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Abstract

Manufacturers can meet the due dates of orders by using overtime, in which case,
additional cost incurs for the amount of overtime. Although many studies have been
reported on scheduling, only a few papers are founds on production scheduling using
overtime. We consider the problem of production scheduling using overtime on a single
machine, in which each job has a given due-date, a constant processing time. We assume
that the daily overtime does not exceed the daily regular operation time. The objectives is
to minimize the total overtimes, while meeting all due dates. We first present a
mathematical model, and then suggest a heuristic algorithm for the problem.

1. A &

oxge AANA AFRFL dFe nALT wE AAasel date s U
g 5 gE Ax Asgen gniEsioler AEY £ U Wse] Y & Un AYYL
F4A7] AN E GFE TALT) 9@ BE e vl WEE £4¥ & Ys
FdMol Bastth HA Jde AFFA dFoz AFLAE AlHn xdaRet @
A L ovee] NFRAL FL& ABRD ofUz Al g A¥2E FAd AT A
ol Bastoy

B A7 e 1A FEE Wol At FRANY AxYezA FEo w4
Wotth FAMUE ANALE £Yse BlE 2o RA 1A Auas Fasdol B
do12ele EHe nAo] FEE AFL ¥ Wl dEsE Aol 2 Aold drlE
7R Beel F2o ASHASW TE FEY WS U9EY & e AWAYE FYsE
RAe wpg of2l 9w, olg HalMt AW ANAYETIL Basio

DA GABAE SA0 nstd AAHY EHolA AAHY £ Y= WAAGA2Y

+ OlFUIEE J1A R ATHE $ABA
s o}FTSE 714 2 AAFAY @S



198 9 ¥ -9 A A Adg ned A4 2AE9

o aFHE NEAQ AFEL G B
1) 380 45592 £E49 AANE AEHA ST % ook ok
(@) #Bo] MRS oo gt AAAYE A BolsA £4, 8AY F Aejo} Ak
3) 7 229 Wrle 2457 dsto] 4AduE AY BLAE BLH ARAYSYo|
7}‘8}04% A,
) #A #2 Weaee @ ANAY 5€ g 4 7R AR AL 2T
& glojo @},
getd olzlg RAQ AGE B AANE A X FLLAER 84Y 5 AT
(1) 27
() 4% BA7ts AF
(3) 2AY

g7l FHE AR TAS 2719 Felol v FRE & Ak FAFA o TR
7ol @r1E AReE s AWAT AHHE F9Z ' F Atk TF @9 G
ga FEWIS AEEIIZ FEY 5 3led 2 ATNE $58 200 e AZYA
g g4oz sy gEd nAol ¥ g A¥sn Z FEE AWEVE 2: A¢E 1w
o AREATFEARE A FFA a $4 ARY Fol &0 $7E FEES T
Hole) HEHoz FHAY. IY AFEYADH Y ASALE & AZGAEE Hol7t 9l
SR SNTH B 447, AT BAH 23 BAT, AT AT Y 44T 2T ok
A BAZE) B ATANE BANLE AFEJNRRG R WA o] FfAL HSE

oz @

gee 3RS A5E AN ATFEYATRE oS5 RE FRY YIE WEY £
ft Aot APe FAsck v, ol FrpHoR YAHE wEL AxArtl g o)
obmz e HAisuuA nAe @/E WEY £ A= ANAYL FYstelo} @
2 ATNE gRE BAE A4o% Wi 2E mAe FEA dale] BE FEe 3]
FESAA FVYABE ALBSE BAolT,
g a7 e ey 29,
() BL7AF RE FEL A A @
(2 % F2& 249 9718 AR don, e B8 BEselof Bt
(3 @ AFAN RE FEL AAANI A5
(@) Se) 2o dv AL AAEE 2 FE AAE AR UAX FAL AL

= 7 7R 2UHA g

(5) 7 FE9) FHINLE FABT
6) AAVYARE YA FEAAZIEG 2A Yot
(D 7 729 4u2e7te dAFFRANLY R4z 2FED 5, ARG FEAAT]
8 AU A%, AA207170L 8, 16, 24 A RT FAAT T ARG en o 44
2871309 19, 29, 397 2o
B a7 THE A, AEdTY n2e Bl B A7 A& A7 Aolge 4l
B, FERY, AA, 294 2n9FEE ANSAY 283 A% E dAE Fuho @
YEe A QWP Fol 259 AFHAE ANBT

N

o'

