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Some New Methods for Constructing
Nested Balanced Ternary Designsl)

WooSun Lee?) and SungKi Cho3

Abstract

Some new methods of constructing balanced ternary design which satisfies
nestedness are presented. And its applications are also discussed and illustrated.

1. Introduction

Nested balanced incomplete block designs(NBIBD) were introduced by Preece(1967) for
situation where there are two sources of variation and one source is nested within the other.

In the case of two systems of blocks, the second is nested within the first such that
ignoring one of them (super-blocks or sub-blocks) leaves another as balanced incomplete
block designs(BIBD).

Balanced n-ary designs were introduced by Tocher(1952) as a generalization of BIB designs.
A balanced n-ary design is an arrangement V treatments in B blocks, each of size K such
that i) every treatment occurs at most n-1 times in a block, ii) every treatment is
replicated K times (in case of equireplicate), iii) the off-diagonal term of concurrence matrix
( NN)is constant, say /. When n=3, we use term "balanced ternary design”.

Let N be an incidence matrix of a balanced ternary (generally n-ary) design L with
parameter V', B", R", K, A® for V' treatment in B" blocks, each of size K', each
treatment being replicated R" times, where /1* denotes the constant off-diagonal element of

NN .
For a balanced ternary design(BTD) D, the design D is called a nested balanced ternary

design(nested BTD) if super block of D can be split-up in ,say, s sub-blocks such that the
sub-blocks themselves constitute variance balanced designs(where C-marix is completely

symmetric, ie., a;l,+a;1,1", for some @, and aj). Thus, the sub-design may be a variance
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balanced designs with unequal block size. Let N, be the incidence matrix corresponding to the

set of blocks with block size k;, N;/'1=4kl, i=1,2,...s, then N= ZlN,.

Methods of constructing balanced n-ary designs have been given by Agarwal and
Kumar(1986), Dey(1970), Dey, Das and Banerjee(1986), Donavan(1988), Kagegama(1979),
Khodkar(1992), Morgan(1997), Sarvate and Sererry(1993), Shah and Gujarathi(1989), Shah &
Dey(1972), among others.

2. Some Background for Construction

2.1 NBIBD

NBIBD has two system of block, the second system is nested within the first system
(each block from the first system, called super-blocks, containing some blocks, called
sub-blocks, from second system) such that ignoring either system leaves a BIBD whose
blocks are those of the other system.

Example 1. Preece(1967)
Consider the initial block (2 5),(3 4) for constructing a BIBD with parameters

r=4, v=25, ki=4, ky;=2. We have the following result by cyclic developme( d=2, mod 5 ).
{@5 @G0}
{4 2 G5 D}
{a 49 2 3},
{@ 1D U@ B}
{G 3 a2}
Ignoring the sub-block leaves a BIBD with parameters v=5, r=4, b,=5, k=4, A,=3.
Ignoring the super-block leaves a BIBD with parameters v=5, r=4, b,=10, &=2,
A2=1. We can get a NBIBD( v=5,r=4,b,=5, ky=4,1,=3, by=10, by=2, 1,=1, m=2).

2.2 Some Methods for Constructing of BTD

Consider an affine a-resolvable BIBD with parameter v*, &, r" k', and A’. In the case
of affine a-resolvable designs, we know the number of common treatments in any pair of
blocks of the same group is same (say ¢;), otherwise the number of common treatments in

any pair of blocks of the different group is also same(say g5).
Next, construct group-divisible design(GDD) with parameter o =m' xn', b,k ,¥ A, A,
from affine a-resolvable BIBD by collapsing all possible block two by two, taking one from

one group and the other from another group. Here, if the block numbers of the affine a
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~-resolvable BIBD are identified as treatments, this design constructed by this block numbers
is a GDD.

If N, be the incidence matrix of an affine a-resolvable BIBD and N, be the incidence
matrix of a GDD ( we notice that the treatment number of GDD equal to block number of
affine a-resolvable BIBD), then N=N,xN, is incidence matrix of a BTD. Dey(1970)
proposed this method of constructing and proved balancedness of this design.

Example 2. Dey(1970)
Consider the following affine a-resolvable BIBD with parameters v'=4, b'=6,
=3, =2 A"=1.

Block no Contents Group
1 1 2 1
2 3 4
3 1 3
4 2 4 2
5 1 4
6 2 3 3

However, this affine a-resolvable BIBD can be constructed by using a complete set of
mutually orthogonal latin square (MOLS) ;
A B 1 2
(B A ) and (3 4 )

where group 1 is constructed by row as block, group 2 is constructed by column as block,
and group 3 is constructed by labels as block(A’s — block 5, B’s — block 6).

