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Determination of Cutting Orientation in Zigzag Milling
Operations: A Geometrical Approach

Byeong Keuk Kim*, Joon Young Park* and Nam-Sook Wee**

ABSTRACT

This paper describes new methods to minimize the cutting time in zigzag milling operation of
two dimensional polygonal surfaces. Previous works have been focused on mainly experimental
approaches by considering some machining parameters such as, spindle speed, depth of cut, cutter
traverse rate, cutter diameter, number of teeth, tool wear, life of tool, and so on. However, in this
study, we considered two geometrical factors one by one in order to see the effect separately,
which are the length of cut and the number of cutter traverse. In an N-sided concave or convex
polygon, an algorithm has been developed which minimize the total length of cut. Also, a heuris.
tic approach was used to minimize the number of cutter traverse.
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1. Introduction

Modern machine tools are made to have high ac-
curacy and various uses. However, most process
planning processes need experienced workers. It
means that effective methods to minimize ma-
chining time depend on an experienced operator.
Although many manufacturing systems are used in
process plans or analytical designs, determination
of the optimal cutting orientation remains as an
open problem.

Among the cutting operations, milling is the
most widely used to fabricate complex geometric
surfaces. Milling operations can be classified into
two types; window frame milling and stair case
milling which is also called a zigzag milling. It
has been known that the zigzag milling takes less
time than the window frame milling when an ob-
ject is machined"”. In the zigzag milling operation,
minimum cutting length for a polygonal object
was found when the tool path was generated paral-
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9 However, in these

lel to the longest edge
works, since the shapes of the polygon was lim-
ited to triangles, rectangles, and pentagons which
are convex, optimal cutting orientation for more
complex objects could not be found.

In this paper, we present the optimal cutting
orientation for minimizing the machining time
when an N-sided concave or convex polygonal ab-
ject is machined using a zigzag milling operation.
Cutting conditions", such as feed rate, depth of
cut, spindle speed, cutter diameter, and the number
of teeth were assumed to be constant. De-
termination of the optimal cutting orientation was
performed in two ways where the total cutting
length and the number of cutter traverse are min-
imized respectively. Fig. 1 shows the concave po-
lygon of 28 edges. We cautiously considers to
select either two ways in the polygon.

When the total cutting length was minimized, an
optimal cutting orientation was found for N-sided
convex or concave polygons. When the number of
cutter traverse was minimized, an optimal cutting
orientation was found for triangles and rectangles
while a heuristic approach was used for N-sided
concave or convex polygons.
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Fig. 1. The concave polygon of 28 edges.

2. Mathematical Model

In order to set up a mathematical model of op-
timal cutting orientation, following notations are
used. The object to be machined is assumed to be
a polygonal shape.

- T, : Total length of cut

- M,: Area of polygon

- Ly : Length of direct cut

- Lg : Length of indirect cut

» D : Cutter diameter

-k, + Length of i,, edge

- 4’ : Length of iy, sweep in a zigzag milling
operation

- @ : Cutting orientation with respect to the base
edge (0°< 8<180")

+ 8 : Angle between iy, edge and the tool path

orientation

: Angle between i, edge and j, edge

- 81 Angle between iy, edge and convex hull

- & : Pseudo-height of polygon measured
perpendicularly to the cutting orientation

Here, L, means the length of tool path inside the
polygon including the initial length of cut which is
parallel to an edge, and L; means the length of
tool path along the edges of the polygon excluding
the initial length of cut which is parallel to an
edge. Fig. 2 shows the length of L, and L. in the
triangular polygon.

2.1 Length of cut
Following assumptions are made when the

Fig. 2. The definition of L, and Ly.

length of cut is considered as a factor in min-
imizing the cutting time.

Assumptions:

(1) Cutting starts from a vertex of the polygon.

{2) Center of the tool travels every vertex of the
polygon.

(3) Cutting ends at a vertex of the polygon,

(4) Direction of the cutting inside the polygon is
parallel to one of the edges.

2.1.1 Mathematical model of a triangle

Since a triangle is the simplest polygon, it is con-
sidered first. Fig. 3 shows a triangular object. In
this case, the total length of cut 7, can be for-
mulated as L,+L;. Fig. 4 shows a tool path parallel
to the edge /, in the polygon. Here, we can for-
mulate the relationship between the length of cut
and the area of polygon, M,.