L

ki

R

2.7} 47

E AvoAE nAY drnEe At 23U nAwth AN287]0e YRE AP
2 Asd YALBEAHNE BE2E & A HA @lo]l BE ATE ANLL7IZY 27



THGBBEE |/ 208 8 48 19974 118 198

AR mat TS 5 9o

271 2R3E 7 e F9d U dFE 423 29 Baker[2lE A2 877
o] @FRY nAY FVALE wHEAvI=d FHE Fo A AAADE Hagse
HHEE ZAdE S F3 AASAD dYE FEEC] HFHUEL W 7 FE ¢
AN FEZBAE st HALAAG HF3 9 £F Bakerdt Scudder(3]® FE
of g Aate]l UF wa] duEY Auulg, Er12d 24 doiyd du]foe] BAsing
Au &3 AU EE A ned Rdg AANFGAY. o2 e FEEo] wAE g
e FEAAY 98 £ U B2 £, BUE AN AR BSS Yo
3 2717 AREE B2 BRSO ddu 9T Stoevall2le AxgAAGL] S
Aoz :dtd Hrle 2AE AJL &93tg.e Sabuncuoglu and Hommertzheim[11]
< FMSolA 2718 3@ 3HALEAE dFJod ¢718 B4R 2488t 49 4
e T3kt

AL AdsE GE2AT A S E 2489 F34Y ANH AYSE 57
of wet LAstE ¥E&Y F§E HAsEE 977 o 2ud ok Ao Vickson[l4]e @Y
7NAE AR o F2A ZEATE LY AYLEEZFolo) WE v 89 F& Hisste
EAE dFfged, olg ggsd F dlo 7)A7 AE2 oldAd e A2 FAsH 5]
Nowicki and Zdrzalka[9]+= Vickson(14][15]9] 47 & ##sle F e A7} EAsts &
£ A 4t(flow shop)e WA 2 3ot Panwalkar and Rajagopalan{10]e © 7)AlolA 2
9] Zgdo] HAY o, FFH/IE 1y A Au g, /g E 2D F FYAT 4 &
9 & Hadse FAE GFUT Trick(13]1e B4 7AEH FAPgSo) &A1 Zt 7
Aol g 2z APEErt 2Ho] 7M5d A48 ddez st AA AT JYPLE
F7tl wat A= v 89 §g HiE, EA, makespand FHAsEE AMAY EAE O
F4th Karabati and Kouvelis(7]® 5% @(flow-line)olX £8HHA  AAA Y (cyclic
scheduling) &A1& xeiste] HAHZAYAZIY 2AEY FdAHE A738QTr. Nowicki and
Zdrzalkal8] 2 P& Ee] A E o] & 71&AF UE AL o Zdrzalkall6]e ©
A7IAE WAz AAREYAAT $71E nAT YAAYEAE IEYo Bitran and
Trivpatil4le ¥dE Ze VEJI dale girjade HFdE o83 F2waS Aty
o} Inman and Leon(61# Inman(5lol A= 2}&x Atsdol 9ol A blocking® starvings A8t
71 93t o9z (preventive overtime)d] Md€ =Yt

Baker[2], Baker and Scudder{3], Stoevall2] 28 1 Sabuncuoglu and Hommertzheim[11]&
BI1AAE &3 7HA sl A7) o|Rojenzg B £FE IR = AxgA
of H&3t7le ¥t £ nA9 o8] Wit dHE YAGsAHL AYGol o8] W
T U7 gl Erldele HIwe] tad 4 Ao AANSBAHE 2487 Heto 7)
Ao =g o]gdte dFoA Nowicki and Zdrzalkal9], Karabati and Kouvelis[7],
Vickson{14] 28] Trick[13}& @71l disted m&A &skth Vickson(15]2 2+ 2{de) o
g g E Aoy driAdAn S5 1A FAYgEen Lo ¥ HAGEy] o
Z} v gol AEAe 9ste] grlAdoe]l dojd + Utk Panwalkar and Rajagopalan[10]<
WER7I7 obd FFEVIE DT B VA4S &8 T FAE ARHARAAR
GATY EE JIPAI) vz e Y AMd(FYRGATA Y BGAZgE B
Z)g nedts A9 HE8 5 gt £ AEAQ] FYo) A HPEEe) 2HE o) 43
D2 AAHQA BFA L gt o] &o] o] Fojd 4 gi}

oA BXol B AFA OF 1A} e BAE 71Sd 4F Bud vl e NEe
FH BAZA, FEAN E71E AA st dREEY FEAAAA BBYA He"g $
Qe FAolg,

f Lo of



200 98 =94 3 2dg 2@ A 2A8Y

3. 7¥|3 =4
B g7 2= 2AE fEHoz FHs) Yt e gL V155 AHEET

o AF, m=1

N
N
de

o WME 4 i=12 3, ...... , m

¥
@d

9] 48717

>
¥
da

d; : F%F o g7IAHFE
fh @ AAAY ANHEAAF)