The incidence matrix of this affine a@-resolvable BIBD is as follows :
010
101
001
110

01
neld
10

1
1
0
0

We now construct a GDD from above design. Let us collapse the blocks from the affine a
-resolvable BIBD by the explained methods (two by two, taking one from one group and
other from another group), The result is as follows :

13 1 49 Q5 Q6 €23 € 49
25 (26 35 36 45 4 6.

As mentioned earlier, two block numbers are dealt with treatments. This design is GDD
with parameters v' = b=6, & = n’(t—1)t/2=12, ¥ =n(t—1)=4, K¥=2 A,=0, A,=1,
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m =1=3, n=b/t=2, where { is number of group and n is number of blocks within
group.

And the incidence matrix of this GDD is as follows :

111100000000
000011110000
N,= 100010001100
010001000011
001000101010
000100010101
Because the condition (2" = §) is satisfied, N= N;X N, is the incidence matrix of a BTD :
212110102110
. _ (121201010112
that s, N=l100021121201
011112211021
Allocation and the C-matrix are as follows :
11111212111 2
121233331222
2 2 2 2 3 44 33 343
344 44 4 4 4 4 3 4 4
(columns are blocks)

— gL A =1007—1
C=rl kMV'—lO(I 4]).

The off-diagonal terms are all constant and every treatment occurs 2 times in a block. So
this is a BTD.
Shah(1989) proposed another method of constructing BTD by using a complete set of MOLS.

Consider a complete set of MOLS of order v (v=5s") where s is a prime power which is
constructed by Raghavarao(1971) methods, constructing by keeping zeroth row constant and
taking cyclic permutations of all remaining rows. We know that (v—1)MOLS exists, place
these (v—1)MOLS in a row so as to get an array of order vxwv(v—1). We can get a
balanced n-ary design from this array. Shah(1989) proved that if N° is a matrix of order
v*xb" obtained by replacing v, symbols of wvXxu(v—1) array of ¢ symbols by
a, a=0,1,2,...,n—1 such that v= ;E;;v,,, then N is the incidence matrix of a

1
balanced n-ary design with parameters V=, B=v (v—1), R=(v—1) ;Zoavo,
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~1
K= anva, A=( 2 av,,) 2 a‘v, . If we choice a=2, we can get a BTD.
=

a=

Example 3. Let v=4. A complete set of MOLS is as follows :

A B CD A BCD A B CD
B CDA C DAB D ABZC
C DAB D ABC B CDA
D ABZC B CDA C DAB"-

If we replace vy=1 symbol (A) by 0, v;=2 symbol (B, C) by 1, v,=1 symbol (D) by 2

such that ﬁo v,=4= ¢, then incidence matrix N is constructed as follows :
=

011201120112
N'=112012012011
1201201111290
201111201201
Allocation and the C-matrix are as follows :
2 1 1 1 2 1 1 1 2 1 1 1
3 2 21 3 2 3 1 2 3 2 1
4 3 2 3 3 2 4 2 3 4 3 2
4 2 4 4 4 4 4 3 4 4 3 4

(columns are blocks)

C= 105( 10 I——])

We know that the design of the incidence matrix N is a BTD having parameters, V' =4,
2
B'=v(v—1)=12 R"=(v—1) 2:Oava= 12K = goava=4 A'=( goava) - 20020‘1: 10
where vy=1, v;=2, vy;=1. Also, we can choice v, by another way (for example, ;=1

symbol (A) by 0, v;=1 symbol (B) by 1, v=1 symbol (C) by 2, v3=1 symbol (D) by 3).
We can get balanced n-ary designs( n=4),

3. Construction of Nested BTD
If there exist two different BIBD, Majindar(1978) showed that the another new BIBD can be

producted by the all entries (entry 1) of the incidence matrix of one BIBD are replaced by all
rows of the incidence matrix of another BIBD (in case of 0 replace all entries equal to 0 by
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the vector (0,0, -+, 0)).

Example 4. Consider the following BIBD with parameters v, = b;=4, n=k=3, A41=2:

blocks contents

1 1 2 3

2 1 2 4

3 1 3 4

4 2 3 4
1110
Then, the incidence matrix, N;= i (1) (1) i
0111

And consider the following another BIBD with parameters v,= by=3, r,=hky=2, A,=1:

blocks contents
1 1 2
2 1 3
3 2 3
110
Then the incidence matrix, N,= [ 1011
011

A new BIBD can be constructed from the above two BIBD’s. The design has parameters
with v=1v, k=ky,=2, r=rXr,=06, b=bxby=12, A=A XA;=2.

