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EXTENSIONS OF FUZZY IDEALS IN NEAR-RINGS

YouNGg CHAN LEE AND CHANG KYU Hur

ABSTRACT. We characterize fuzzy ideals in near-rings and extensions
of such ideals with the sup property.

1. Introduction

Fuzzy ideals of rings was introduced by W. Liu [10], and it has been
studied by several authors [4, 7, 8]. The notion of fuzzy ideals and its
properties were applied to various areas: semigroups [9, 12], distribu-
tive lattices [15], BCK-algebras [14], near-rings [1, 6]. S. Abou-Zaid
[1] studied fuzzy subnear-rings and ideals, and S. D. Kim and H. S.
Kim [6] investigated further fuzzy ideals of near-rings. The notion of
L-fuzzy ideals was applied to semirings by J. Neggers, Y. B. Jun and
H. S. Kim [13]; to BCK-algebras by Y. B. Jun, E. H. Roh and H. S.
Kim [5].

In this paper we consider conditions when it is possible to construct
an extension of a fuzzy left (resp. right) ideal p of a subnear-ring S
of a near-ring R to a fuzzy left (resp. right) ideal u° of R such that u
and u° have the same image.

Now, we review some definitions and results which will be helpful
for the discussion.

A non-empty set R with two binary operations ‘+’ and ‘-’ is called

a near-ring ([3]) if

(1) (R,+) is a group,
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(2) (R,-) is a semigroup,

3) z-(y+z2)=z-y+z-zforalzyzecR.
We will use the word ‘near-ring’ to mean ‘left near-ring’. We denote
xy instead of x - y.

Note that 20 = 0 and z(—y) = —zy but in general 0z # 0 for some
x € R.

An ideal I of a near-ring R is a subset of R such that

(4) (I,+) is a normal subgroup of (R, +),
(5) RICI,
(6) (r+i)s—rselforanyiel, r,s<€R.

Note that [ is called a left ideal of R if I satisfies (4) and (5), and [
is called a right ideal of R if I satisfies (4) and (6).

Let R be a near-ring and u be a fuzzy subset of R. We say u a

fuzzy subnear-ring of R if

(7) u(@ —y) > min{u(z), u(y)},
(8) w(zy) = min{u(z), u(y)} for all z,y € R.

w is called a fuzzy ideal of R if p is a fuzzy subnear-ring of R and

9) wx)=upnly+z-—y),
(10) p(zy) > uy),
(11) p((z + 1)y — zy) > p(i) for any z,y,i € R.

Note that p is called a fuzzy left ideal of R if it satisfies (7), (9) and
(10) and p is called a fuzzy right ideal of R if it satisfies (7), (8), (9)
and (11), (See [1]).

ExXAMPLE 1.1.([6]) Let R = {a,b,c,d} be a set with two binary
operations as follows:
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—+ a b C a b C d
a a b [ a a a a a
b | b a d ¢ bla a a a
C c d b a c a a a a
d|d ¢ a dl a a b b

Then we can easily see that (R,+,) is a (left) near-ring. Define a
fuzzy subset p: R — [0,1] by u(c) = pu(d) < u(d) < p(a). Then u is
a fuzzy ideal of R.

LEMMA 1.2. ([6]) If a fuzzy subset u of a near-ring R satisfies the
property (7) then

(1) IJ'(OR) Z /,L(IE),
(ii) pu(—zx) = p(z), for all z € R.

Throughout the paper R will denote a left near-ring. Let u be a
fuzzy subset of a near-ring R. For a € [0,1], the set po := {z €
R|pu(z) > a} is called a level subset of p.

THEOREM 1.3. ([1]) Let p be a fuzzy subset of a near-ring R.
Then the level subset p, is a subnear-ring (or ideal) of R for all
a € [0,1],a < p(0) if and only if u is a fuzzy subnear-ring (or ideal),

respectively.

Let X be a non-empty (usual) set. F(X) will denote the set of
all fuzzy subsets in X. If u,v € F(X), then p C v if and only if
u(x) < v(z) for all z € X, and u C v if and only if 4 C v and
p # v. It is easily seen that F(X) = (F(X),C, A, V) is a completely

distributive lattice.
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We note that the intersection of all left (resp. right and two sided)
ideals of a near-ring R is also a left (resp. right and two sided) ideal
of R. Let A be a totally ordered set and let {A, : @ € A} be a family
of left (resp. right) ideals of R such that for all o, 3 € A, 8 > « if and
only if Ag C A,. Then aLeJAAa is a left (resp. right) ideal of R.