/ ! 1 L r l
M, = {({l +1)> 5 X E} +{(!, +yxD % —2*}

+ {(1;+1;) xD x %} I )

+ {(J,,’_,H..,'} xD x —;—} + {(l,,’) X % X %}

Here, we can notice that the initial cutting starts
from the position apart from an edge by the dis-
tance of tool radius. Equation (1) can be simplified
as follows.

M, = {(I,’+Iz’+v-- +1,,’_,+I,.’)><D}
+ {% xi,} —{% x(fl’+1n’)}
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X
Fig. 3. Triangular object.

X
Fig. 4. Tool path in a triangular object.

4' and /' can be represented using the relationship
with &.

‘. D .
D .
T (2 xsin 8,) fiily

Thus, /' and £, are simplified as follows.

P {I D
ll*gxaz 2><sin92) 3
b= (Z_X‘:m 6, “)

From equations (3) and (4), {,'+!,' equals to /.

Hence, we have
My ={({+1y+ - +1 +1LyxD} and
I} 415+ +1,+1. can be denoted as L,.

Therfore, the length of direct cut in the triangular
polygon, L,, can be formulated as follows,

3Z2CAD,/CAMES w24 A2 2335 19979 09
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The length of indirect cut, L, can be represented

as follows using the relationship with £, and Z,.

L+,

Le=
T2

(6)

From (5) and (6), total length of cut, 7;, is com-
puted as follows.

e

2.1.2 Mathematical model of a quadrilateral

To extend the above idea for a more generalized
case, a concave quadrilateral is considered.
Analysis for a concave polygon is a new attempt
which has not been performed in the previous
work***"!, Fig. § shows a quadrilateral object.

Similar to the case of a trianglar object, the total
length of cut for a quadrilateral can be denoted as
follows.

TL =L_4 +L£

Fig. 6 shows the tool path parallel to the edge ¢,
in the guadrilateral polygon. The indirect cut is
computed as follows.

1 D 1
== 1i— ~
Lp zx[l_ 2><sh192] +{2x13}

lx(h?

2

D
2xs5in 6,

1))

X

Fig. 5. Quadrilateral object.
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Fig. 6. Tool path in a quadrilateral object.

In the equation (11), we can see that the length
of indirect cut along the /, and /, is not the half of
the edge length. This is because the center of tool
travels the vertex where {, and /, intersect. There-
fore, if the number of edges is bigger than or
equal to 4, the length of indirect cut should be
modified by the radius of tool. This modification
is necessary for every pair of edges which share a
vertex other than starting and ending vertices. In
the modification, if there is a need to add or sub-
tract a certain distance for an edge, the subtraction
or the addition for the comresponding edge should
be done and vice versa. From equations (10) and
(11), the total length of cut in a quadrilateral po-
lygon can be represented as follows.

M, 1 D
T, =‘— +ox(l, * —.)l
‘ D 2 2x
b (12)
1 D
+{"2"““}+ R 2 xsin 6, ]

As it was shown in the mathematical model of
the triangular and quadrilateral object, the length
of direct cut was found to be equal to My/D, and
the length of indirect cut roughly corresponds to
the half of total edge lengths excluding the edge
which is parallel to the cutting orientation. Par-
ticularly, a modification should be made for every
pair of edges which share a vertex other than start-
ing and ending vertices. From these observations,
we can find the total length of cut for an N-sided
cohvex or concave polygon as illustrated in the
Fig. 7.

E
E1 3

0
X

Fig. 7. N-sided polygon.
- | area of polygon
total length of cut { diameter of tool }

sum of each edge length except edge
parallel to cutting direction

2

diameter of tool
2 x sin (angle between the cutting
orientation and edge)

-+

The proposed model can be applied to an ar-
bitrarily shaped N-sided convex or concave po-
lygon. It can be also noticed that the length of
direct cut is always constant as the division of the
polygon area by the tool diameter regardless of the
cutting orientation. Thus the total length of cut is
influenced by the length of indirect cut which is
the function of sum of all edges excluding the
edge parallel to the cutting direction. Therefore,
the total length of cut is the shortest when the tool
path is generated parallel to the longest edge in the

polygon.