And the incidence matrix,

110110110000
N=[101101000110
011000101101
000011011011

Donavan(1988) used similar methods for constructing BTD’s. Consider BIBD
(01, b, 7, &y A) and BTD ( V3=4k,, B; : p1, 05, R;, K3, A5 ). Donavan proved that
another new BTD can be producted by using similar majindar algorithm. The new BTD
has parameters with V'=wv, , B'=b,xB;, pi=7 Xp,, p3=7,%Xp, , R"=r xR} ,
K=K;, A= x43.
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Example 5. Consider the following BIBD with parameters v,=b=7, =k, =4, =2

blocks contents
1 34617
2 1 26 7
3 2 457
4 1 357
5 2 356
6 1 456
7 1 2 3 4

0101011
0110101
1001101
Then, the incidence matrix, Ny=|1 01 0 0 1 1
0011110
1100110
1111000

And the consider following BTD with parameters Vo=#k =4, B;=12, p,=6, p,=3,
K;=4, A;=10:

blocks contents
1 112 3
2 1 2 2 4
3 1124
4 1 2 2 3
5 13 3 4
6 2 3 4 4
7 1 3 4 4
8 2 3 3 4
9 1134
10 1 2 3 3
11 1 2 4 4
12 2 2 3 4
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212110102110
L . 1121201010112
Then, the incidence matrix, N, 100121121201
011012211021
Thus, we can get a new BTD:- with parameters V'=uv,=4, B'=b; xB;=84,

pi=rxp1=24, pi=nrxp,=12, R'=r xR;=48, K'=K;=4, A"=A;xA;=20.
And the incidence matrix,

0 ® 0O 0 OO
0@ ®0 ® 0 Q
©0 0 @00
N=1® 0 @ 0 0 @ @ |,
0 0®®O® O 0
®@® 0 0 @® 0
@ @®@@ 0 00

where @ is the 1% row vector of incidence matrix of the BTD, @ is the 2™ row vector of
incidence matrix of the BTD, @ is the 3™ row vector of incidence matrix of the BTD, @ is

the 4™ row vector of incidence matrix of the BTD, and O is a zero row vector of size Bj.

Now, we present another method for 'constructing BTD and will prove this BTD satisfies
the property of nestedness. Consider a BIBD with parameters v, by 7 k. A,. We now

construct another BIBD such that the number of treatments equals ky, the block size of first
BIBD. By using the treatment labels in the i™ block of the first BIBD( for i=1,2,..., b)). we

can get a BIBD for each i, with parameters v,==4k, by 7, ks Ay. Here, we notice that the
number of treatments in the second BIBD should be equal to the block size of the first BIBD.
Now, append the ith block of the first BIBD to each of the blocks of the second BIBD. The
resulting design is a nested BTD.

Theorem. If there exist a BIBD(D(1)) with. parameters vy b, 71 k1 41, and a BIBD(D(2))
with parameters v,=k;, by, 75, B3, A5, then there exists a BTD with parameters V'=uv,
B' = b1 X bz, R* = 7’1(b2+ 72), K == k1+ kz, A.': (272+ b2+ /12)/{}

proof. Let the incidence matrix of D(1) be N,. That is, Ny=[ ny #np .... #ny, ], where
n;=(ny; Ny M1, , 7=1, 2, 3,...,b. And let the incidence matrix of D(2) be N,
using the treatment labels in the first biock of D(1). Finally define a v, xk; matrix
di={dys, 1=1,2,....b1, ©u=1,2,...,0, s=1,2,..., k.
The matrix {dy) is a modified matrix from identify matrix such that u™ row vector of
matrix {d. equals zero vector if #,=0. Then, the incidence matrix of BTD is given by
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N=[d\N;+ny 1"y, doNo+np1'y,, ..., duNo+n11"4,]
b
= ]Zi *(diNy+m1’,) , where 2, " means juxtaposition

=[diNy. dsNy, ..., dy No] + N&1'4, .