2 ARE Aasd 1, ofYE 0, 1<i<m, 1<i<m

>
£

Ll
dd

o) AFZYAD
i9] 21§ A2

N
e

a;

Bi

o
M

FlH FAWMSEL X, o 4 50T FAAN BAY 2PAY BAE S 2y
W e 2o

Min 28 4 D

ngilr:l ,forl <i<m 4y D

gXu=1 , for 1 < k< m <2 3>

fo + ;1 g(pi—ﬁf)xik = Z dX; ,fol<l<m <4 4)

28; < pi , for 1l < i< m <4 5

8 =20 ,for 1l <i<m <4 6>

Xa =0,1

E dT7oME nae BrUFe AYFHez ngdy Ade Higdste AL HHYF
2 derh 2ARSE <4 1>o2 FHAL <A 2>9 <4 & @ FE & o U g
oo REgsojeol it A& BAJYG FE i kUAZ FRUH7 AfAE k-1

FE7e) BAE st RE FEL WIE UER £ Yojol BTk ZE FE o 3o
A HAz ADHe FEA dAHE 4+ LpXa < 2dXa T oHAZ AdHE 3¢

Ae ht B BsXu< Bdx, 2203 k7t m A AT b+ 5 BpKa < D dX B
&s}ﬁl AW R} o)g EE AFZYutess Aol sigEch aEu ¥IE wEd
A RHD p o YRS FA(FHLR AP GIE VEY F AES AAS o} Fch o
2 4 R WiEted AL AT BrINHE <A 4S8 FEAD, <A 5> TP
o] AFZYANNE Z2etA F&E UET < 6> FYPARIo] F5U Re FAEH



TERRBRE B 2046 F 48 19975 117 201

flol FARPE m AY FE At AAAFY FE X, ol a7 H, g o
HAE m A7t AodH, AFAL 5m sh7t Aok Y ZdL AFHA <Y oA A
HyEoel udyge FAZ Hl dEd HE T/ 4A 4ok weM gEHede B
2 dadFE AAg '

4. 393 GndF
AYH NS Aeshrl Aste 0o ge FPASES FvT

B : % i ANAA A

E;, : F& 8 Adgds AH

£ A7 Addte Z83 2uAFY otoldols v&d vk dA 4 FEo oishdo
FPAE Az 438 A(E Bi=p/2 )00A APAF] YIS HF FHP AL
AAl 7be A S TG 2Bt JPARE HEAH ATEHARLE dAStE Aot F
A9 A Hd AQ £ ANIAdFHE FAdY F8 Hass] AMMe @719 LEAceR
AR g FYPste Aol HAHH2R1)15] 71 B719 LEFATLE FEE THSH 7
FE AL Bi=p/2 = FAds Ao

Step 1) m7e FEo tﬂa}@l g717F o] & £ME FEUIE Hod) & 37 A%
olg FEE i=1, 9 N £ FEE i=m 22 §4.
Step 2) & FE il EHU}@! Bi=20i2 , a=p;—B; B AArET}H

2E 1< /< mol Aokl 4 + Ra; < d o TEHY 7ol feasivle
solution)7} EA 322 step )L FHFT 28 oW N5yt EAEHA
gomz Fue

Step 3) m¥A 2Bl Bstel AAAANH(B=dn—an ) ARLRAY(E,=d, )8
AR m, i=m—1o|t}h

Step 4) F& i 9 WIH FE i+19) Mg £ ARANRNRRD 2AY Be A
(Bui2d)E 78 i 9 ARRENAE 72 i 9 W42 ZARA(E =d,),
ohIW, FE i 9 bf xe AURRAGE FE i+l o AUNFNYo BA

FTHE, = By, ). % 79 AASSA Y AAYPE ol 83 AFZPALE
nEe, FE 9 AMAFAYE AL =E; —a;).
9ok ;7 1 o)W Step 58 7Fx, olUW, [ =i—1 & &3, Step4 = Tt}

Step 5) =1 JE]_TJ_ E() = 4§ %‘&’Eﬁ}'
Hde HA3E At Step 6 & TR
E i1 9 ARYEAP(E,), FE 9 ATEdTHE 2@ 428730