2.2 Number of cutter traverse

In this section, number of cutter traverse is min-
imized to see the influence to the total cutting time.
The number of cutter traverse corresponds to the
division of the pseudo-height of the polygon by
the tool diameter. Here, the pseudo-height of the
polygon is defined as the minimum distance
between two lines which are parallel to the cutting
direction and contain the polygon.
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2.2.1 Mathematical model of a triangle

In order to express the relationship between the
pseudo-height of polygon and &, it is necessary to
divide the range of ¢ as follows. Fig. 8 shows a tri-
angular object, and Fig. 9 shows the pseudo-height
of polygon which is perpendicular to the cutting
orientation.

Case 1: 8 lies within the range of &,

h = {1, xsin(6,,— O} +{I, X sin(H)} (13)
Case 2: 8 lies within the range of &,
& = {3 xsin (8y; - B} + {{, X sin (&} 14
Case 3: 8 lies within the range of 6.
h = {I xsin(8 - )} +{/, xsin(6)} (15)

As the direction of the cutting varies, the pseudo-
height of triangular polygon changes according to
the equations (13)~(15). Fig. 10 shows the range
of the cutting orientation in triangular polygon.

Fig. 8. The pseudo-height of triangular object.
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Fig. 10. The range of the cutting orientation in tri-
angular polygon.

2.2.2 Mathematical model of a quadrilateral

In a concave quadrilateral, it should be noted
that the number of cutter traverse can be bigger
than one in a single scan of the polygon. This case
happens within the so-called reflex profile region.
Fig. 11 shows a reflex profile region.

Reflex profile region is the area where the tool
movement without cutting is not necessary'. Fig.
12 shows a quadrilateral polygon and the Fig. 13
shows the pseudo-height of polygon which is per-
pendicular to the cutting orentation. In a qua-
drilateral, it is necessary to divide the range of &
as follows.

Case 1: @ lies within the range of 8.

h ={i, xsin(B)} +{I, xsin(6,,+ 6, — N} (16)

Case 2: @ lies within the range of 6,,.

B = {I; xsin{B,+ 8,,— &)} a7)
+{1, X 5in (B, + 6, +8)} +1{1, X sin (6-6,.)}

Case 3: @ lies within the range of 8,,.

h = {1, xsin(8)} +{I, xsin(8,;- 6)} (18)

.

outside \)

oundary

»

reflex profile region
Fig. 11. Reflex profile region.
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Fig. 13. The pseudo-height of quadrilateral object.

Case 4: 8 lies within the range of 6,..
k= {1, xsin ()} +{I, xsin(6).-6)}

(19
+{{, xsin(8,,+6,. + 6, —6)}
Case 5: @ lics within the range of &
h ={I, xsin(6)} +{{,xsin(6,,+ 0, —6)} (20)

As the direction of the cutting varies, the pseudo-
height of quadrilateral polygon changes according
to the equations {16)~(20). Fig. 14 shows the
range of the cotting orientation in quadrilateral po-

lygon.
2.2.3 Mathematical model of an N-sided po-

lygon

In the previous sections, mathematical models to
minimize the number of cutter traverse for a tri-
angular and 2 quadrilateral object were proposed.
Since 100 many special cases should be considered
as the number of edges increases, we investigated
how to determine the range of optimal cutting

Fig. 14. The range of the cutting orientation in qua-
drilateral polygon.

orientation instead of the exact orientation in that
case. In order to facilitate the process of finding
the range of the optimal cutting orientation, decom-
position of an object into trapezoidal regions was
applied. Fig. 15 shows the trapezoidal decom-
position in a concave octagon. In the trapezoidal
decomposition, the polygon is decomposed into
several trapezoids by drawing lines from the each
vertex in an arbitrary direction until it meets the
boundary of the polygon. Although triangles, abd,
def, ifl, mnp, and trapezoids, bfgh, ghik, jkmn, can
be generated through the process, triangles are con-
sidered as the special case of trapezoids”. Fig. 16
shows a trapezoidal decomposition in a qua-
drilateral region. In that figure, A and A' denote
the two possible scanning directions which divide
the quadrilateral region into several trapezoids.
With the direction A and A', three and two tri-
angles are generated. If the pscudo-height of

Fig. 15. Trapezoidal decomposition of an octagon.
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Fig. 16. Trapezoidal decomposition in a quadrilateral re-
gion.

decomposed trapezoid equals to the pseudo-height
of the tool, the direction of minimizing the number
of trapezoids becomes the optimal orientation.