DEFINITION 1.4. A fuzzy subset p in a set X has the sup property
if for any subset T' of X, there exists tg € T" such that

p(to) = Egu(t)-

DEFINITION 1.5.([11]) Let X be a non-empty set. By an extension
of p € F(X) to a fuzzy subset v in a set R containing X, we mean a

fuzzy subset v in R such that v = p in X.

LEMMA 1.6. ([11]) Let X be a non-empty subset of a set R and
let p'€ F(X) be such that u has the sup property. If B = {B,|a €
Im(p)} is a collection of subsets of R such that

(1) U Bs,=R,
aclm(p)
(ii) B> a if and only if Bg C B, for all , 8 € Im(u),

(ili) pe N Bg = pg for all o, B € Im(p), B > a,

then p has a unique extension u® € F(R) such that (u°)q = B, for
all o € Im(p) and Im(p®) = Im(p).

2. Extensions of fuzzy ideals
In this section we characterize fuzzy left (resp. right) ideals of R,
and obtain some properties of extensions when the ideals have the sup

property.

THEOREM 2.1. If u is a fuzzy left (resp. right) ideal of R, then
p(z) =sup{a € L|z € py} for all x € R.
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Proof. Let 8 = sup{a € L|x € uo} and € > 0 be given. Then
B —¢e <sup{a € L|z € pa},

whence 3 — ¢ < « for some a € L such that z € ue. Since p(x) > a,
it follows that B — & < u(z), so that 8 < u(z) because ¢ is arbitrary.
We now show that u(z) < 8. To do this, assume that v = p(x). Then
z € py and so vy € {a € L|x € po}. Hence v < sup{a € Ljz € ua},
whence p(z) < B. Therefore u(z) = 3, as desired. O

Now we consider the converse of Theorem 2.1. Let A be a non-
empty subset of [0,1]. Without loss of generality we use A as an

index set in the following results.

THEOREM 2.2. Let {A,|a € A} be a collection of left (resp. right)
ideals of R such that

(i) R= gAAa,
(i) B > o if and only if Ag C A, for all o, € A. Define
u € F(R) by, for all z € R,

p(z) :=sup{a € Alz € A, }.

Then p is a fuzzy left (resp. right) ideal of R.

Proof. For any 8 € [0,1], we consider the following two cases:

(1) B = sup{a € Ala < B},
(2) B8 # sup{a € Ala < B}.

For the case (1), we know that

reugerecAyforalla<feore QﬁAa,
a
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whence pg = QgAa’ which is a left (resp. right) ideal of R. Case (2)

implies that there exists € > 0 such that (3 — &, 8) N A = (. We claim
that pg = U A Ifx e U Aa,thenxeA for some a > (. It

follows that ,u(x) >a > ﬁ, SO that z € pg. Conversely if z ¢ U Aa,
then z ¢ A, for all @ > (3, which implies that = ¢ A, for all > [3 £,

that is, if ¢ € A, then a < 8 —¢. Thus p(z) < f—¢, and so = & pug.
Therefore pg = U Aa, which is a left (resp. right) ideal of R. Using

Lemma 1.3, we see that w is a fuzzy left (resp. right) ideal of R. [

Let S be a subnear-ring of R. For a left (right, two sided, resp.)
ideal A generated by S, let A denote the left (right, two sided, resp.)
ideal of R generated by A.

THEOREM 2.3. Let S be a subnear-ring of R and let u be a fuzzy

ideal of S such that p has the sup property. If U (uo)® = R
aclm(p)

and pio N (pg)¢ = pg for all a, B € Im(pu) with B > o, then p has a
unique extension to a fuzzy left (resp. right) ideal u¢ of R such that
(1%)a = (1a)€ for all @ € Im(pu) and Im(p®) = Im(p).

Proof. Since B > o if and only if pug C pe for all o, 8 € Im(u),
the condition pe N (1g)¢ = pg implies that 8 > o if and only if
(1g)¢ C (). If we let By = (1o )¢, then by Lemma 1.6 we see that
i has a unique extension to u® € F(R) such that

(1) = (ka)®,
Im(p®) = Im(p)

for all @ € Im(u). Noticing that (u®)e = (1a)€ is a left (resp. right)
ideal of R, and using Lemma 1.3, we conclude that u€ is a fuzzy left
(resp. right) ideal of R. This completes the proof. (]
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