representation 
of Bloch type functions in

2. Integral representation
Let a E B and let Pa be the orthogonal projection of Cn onto the 

subspace generated by a, which is given by

p J f즈1으'!어 ifa구0’

Paz = < < a, a >
[ 0, if a = 0.

Let Qa = I — Pa- Define(pa on B by

a _ Paz _ a/1 — || a \^Qaz
夕a (之) = ------------ -----------------1— < 之, <z >

Theorem 2.1. Let a e B. Then

(i)
(ii)
H

cpa is a biholomorphic mapping of B onto itself.
(火a(0) = a, (方a (a) = 0 and〈pa(〈Pa⑵) = =
For all 之, w e B, we have

i ( \ ( \ (1 — || a ||2)(1— < 之, w >)
1- <【(2；), 夕a(W)> - 수 으 心 厂—————

(1— Z,CL ^>)(1— <〔 (2, W〕>)

i-유… 丄느u〉.

1 —| < 之, a> |

Proof, See [3, Theorem 2.2.2]. □

Theorem 2.2. Let 자 be a biholomorphic mapping of B onto itself 
and a = 씨—1 (0). The determinant J야 of the real Jacobian matrix 
of 찌 satisfies the following identity:

LLrVK 之 )|2 =

1-IM2 Y+1「fi_|| W) ll2、| 

|1-<z,a 기2, V 1-Ml2 J
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Proof, See [3, Theorem 2.2.6]. □

Let v be the Lebesgue measure on Cn normalized by i/(B) = 1. 
We let a be the rotation invariant positive Borel measure on S for 
which cr(S) = 1. Here, S is the boundary of B. The term “rotation - 
invariant”refers to the invariant porperty of a i.e., a(pE) = a(E) for 
every Borel set E C S and for every rotation p e O(2n) which is the 
group of all isometries of R2n that fix the origin. The measure v and 
a are related by the formula

[ fdv = 2n [ r2n-1 
Jcn Jo

The measure /jl is the weighted Lebesgue measure:

d(ji = (n + 1)(1 — || z ||2)"(之).

Lemma 2.3. If f e LjJJB) A H(B) where H(B) is the set of holo
morphic functions on B, then f(0) = fB f(、z)d/ji(z).

Proof. Since f e H(B), by the mean value theorem

(1) /(0) = [ f(Kda。0 < r < 1.
Js

By integrating both sides of (1) with respect to the measure 2n(l — 
r2)r2n-1dr over [0, 1], we have

/«)(1 — r2)r2n-1d(T(〈)dr = /(0)(n + l)-1.

Namely,

/(0) = (n + 1) [ /(之)(1 — || 之 ||2)成/(z) = [ 
JB JB

dr

□
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Theorem 2.4. If f is analytic on B and 수(1 —1| z ||2)|/(之)|ch/(g) < 
oo , then

/(,) = (n + l) JB (iJ기：:)

Proof. By Lemma 2.3,

/(0) = (n+l) / /(w)(l—< w,w >)@(w).
Jb

Replace / by / o(少之 and using Theorem 2.1, 2.2, then

f ⑵ =(/°A)(o)

=(n+l) / (/o (刀之)(w)(l—< w, w >)"(w) 
Jb

=(n+L/(w)(1 - '씨1미2} (j쁘쁘f) +1"(삐 

=(7…心*)U4=.北......
Pi |2?z 十 4|1- < w，之 > I

=(n+ 1)(1 — || z ||2)"十2 I f(w) 仙 세 인세 :…@(w).
Jb |1- < w,z > I

Replace /(w) again by /(w)(l— < w,z >)우서‘2, then

/(<L —II；세2)"+2

=(n + 1)(1 — || z『)"+2 乃(-)心느^U"(w).

So, we have

/(z) = (n + i)L 心느쁘브

□
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Theorem 2.5. Suppose that z e B and f e Then

/⑵ = /(o)+/ —■■I1 —1 배112)=三+1dW),… J JB<Z,W>(1— < z,w >)"十1 k h

7 오 노、df(w)where Vwf • z = 亡一g石一一 Zi.
i=l 2

Proof. By Theorem 2.4,

아/ = (" + 1) jB(丄기 ：〕)『+2=*

Taking the line integral from 0 to 之, we get

/(之) 一 /(0) = [ 幻tzf • zdt
Jo

f \ 그 \ f (1 — II w ||2)VW/ • z、( 、7
\ (n + 1) / -7 ---------------s丁di』(w)dt
V JJb (1-<tz,w>)"十2 ； j

=(n+l) [ (1 —||w||2)Vw/.
J B

v1

II2) Vw/^ 1 「1(1-II w
B

( (1 —||w 
B

I (I’ll B

(l-,<I,w〉)『+idt"(이)

1
/느 、」_i — 1 dv(w}

< 之, w > [(I— < 之, w >)n+1 J
9 1||2)VW/ - z------------ - --------------- ^—rdv{w)

< 之, w > (1— < z^w >)n十1

2 1W ||)VW/ . 之三-之 아 g"(w).

It is easy to see (using Taylor expansion) that

[ (1 — II w ||2)Vw/ . z, 1 으di八、u) = 0.
Jb < 之, w>

Thus we obtain the desired result as follows:

아 \ 川m f (1 —II w l|2)Vw/• 之 , / x 
여) - /(0) = JB <,,w>(l—< 격W>)『+1"(삐•

□
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