We propose a heuristic approach to find the op-
timal orientation minimizing the number of cutter
traverse in an object. To facilitate the computation,
we consider the case where the cutting orientation
is parallel to an edge. After the polygon is decom-
posed into trapezoids, pseudo-height of the each
trapezoid can be added to represent the number of
cutter traverse. If we apply this operation for every
edge, we can find an edge which minimizes the
number of cutter traverse. Now, the optimal orien-
tation is conjectured to be within the & around the
edge. The & here is the angle between the edge
which minimizes the number of cutter traverse and
another edge which has the smallest angle with the
edge. Thus the propose& heuristic approach can be
presented as follows;

Step 1: Select an edge.

Decompose the polygonized object into
several trapezoids by drawing lines
from cach vertex to the direction paral-
lel to the edge.

Step 2: Apply the Step 1 for every edge.

Step 3: Select the edge which minimizes the

sum of the pseudo-height of trapezoids.

Step 4: Calculate the sum of the pseudo-height

of the trapezoids generated by using an
orientation which is inclined by € from
the edge.

Step 5: By trial and error, find the @ which min

RZCAD,/CAMEE] =83 A 24 A 3 & 19973 9Y

imizes the number of cutter traverse.

In summary, we can determine the range where
the optimal orientation lies from the steps 1
through 3, and the optimal orientation can be
found by the step 4 and step 5.

3. Simulation

In this research, we investigated the two ele-
ments, the length of cut and the number of cutter
traverse to determine the orientation of minimizing
the total cutting time. Through the mathematical
analysis for the length of cut, we concluded that
the aptimal orientation should be selected as paral-
lel to the longest edge in the polygon.

In a computer simulation, we investigated how
the the length of cut changes as the angle varies.
The length of cut was computed for each orien-
tation from G to 180 degrees by changing the an-
gle by one degree. Through the mathematical
analysis for the number of traverse, only the range,
where the orientation of minimum number of cutt-
er traverse lies, was computed. Thus more precise
value for the number of cutter traverse was found
by changing the angle from 0 to 180 degrees.

We can summarize the result of the simulation
as follows. Given a quadrilateral object as shown
in Fig. 17, direction of the minimum length of tool
path was found to be parallel to the edge a which
is the longest edge in the polygon. See Fig. 18.
Direction of having the minimum number of cutter
traverse was also found to be near to the direction
of the edge a as shown in Fig. 19, It was within
the range of 3 degrees. This result is the same as

Fig. 17. Quadrilateral polygon.
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Fig. 18. Length of cut variation in quadrilateral.
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Fig. 21. Number of cuiter traverse variation in concave
pantagonal.

the one we could get from the heuristic approach.

In order to convince the above result, one more
example was tested as shown in Fig. 20. In this
case, if we apply the heuristic approach, we could
see that the minimum number of trapezoids occurs
in the direction which is parallel to edge b. The
result of the computer simulation as shown in Fig.
21 also found the direction of edge b as the op-
timal orientation which minimizes the number of
cufter {raverse.

4, Conclusion

In this research, we investigated how to min-
imize the total cutting time in milling operation by
considering the two factors, total length of tool
path and the number of cutter traverse. We found
that the orientation for the minimum total length of
tool path is the direction which is parallel to the
longest edge of the object.

For the orientation minimizing the number of
cutter traverse, a heuristic approach was developed
which minimize the number of trapezoids. In the
computer simulation for a quadrlateral and a pen-
tagon, the heuristic approach was shown to be cor-
tect. The research of considering the number of
cutter traverse and the total length of cut at the
same time remains as a future research. And there
will be studied the optimal cutting orientation of
free surface in 3D space.
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