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H* Control for Linear Systems with Delayed
State and Control

Eun-Tae Jeﬁmg, Do-Chang Oh, and Hong-Bae Park

Abstract

This paper presents an H™ controller design method for linear time-invariant systems with delayed state and control. Using the second
method of Lyapunov, the stability for delayed systems is discussed. For delayed systems, we derive a sufficient condition of the bounded
real lemma(BRL) which is similar to BRL for nondelayed systems. And the sufficient conditions for the existence of an H™ controller of
any order are given in terms of three linear matrix inequalities(LMIs). Furthermore, we briefly explain how to construct such controllers
from the positive definite solutions of their LMIs and give a simple example to illustrate the validity of the proposed design procedure.

1. Introduction

Since 1980s, the H™ control problem has been extensively
studied. It is well known that the state-space result of Doyle et
alfl] is an efficient and numerically good method for the
standard H™ control problem. The existence conditions for an H™
controller were described by two Riccati equations and a spectral
radius condition. Gahinet et al.[2] and Iwasaki er al.[3] extended
the standard H~ control problem to the general H~ control problem
using the bounded real lemma(BRL) and linear matrix inequalities
(LMIs). Necessary and sufficient conditions for the existence of
an H” controller of any order were given in terms of three LMIs.

For the H” control problem, most of papers exist on linear
nondelayed systems, but very few papers exist on linear delay
systems. Since time-delay is frequently a source of instability
and encountered in various engineering systems such as chemical
process, hydraulic, and rolling mill systems, etc., the stability
problems of time-delay systems have received considerable
attentions over the decades. Because systems often include some
disturbances and time-delays, it is necessary to study the H~
control problem for time-delay systems. Recently, Lee et al.[4]
and Choi et al[5] extended the state feedback H™ controller
design method proposed by Petersen[6] to state delayed systems
and both state and input delayed systems, respectively. But when
all states of a linear time-delay system are not available, these
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methods cannot be applied.

Therefore this paper presents an output feedback H~ controller
design method for linear systems with delayed states and inputs.
The Lyapunov function is used to develop the robust stability for
time-delays. And a sufficient condition for BRL of time-delay
systems is presented. This BRL is analogous to the BRL of
nondelayed systems. We present the sufficient conditions for the
existence of an H" controller using LMIs and briefly explain
how to construct such controllers from the positive definite
solutions of their LMIs. Finally, we give a simple example to
illustrate the validity of the proposed design procedure.

1. ]Pmb]lem Formulation

Consider the delay systern described by the state-space equa-
tions of the form

W) = Aty +A,x(t—d))+ Biu(t) + Byu( ) + Bul t—dy)

z2(8) = Cx(d~+Dyuld+ Dpuld) )
y(t) = ch( t) +D211,U( t)
x(t) =0, X0, X(0)=x0

where x(HeR" is the state, t)eR’ is the square-integrable
disturbance input vector, #(f=R" is the control, z(H=R’ is the
controlled output, y(H)=R? is the measurement output, d; and d;
are positive real numbers, and 4, Adi, Bi, B:, Bd», Ci, Cs, Dy,
Dy>, and D-; are constant matrices with appropriate dimensions.

Consider the kth order linear time-invariant dynamic controller

2D = Agi() +Bpy(f) @
u(f) = Cyxa(t)+Dyy(D)

where () <R* is the controller state. When we apply the
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control (2) to the deléy system (1), the closed-loop system from
w to z is given by

E(D= A 8D+A &t—d)+

Ap€(t—dy) +Bouw(t) + Bopu(t—d,) . 3
)= Cué()+Dyuld)
where
— :E\(t) = A+BzDKC2 BZCK
€ = [5p) Aa =[5 AK]
Ag = [Ad. 0]’ Ap = [dechz decK],
0 0 0 _
B, +B,DyD, B, DyD:.
B, = [BitB:DkDn] g, = [BaDxDn], 4
! [ ByDy ] & [ 04 ] . @

Cu = [C+DpDkCy  DpCxkl,
D, = Dy +DpDgDy,.

Here, we gather all controller parameters into the single vériable

eelp Rl .

and introduce the shorthands:

- 0 _ [ As
[ 0 Ok]’ AIO 0 k/_ﬂ] >
= B, 0 = Bl
B [ 0 I]’ Bu Ok_/.I] >
e B ) C, 0 .
L By = al, Cup = 2 s .
2 kam] w 0 If"- : : (6)
o =.LC1 0,4, Do =1[Dp 0,4,
Dy = 021 s Ep =11, 0,4
1) :

E20 = [Im Om!imak]’
then

Ag = Apt+BpKCx, Aa = ApEy,
A = ByExKCy, By = By+BxKDy,
2 = BuEnKDy, Cy = Ci+DyuKCys m
. Dy = Dy +DyKDy, )

- Note that (6) involves only plant data and that all matrices of -

(7) are affine form of the controller data K. We consider the
design of a stabilizing controller data X which yields the closed-
loop system with H™ norm bounded above by a specified number.
To help our results, we need to review a well-known result.

