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A Note on Derivations in prime rings*
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0. Introduction and Historical Background of Derivations

Let R be a ring. An additive map D : R -> R is said to be derivation of R if D(xy)
= D(x)y + xD(y) for all x, y € R. For example, if R =R[x] where R is the set of real
numbers, then the ordinary derivative d/dx of elementary calculus is a derivation. Our
next example of a derivation is interesting only when R is noncommutative. Fix an

element aSR and define the map D=D,:R— R by D(x)=ax—xa for x€R. Then D

is a derivation and it is called the inner derivation. The set Der(R) of all derivations of
R is closed under addition. In general, however Der(R) is not closed wunder
multiplication(function composition). If D,FEDer(R), then the map [D,F] = DF-FD is also

a derivation. Thus Der(R) becomes a Lie ring.
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Suppose F is a field and R is a ring that happens to be an F-algebra. A derivation D
&Der(R) is said to be an F-derivation if D is an F-linear operator on R. For example,
the calculus derivative d/dx is an R-derivation on R[x]. Let R=F[x]. Then there exists
an unique F-derivation D of R with D(x) = 1 and thus we have

n N n N
D( ;UaiX‘): Z,‘bia,»X'_l where a,=Ffor i= 0, 1, ..n. In this case, D is called formal

differentiation.

Let R be a prime ring(for some a, b€ER, aR; = 0 implies either a=0 or b=0). In 1979,

LN. Herstein proved that if D is an inner derivation of R satisfying IXx)"=0 for all x
=R and n a fixed integer, then D=0[12]. This result was extended to arbitrary
derivations in semiprime ring[8l. In 1983 B. Felzenszwalb and C. Lanski considered
derivations satisfying IDXx)"®=( for all x€ I, an ideal of R and proved that D(I)=0
when R has no nipotent right ideal{7]. Using the general approach in [7], in 1985, L.
Carin and A. Giambruno study the situation when D(x)™? =0 for all XV, a Lie ideal

of R[2]. They prove first that D(v) = 0 when charR+2 and R contains no nilpotent
right ideal, and then obtain the same conclusion when n{x) = n is fixed and R is a 2
—tortion free semiprime ring. In 1990, C. Lanski proved that if R contains no nilpotent
right ideal, V is a non commutative Lie ideal of R and D is nilpotent derivation on V,
then D=0[17]. In 1992, he considered derivations which are nilpotent on certain subsets
of prime rings, Lie ideals, one-sided ideasls and when a given ring has an involution on
the sets of symmetric or skew symmetric elements. Combining the results and ideals of
V.K. Kharchenko(1978)[15] and W.S. Martindale and C.R. Miers(1983) in [20] he proved
that (under some necessary assumption an charateristic typical for derivations)
derivations become inner when extended to the Martindale quotient ring and are adjoint
to nilpotent elements. Also, in 1984, L.o. Chung and J. Luh proved that if I is its

two-sided ideal and D is a derivations of R such that D"(D)=0, then D"(R)=0[5]. In
1994, C. Lanski proved that D is a nonzero derivation of R, L a nonzero left ideal of R,
and #n=1is a fixed integer so that D{x)=0 for all xEL, then LD(L)=0[16].

On the other hand, in 1957, E. Posner proved that if the product of two derivations of
R with characteristics not 2, is a-derivation, then one of these two derivation must be
zero[21). In particular, if D is a derivation of R and D=0 then D=0. In 1983, L.O.
Chung and J. Luh proved that if D is a derivation of 2-tortion free semiprime ring and
D =( where n is a positive integer, then D?** '=0([4]). Recently Chung and Luh

proved that if D is a derivation of R with charateristics not 2 and D2“=0 then



D¥ 1=, ie, the index of a nilpotent derivation of a prime ring is necessarily odd.

Also, in 1996, Y. Ye and J. Luh proved that if D* is a derivation of R then
D '=0[22],

In this paper, we proove that if for a prime ring with no charateristic restriction, D

and F are derivations of R and DF"=( for an. integer n>1, then either D=0 and

F3¥71=( and if D™F=0( for an integer m>1, then either D" "=( or F?=0.

2. Properties of derivations

Lemma 1. Let D be a dervation of a prime ring R and let a be an element of R. If
D(x)a=0 for all x€R then either D=0 or a=0.

proof : For all x,y€R, we have
0 = D(xy)a = Dx)va + xD(v)a = D(x)ya

that is, D(x)Ra=0. Hence since R is a prime ring, either D=0 or a=0.

Lemma 2. Let D and F be derivations of a prime ring R. If DF=0, then either D=0 or
F2=0.

proof: For all x, yER we have

0 = DF(xy) = D(x)F(y) + F(x)D(y)
Replace y by F(y). we get
DX)FX(y) = 0

Hence by Lemmer 1, either D=0 or F?=0

Theorem 3. Let D and F be derivations of a prime ring R. If for an integer n>1,
DF"=0 then either D=0 or F*"" ! =0 .

proof. Since for all x,y€R DF"(xy) = 0 Using the Leibniz’ rule we have

Replace x by F*(x) and y by Fy) in (1).

