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SOME PROPERTIES OF QUOTIENT 
FUZZY NORMED LINEAR SPACES

In Ah Hwang, Gil Seob Rhie and Yeoul Ouk Sung

ABSTRACT. The main goal of this paper is to investigate some prop
erties of a quotient fuzzy seminorm pq induced by a fuzzy seminorm 
p = XB||.|| °n a normed linear space X.

1. Introduction
Katsaras and Liu [4] introduced the notions of fuzzy linear spaces 

and fuzzy topological linear spaces. These ideas were modified by 
Katsaras [2] and in [3], where Katsaras defined the notions of fuzzy 
seminorms and fuzzy norms on a linear space. In [7], Rhie, Choi and 
Kim introduced the notions of the fuzzy ct-Cauchy sequence and the 
fuzzy completeness, and studied some of related properties of fuzzy 
normed linear spaces.

The purpose of this paper is to prove some properties of fuzzy 
Cauchy sequences, and to investigate the relation between a quotient 
fuzzy seminorm p = Xbh.h and a fuzzy seminorm XB|||.m on X/W^ 
where W is a closed subspace of uniformly convex Banach space X.

Let X be a linear space over the field K (R or C) throughout this 
paper. A fuzzy set in X is an element of the set Ix of all functions 
from X into the unit interval I. In general, fuzzy subsets of X are 
denoted by Greek letters, xa denotes the characteristic function of
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the set A. By a fuzzy point /i we mean a fuzzy subset 사 : X — [0,1] 
such that

시 a, if—,,
I 0, otherwise,

where a e (0,1). We usually denote the fuzzy point with support 
x and value a by (:r, ce). V and A are used for the supremum and 
infimum of the family of fuzzy sets respectively. And supp/i = {x e 
X | /i(x) > 0} is the support of 故.

Definition 1.1.([4]) If 以 e Ix and t e K, then
( I丄(、이 t), if go,

(t/j『)(、x) = 시 0, if t = 0 and x 于 0,

( V아사Q/), if ' = 0 and x = 0.

Definition 1.2.([4]) 以 e Ix is said to be:

convex if t/z + (1 — t)/i < 사 for each t E [0,1], 
balanced if t/i < /i for each t E K with | 히 < 1, 
absolutely convex if /丄 is convex and balanced, 
absorbing if \/t>ot/j〈x) = 1 for all x E X,

Definition 1.3.([3]) A fuzzy seminorm p on X is a fuzzy subset 
of X which satisfies the following three conditions:

(a) p is convex,
(b) p is balanced,
(c) p is absorbing.

If, in addition, a fuzzy seminorm p satisfies the condition

(d) At>oip(:r) = 0 for ⑦ 구 0 in X, 

then p is called a fuzzy norm.

Definition 1.4.([6]) Let p be a fuzzy seminorm on X. Then Pe : 
X —> J?十 is defined by P€(x) = /\{t > 이ip(:r) > e} for each 6 e (0,1) 
and Pa- : X — R十 defined by Pa- (x) = Ve<aPe(x) for every x e X.
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Theorem 1.5. ([5, Theorem 3.2]) For each e e (0,1), every Pe is 
a seminorm on X. Further Pe is a norm on X for each e e (0,1) if 
and only if p is a fuzzy norm on X.

Definition 1.6.([6]) Let (X, r) be a fuzzy topological space, {/zn = 
(xn, an)} a sequence of fuzzy points in X and /丄 = (x, a) a fuzzy point 
in X. We say that {/zn} converges to /i,written as — /z if and only 
if given a neighbourhood TV of /z there exists a positive integer M such 
that n> M implies <N.

Theorem 1.7. ([6, Theorem 3.2]) Let (X, p) be a fuzzy normed 
linear space and {/in = (:rn, ctn)} be a sequence of fuzzy points in X. 
Then — 以 = (⑦, oQ if and only if for every t > 0, there exists 
M € Z十 such that for all n> M^an < a and Pa- (xn — x) < t.

Definition 1.8.([7]) Let a e (0,1). A sequence of fuzzy points 
{lG — (:rn, 아n)} is said to be a fuzzy a-Cauchy sequence in a fuzzy 
normed linear space (X, p) if for each zero neighborhood N with 
7V(0) > O', there exists a positive integer M such that n^m > M 
implies /in — /im = (xn — xm, an — Qm) < N, A fuzzy normed linear 
space (X, p) is said to be fuzzy a-complete if every fuzzy a-Cauchy 
sequence {/in} converges to a fuzzy point 以 = (a?, ct). (X, p) is said to 
be fuzzy complete if it is fuzzy ce-complete for every a e (0,1). And 
a fuzzy complete normed linear space is called a fuzzy Banach space.

Theorem 1.9. ([7, Theorem 3.2]) Let (X, p) be a fuzzy normed 
linear space and a e (0,1). Then {(a;n,an)} is a fuzzy a-Cauchy 
sequence if and only if for each t > 0, there exists a positive integer M 
such that m^n> M implies an A am < a and P(anAQm)-(⑦n — <
t.

2. Main results
Throughout this section, X denotes a normed linear space.
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Lemma 2.1. Let (X, || - ||) be a normed linear space. If p = xb, 
where B — { x E X \ ||:히| < 1 }? then for each e e (0,1), = ||쎄

for all x E X.

Proof. For all ⑦ € X, € e (0,1),

J깉(⑦) = A{ s > 0 | sp{x) > 6 }

= A{ 5 > 0 | 乃(父/昌) > € }

= A{ s > 0 I p{x/s) = 1 } as p = Xb

= A{ 5 > 0 | \\x/s\\ < 1 } as x/s € B

= A{ s > 0 | ||씨| < s}

= 11쎄.