The concurrence matrix is

b

NN = )Zl(dsz‘f‘ nl,'l'bz)(Nz'd;' +lbzn' 1;')
b
Since N21b2= Vzlkl, djlkl= ny; forj=1,2,..., bl, ;nl,n'l,:NlNl' = (1’1-/{1)10’*'/{111;1',
b b b

N2N2’=(7’2"'/12)];3]"'/121/,11');, lg‘d;dj’=1’llc, and gdilkll’kldi'= Z:lnl,-n'l, ,
we have

NN = { (7’1 7’2_/{1/{2) + (27’2+ bz)( 71 _/{1)}.[,,+ {27’2+ b2+ /12)/11}1,,1,,'

Here A” is constant ((27y+ b+ A3)A;) This means a BTD. Notice that the structure of

b
nestedness is [ 2 * d;N, : N1®1'b2] , where 2. * means juxtaposition.

Example 6. Consider the following BIBD with parameters v,=b=4, n=~k=3, A41=2

blocks conterits

1 1 2 3 1110
11101

2 1 2 4 » N 1011

3 1 3 4 0111

4 2 3 4

Consider the following another BIBD with parameters v,=ky= by =3, r,=Fk=2, A2=1:

blocks contents
1 1 2
2 1 3 [1 10 ]
, No=11 01
3 2 3 011
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We now construct nested BTD.

for j

1

O O O rd O vy OO r i
—_,O O —_OO —_,O O
—_—_o O N—_Oo O —_O O
[ I Il
N
L B g
OO OO OO O
OO o C—I OO OO O
—_o oo —_, OO O —_OoOOoOoO
I I Il
N e
g 3 S
[\ o
[ fl
.~ .~
I =
= =

=4

for j

OO
OO
O O

) d4N2=

OO O™
CO=~O
SO O

d4=

dpNo]1+ N1,

[N, doN,

N=

]®(1 11)

O v v —y
O v =
O =i —
— O v
O
— O e
— o O 4
o O et

— = OO i

. — ] —

v — O

— ] —

OO v
OO~
O e O
OO
OO ™
—O O
Ot O
_—O O
e~ OO
O = O
—_—O O
—-O O

[=T ol AN N
O AN~
O~
~— O NN
NO =N
NO AN —
—SNOa
N=—O N
NNO
NN O
N NO
NN—O

Allocation is as follows :



Methods for Constructing Nested Balanced Ternary Designs 703

biocks contents
1 112 2 3
2 1 2 2 3 3
3 1 22 3 3
4 112 2 4
5 112 4 4
6 1 2 2 4 4
7 113 3 4
8 113 4 4
9 1 3 3 414
10 2 2 3 3 4
11 2 2 3 4 4
12 23 3 414

Each block of this design can be sub-divided into two blocks of size 2 and 3 each, and let
the contains of sub-blocks be as follows :

211211322

2 3 2 3 4 — M
111111111222
2 2 2 2 2 33333
333444444444 oM

(columns are blocks)

Let M; and M, be designs obtained by using sub-blocks. Let C; and C, be C-matrix of
sub—designs. Then,

C,=A4( 1+%]) and C,=3( I+2J ).

These sub-designs are variance balanced.
Also, the super-block design is a variance balanced ternary design( #=3). It is clear that

27 16 16 16

- |16 27 16 16
NN= 16 16 27 16 |’

16 16 16 27

— -1 A= _1 .y 16
C=rI— NN 12( I 5]) 11(I+11]).
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Remarks. There is an easy way to construct a nested BTD. Construct a design D(2) using
the treatments in the jth block of D(1) and append the jth block of D(1) to each block of
D(2). We have just conducted, 7=1,2,3,4

1) using 1% block of D(1), i. e. for j=1, we get 3blocks (1 2), (1 3), (2 3) we
append the 1% block of D(1) to each of these blocks to get the 3 blocks ( 1212 3),
(13123), (23123).

2) using 2™ block of D(1), i. e. for j=2, we get 3 blocks (1 2 ), (1 4 ), (2 4)
we append the 2™ block of D(1) to each of these blocks to get the 3 blocks

(12124), (14124), (24124).

3) similarly for j=3 we get the 3 blocks (13134), (14134), (34134).
4) and for j=4 we get the 3 blocks (23234), (24234), (34234).

From 1), 2), 3) and 4), we can get a nested BTD which consist of 12 blocks.

4. Discussion

The problem of constructing nested balanced ternary designs (generally nested balanced
n-ary designs) is not easy. The method we have provided in this paper may give us designs
that require a large number of experimental units. The methods capable of constructing small
sized balanced n-ary designs are certainly needed and should be developed in the future.
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