;
zF
Step 6) F
(p)% 718 =& ANABANH(E)E nelsty A/FATAILE dfotg



02 VY E-YAHE AL TAR AN £AFY

Ei\+0;<E;Q A%E FE & 33U A1E80] E7] Wel Jiko] Jhssinz
B;,=E;,, B;i=0, e;=p;—B;, E;: =Bi+a; 22 ZRAJ. E,_|+ppE;°|q,
AHEEER B ATFEYPALE FoAdte Y& dAstodol B2 B, =E,,,
Bi =p~(E—~B), ai=p;—F;, E; = B; + a; &2 2R

i=m ol Step7 2 7t3, o}UWE, i=i+1 E 332 Step 6 2.2 o}
Step 7) end

Step V& & FEEY AAEAE 8719 LEAcoE HEsA Step 2)4
Zt FEo] disted AAAE AR QL ZF FEo] FUIde AT

ol
ot
£

.- _L
mlm O.u
5 to
>
£

Step 3)7 Step A€ ZAAZFE AU o1 §Y W) It AP k& F2 z' m ¥E 3
dated 32 09 b 2& AXNA(BIR FE i-19 dU1%e JIAAE R F
g 19 AVPEAY(E)E AV o8 A ME 91 AR FRGi=1)74A w8

Fygrt. o] HAFE T3 4 FE9 AfF BYEANNB-E)E F4E 5 AT Step
5)%} Step 6)2 oAf ATFRAALE AL & FE APALE 7HEH AFERAATLR
A ste BAGolth 71 o8 W& 7Hd FE i= 1% 3228ty Step 3)7 Step 49 F
g B3 AFE F& 19 AALEANHCE_DFH FE o AFAFE(B)AOIY A
AFZJAE AHEstEAN FEE HAs8tE #Aoltt et Step 59 Step 6)8 E3td
2A4E 2338 NM2E B 9 EE ARFF

41

3Me FEol A 4o 270 drle BEF 2o QEATEEANT § ¥
ZAAN L 47 8 Aot BE FEL AAEA F4Y hestch AN287[HE dAAT
ZA AT Bedolt, FE a o A AAA277 6UlEE 48X3Fo| T

AA2R7I1(p )| E71U(d)
F& a 64 7d
FE b 2d 3¢
F& c 44 10d

solution) 4 =0 kA

Step 1) FEE9 grlde] 28x¢02 A¢LM HIE Hesin, [ ¥A 2L
0:= { p;, d;}2 EAE AYsA, 0,=12,3},0,=1{6,7}, 03={4,10}°l

Step 2) Bi=1 a =1 B2=3; 02=3; B3=2‘, az3=72;

g

BE 1 <7< mol gt ¢4 + gla,- < d, o] BEHFEE st EAF
Step 3) B3=8; E3=10,; i=2;
Step 4) i=2 4 ¢

By>d, o|B2 E,=T; B,=4;

i=1 ¢ o

B,2d, °|22 E;=3, B,=2



THRiCBHEE F 208 £ 48 1997F 11A 203

Step 5) i=1, E;=0
Step 6) i=1 ¢ «
Ey+m<E, °l22 B=0; £/=0; o=2; E=2;
i=2 9 #
E\+pdEy o222 By=2; B=1; ay=5; E;=17;
i=3 4 o
Ey+ppEy olB2 By=T,; Bi=1; a3=3; E;=10;
Step 7) end

A A 1A F2
Jehi® g3 2o Yehd % itk
Step 158 Step 29l A ofefe} & FE7} a2}

d, dy d,
8 9 10 11

Step 3%-H Step 4°) ZH ol L& e At

a, 2 ds
AT =4
2 .
B, E B E, B E,

Step 578 Step 69 A ool #& 3708 RES g
=1 4

0 1

TS 29 olm2  FIAPALL 16AolTh. Al 19 2 @AE agor



204 VB =943 ZYE P YA 2AEY

oA 2

MY FEol Y1 AZ4Y 422710 H Brie dEFH 2ok B NEIANL R 99
FYPAIZE 2zt 8 Azke) JhEEt. EE FEL JAEA £Y bt A28
@9e dYdATFEIA L Aol

BAE871ZH p )| B7IU(d)
FE a 10¢ 6«
FE b 44 34
FE c 44 109

solution) O,' = { i d,'}, to =OE" 3’!’1}.
Step 1) g7 99 ogAcom A, 0,=(4,3), 0,={(10,6), 0s={4,10}
Step 2) B=2 ;=2 £/=5 a,.=5 /=2 a1=2
RE 1< /< mol e 4 + z‘a,- < d & D=8 RHn St
=457 gt
Step 20914 Hul 24e nAFAAT 0, 9 AJo] s TP I ool HIEA
= ngsdEE gy nEe Brbsatd.