□

Lemma 2.2. Let (X, xb) be a fuzzy normed linear space and 
{(:cn,ctn)} be a sequence of fuzzy points in X and (:r,Q)a fuzzy 
point in X. If {(xn^ an)} converges to (:r, ct), then {xn} converges 
to x.

Proof, Since {(xn, ain)} converges to (⑦,ct), we have that for every 
t > 0, there exists M € Z十 such that for all n > M, an < a and 
Pq (xn — x) < t by Theorem 1.7. And since Pa- (xn — ⑦) = \\xn — 쎄 , 

it deduce that converges to x, □

Theorem 2.3. Let {(xn^ an)} be a fuzzy a-Cauchy sequence in 
a fuzzy normed linear space (X, %b)? where B = {x e X \ ||쩨 < 1}. 
If there exists a subsequence {(:rnfc, ctnfc)} which converges to (x,a)? 
then an)} converges to (:r,ct).

Proof. Since {(a;n,cen)} is a fuzzy ct-Cauchy sequence, for each t > 
0, there exists a positive integer M such that n,m > M implies an A 

and P(anAam)—(⑦n — ⑦m) < t. And since \\xn — xm\\ =
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P(an/\arri)-(xn — Xm) by Lemma 2.1, {xn} is a crisp Cauchy sequence 
in X. Thus {xnk} is a crisp subsequence of {xn} in X, Since {xnk} 
converges to x by Lemma 2.2, {xn} converges to x. Since {(a?n, ctn)} is 
a fuzzy ct-Cauchy sequence, an < a for sufficient large n. Therefore 
for each t > 0,there exists a positive integer M such that n > M 
implies an < a and Pari- (^n — x) = \\xn — 씨| < t equivalently 
{(a?n,c防J} converges to (⑦, ct). □

Theorem 2.4. ([1, pl94]) Let W be a closed convex set in a uni
formly convex Banach space X. Then there exists a i(best approxi
mation^ projection p from X onto W, that is, for all x E X, there is 
a unique point y = p{x) € W such that

||x — y\\ = inf{ \\x ~ z\\ \ z eW }.

Theorem 2.5. Let X be a uniformly convex Banach space over 
K. Then p = Xb^.^ is a fuzzy seminorm on X, where By.나 = {x E 
X | ||께 < 1}. Let W Q X be a closed subspace and q : X — X/W 
the quotient map. Then pq = , where for x + W e X/W,

pq(:〕c + W) = \/{ p(x + y) \y eW 

|||z+W||| = A{ ||z +이| |以€形}, 

W.||| = {z + W||||』+ W||K1}.

Proof. Since pq(x + W) = 0 or 1 for all x e pq(x + W) = 0 
if and only if for all y E W, + t/|| > 1. To prove the theorem, 
it is sufficient to show that |||a? + VT||| > 1 if and only if for each 
y e W, \\x + y\\ > 1. Suppose for each y e W, \\x + y\\ > 1. Let 
A = {||:z서w|| \y € W}. Then ||x + ?/|| E A implies ||x+ 이|| > 1. By the 
preceding theorem + y\\ = ||乞 + yf\\ for some yf E W. And



14 IN AH HWANG, GIL SEOB RHIE AND YEOUL OUK SUNG

so /\yew\\x + y\\ 三 八 Therefore \\\x + W\\\ = + y\\ > 1-
Conversely, suppose |||:r + W||| > 1, i.e., A아ew||⑦ + y\\ > 1- Then for 
each y eW, \\x + y\\ > /%@시|⑦ + y\\ > 1. □

Corollary 2.6. Let X be a uniformly convex Banach space, p = 
Xb and W be a closed subspace ofX, where B = {x e X \ \\x\\ < 1}. 
Let {(xn + W, an)} be a fuzzy a-Cauchy sequence in the fuzzy normed 
linear space (X/W^ pq). If there exists a subsequence {(xnk +W^ank)} 
which converges to {(x + Then {{xn + W, an)} converges to
{(z+VT,a)}.

Theorem 2.7. ([7, Theorem 3.7]) Let (X, || • ||) be a Banach space. 
Then the fuzzy normed linear space (X, xb) is fuzzy complete, where 
B = {xeX\ II씨KI}.

Corollary 2.8. Let X be a Banach space and p = xb, where 
B = {x E X \ ||께 < 1}. If W C X is a closed subspace of X, then 
(W, p) is a fuzzy Banach space.

Corollary 2.9. Let X be a uniformly convex Banach space, p = 
Xb〉where B = {x e X \ ||x|| < 1}. IfW is a closed subspace of X, 
Then (X/W^pq) is a fuzzy Banach space.

Theorem 2.10. ([8, Theorem 3.11]) Let (X, || • ||) be a normed 
linear space and p a fuzzy norm. If p is lower semi continuous and 
has the bounded support, then following statements are equivalent.

(1) For some a € (0,1)? (X, p) is fuzzy a-complete.
(2) For some a E (0,1), (X, Pa~) is complete.
(3) (X, p) is fuzzy complete.
(4) (X, xb) is fuzzy complete,
(5) (X, || - j|) is complete.
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Corollary 2.11. Let p be a fuzzy norm on a Banach space X. 
And let W be a closed subspace of X. If pq is lower semi continuous 
and has the bounded support, then (X/W, pq) is a fuzzy Banach 
space, where pq(x + W) = V{p(:z: + y) \ y € W}, x + We X/W.
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