We get

D) F(y) =0 @
Replace x by F*%(x) and y by F*(y) in (1) and using (2). We obtain

DF"%(x) F*(v) = 0 (3)
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Continuing this process we have

D) F'(y) =0
That is, for all x,y€R DXF"y) = 0
Hence by Lemma 1, either D=0 or F°" =0

Theorem 4. Let D and F be derivations of a prime ring R. If for an integer m>1
D"F =0 then D™ =0or FF =0
proof. Since [D, F] = DF - FD is a derivation, [D, [D,F}] = D’F - 2DFD + FD’is a
derivation and also D°F - 3D?FD + 3DFD* - FD’ is a derivation.
Continuing,

221( 2mz'_1 )( —1)'D* '"'FD' is a derivation,

2m—1 _ . . A
Using the fact that D™F = 0, { Z‘h ( 2’”2. 1 )(——1)’D2'”"1"FD‘}F =0

Applying Lemma 2, we have that either FF=0 or

2p—1 _ R . .

t;ﬁm( 2mz 1 )(_l)lDZm'“l—'lFDt=O (4)
If F% # 0 then premultipling (4) by D™, we get

D™ FD™! = 0 )

and premultipling (4) by D™? we obtain
2m-1)D™'FD*™? - D™?FD*™! = 0
and
(@m-DD™'FD*™ 2 - D™FD™ D = 0.
Using (5) we get
D"? FD™ = 0 (6)
Premultipling (4) by D™, we have

_ 2m—1 m—3 2m—1 _ m—2 2m—2 __ nym—1 2m—3 _
(Zm_B)D FD* '+ (2m—1)D" " *FD D" FD i =,

and
_(2m—1\pm—3pp2m—1 . m=2 pny2m—2 _ pym—1p2m=3\ p2 _
{ (zm_3)D FD* '+ (2m—1)D" % FD D™ 'FD }D 0.

Using (5) and (6), D™ 3FD*" 1=y
Continuing, we have FD*" ?=()

Hence, since F=0, by Theorem 3, D" "=0.

_27_.



10.
11.
12.
13.
14.
15.

16.

17.

18.

19.

X xr
2y

r (

J. Bergen, LN. Herstein and J.W. Kerr, Lie ideals and derivations of prime rings,
J. Algebra, 71 (1981), 259-267.

L. Carini and A. Giambruno, Lie ideal and nil derivations, Bollettino U.M.I, 6,
(1985), 497-503.

C.L. Chuang, an nilpotent derivations of prime rings, Pro. Amer. Math Soc. Vol
107(1), (1989), 67-71

L.O. Chung and J. Luh, Nilpotent of derivations, Canad. Math Bull. 26(3), (1983),
341-345.

L.O. Chung and J. Luh, Nilpotent of derivations, on an ideall, Pro. Amer. Math.
Soc. 90(1984), 211-214.

L.O. Chung and J. Luh, Nilpotent of derivations I, Pro. Amer. Math Soc. 91(3)
(1984), 357-358

B. Felzenszwalb and C. Lanski, On the centrallizers of ideals and nil derivations,
J. algebra, 83(1983) 520-530.

A. Giambruno and LN. Herstein, Derivations with nilpotent values, Rend Circ.
Math. Palermo 30(1981) 199-206.

P. Grzeszczuk, On derivationss with powers vaanishing on one-sided ideals,
Chinese J. Math. 23(4), 311-317.

I.N. Herstein, A note on derivations, Canad. Math. Bull. 21(3) (1978), 369-370.

IN. Herstein, A note on derivations O, Canad Math Bull. 22(4) (1979), 509-511
IN. Herstein, Center like elements in prime rings, J. Algebra, 60(1979), 567-574.
I.N. Herstein, Ring with Involution, Univ of Chicago Press, Chicago, 1976.

IN. Herstein, Topics in Ring Theory, Univ of Chicago Press, Chicago, 1969.

V.K. Kharchenko, Differential identities of prime rings, Algebra and Logic
17(1978) 155-168.

C. Lanski, Derivations with nilpotent values on left ideals, Comm. in Algebrq,
22(4) (1994), 1305-1320.

C. Lanski, Derivations with nilpotent values on Lie ideals, Pro. Amer. Math Sec.
108(1) (1990), 31-37.

PH. Lee and T.K. Lee, Note on nilpotent derivations, Amer. Math. Sec. 93(1)
(1986), 31-32.

PH. Lee and T.K. Lee, On derivations of prime rings, Chiness J. of Math. 9(2)
(1981), 107-110.

_28_



A Note on Derivations in Prime rings

20. W.S. Martindale and C.R. Miers, On the iterates of derivations of prime rings,
Pacific J. Math. 104(1983), 179-190.

21. E.C. Posnes, Derivations in prime rings, Pro. Amer. Math. Soc.8(1957), 1093-1100.

22. Y. YE and J. Luh, Derivationss of higher orrder in prime rings, Canad Math.
Bul. 39(3) (1996), 376-384.