oA 28] GAE 2@ JEhE o3t o] Yed £ o

d] dz d3
0o 1 2 3 4 5 6 7 8 9 10 11

B a7E a9e ndsts 48 2A239 9 712AT7M, 2LV b 4 F

& Yol WIE AT, dAY AULLADE AAH, BPABE AFRANGE 23
$7 e MedlA AAUDT AR FAL WE DIV BAYLE FAUAT
& HigHE AoD, & QFAAL od BAd BE +2Lee ANSn, FYA en
JEE At

g A7 ANY GnAFE ore FRe FA 2AHAL 9ol 4T F Aok o
BHH Aze FEC AT B, ofd AAHK e JE FEEL AZE FROE BTl
H8g 4% ok

FRolt UY® YY) dE AT 2 AWHY YUAFANEE 2E FEo g d
7 sysiojol ¢ Aol T el 38 AU del eIdHR A Wl o= el
ARFES $UT AYA 2FSE BAE 2F T,

M

ey



THESRGR B 208 F 448 1997F 117 205

aF 3

uzl_l'

(1] Baker, K. R., Introduction to Sequencing and Scheduling, John Wiley & Sons, New
York, N.Y. 1974. ’

[2] Baker, K. R., "Sequencing Rules and Due-Date Assignments in a Job Shop”,
Management Science, Vol. 30. No. 9, 1093~1104, 1984.

[3] Baker, K. R.,, SCUDDER, G. D., "Sequencing with Earliness and Tardiness Penalties:A
REVIEW”, Operation Research, Vol. 38, NO 1,pp 22~36, 1990.

[4] Bitran, G. R., and Tirupati, D., ” Approximations for Networks of Queues with
Overtimes”, Management Science, Vol. 37, pp282~-pp300, 1991

(5] Inman, R. R, "Scheduling preventive overtime : a new approach for the automotive
industry”, IE Transactions, Vol. 28, pp 555-565, 1996

[6] Inman, R. R., and Leon, M., "Performance of intra-plant overtime policies”, INT. J.
PROD. RES,, Vol. 33, No. 4, pp 1157~ 1169, 1995

[7] Karabati, S. and Kouvelis, P., ” Flow-Line scheduling problem with controllable
processing times”, IIE Transactions, Vol. 29, pp 1-14, 1997

[8] Nowicki, E, and Zdzalka, S, " A SURVEY OF RESULTS FOR SEQUENCING
PROBLEMS WITH CONTROLLABLE PROCESSING TIMES”, Discreted Applied
Mathematics, 26, pp 271-287, 1990

[9] Nowicki, E., and Zdzalka, S., “A two-machine flow shop scheduling problem with
controllable job processing times”, European Journal of Operational Research, 34, pp
208-220, 1988 .
[10] Panwalkar, S. S., Rajagopalan, R., ”Single-machine sequencing with controllable
processing times”, European Journal of Operational Research, Vol. 59, pp 298~302, 1992

[11] Sabuncuoglu,. I, and Hommertzheim, D. L., "Experimental investigation of an FMS
due-date scheduling problem: an evaluation of due-date assignment rules”, INT. ]J.
COMPUTER INTEGRATED MANUFACTURING, Vol. 8, NO. 2. PP. 133-144, 1995

{12] Stoeva, S. P, "A due date-based dispatching rule for flexible manufacturing systems” ,
INT. J. PROD. RES,, Vol. 28, Nol. 11, pp. 1991 ~1999, 1990

(131 Trick, M. A., "Scheduling Multiple Variable-Speed Machine”, Operations Research, Vol.
42, No. 2, pp234-248, 1994

[14] Vickson, R. G., "Choosing the Job Sequence and Processing Times to Minimize Total
Processing Plus Flow Cost on a Single Machine”, Operations Research, Vol. 28, No. 5,
September-October, ppl155-1167, 1980

[15] Vickson, R. G., "Two Single Machine Sequencing Problems Involving Controllable Job
Processing Times”, AIIE Transactions, Vol. 12, No. 3, pp258-262, 1980

(16] Zdzalka, S. ,"Scheduling jobs on a single machine with release dates, delivery times
and controllable processing times: worst-case analysis”, Operations Research Letters, 10,
pp519-523, 1991