Lemma I: For any symmetric matrix L= [i“ élz] the
following statements are equivalent. S

i) L<O )
i) Ly <0, —LELIL, <0
i) Lyp<0, Ly—Lplz'Ly<o. : o O
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Tl. Sufficient Conditions of Stability and H"
Norm Bound for Delay Systems

In this section, we discuss the stability condition of the system
(3) and present a sufficient condition which stabilizes the closed-
loop system (3) and guarantees the H~ norm bound.

Lemma 2. Consider the system (3) and suppose that the
disturbance input is zero for all time. If there exist positive
definite matrices P, Ry, and R such that

TP+ PA,+ETR,Ey+PA R AL P+ CEKTELR,EnKCy

+ PBZORZ_IB%P <0,

then (3) is asymptotlcally stable for all 4y, dr> 0.
Proof: Let’s deﬁne a Lyapunov functional V(&, t) as follows:

Ve 0= e )P+ [ ET(DELREE(Ddr

©)
t . :
+ J,_, £7(2) CRKTELR,EnKCoo(D)d,
then the corresponding Lyapunov derivative is given by
VL £ T[S PAy PBy 30)]
0 =[ Eof(t—d) | [ARP —R, -0 Ené(t—d) | (10)
ExKCyi(t—=dp)| |BIP 0 —R,||EnKCué(t—dy)
where
S=AIP+PA +ELR Ew+CIKTELR,ELKCy,. an

Due to lemma 1, the matrix in (10) is .negative definite if there
exist positive definite matrices P, Ry, and R satisfying (8).
Therefore the Lyapunov derivative is always less than zero and
(3) is asymptotically stable for all 4, 4, =0. |

Lemma 3: Consider the system (3). Suppose that 6,,,(D,) < 7

and that there exist positive definite matrices P, Ri, and R, such
that ' ' ' '

AC,P+PAC,+PA10R1 1A] P+E1T0R Ep+y2CIcy
+(y2CID4+PB Y-y DD ) TN (v 2 ClDu+ PB) T
+PB_(I—y2DID,) 'BLP+PByR™'BLP a12)
+[CH+ (y2CID+PB)I~7"*D]IDs) ™' Dy

x KTESREnKI Ch +(y? ClDy+ PB)(I— 7D, Do)” lDzo] <0

where
R={[R;'—ExKDyn(I—y 2DID)'DEKTEL17'>0. = - (13)

Then the following statements are true:
i) the system (3) is asymptotlcally stab]e for all dl, a’2 > 0.

i) | T.Golle < vy where
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Tolio)= Dy+Coliel—Ay—Age " —Ape 1
_ , (14)
X(By+Bppe hedy,

Proof. Suppose that ¢, (D) < y and that there exist positive
definite matrices P, Ry, and R, satisfying (12) and (13).

i) Using lemma 1, we can obtain an equivalent expressién of
(12) as follows:

S+r7*CiCy CHKTE% y*ClD.+PB,
ExKCy —R3! FEyKDy
y2DXC,+BIP DIK'E}, —(I-y™*DID,)

<0 (15)

where

S=AIP+PA,+PAR'ALP+ELR E\ -+ PByR; ' BHP. (16)

100 100
By premultiplying and postmultiplying |0 0 I} and [0 0 I]
010 010
respectively, to (15), we get
S+y2cic, viCID.+PB, CEKTES
7 *DiC+BIP —(I=y"*D]D.) DRK"Eg| <0. an
ExKCy Ex KDy ~R;!

It implies that

S+ CIKTELREnKCy +173CICL < 0 as)

and also implies (8).
i) Let’s define a positive definite matrix Q:=(negative of left
hand side of (12)). Adding and subtracting

jwP+ALPe™ + PAje " + AP + PA pe ",
then

(—jol-AL-AL ™ —ALe™P

+PGol—Ag—Ane " —A pe )
~(y*CID,+PB)I—y*DID) "y 2CID.+PB.)T
—PBp(I-y*DID,y 'BL,P— PByR 'BLP

+ALPe™" + PA e "
~{Co+(y2CID+PB)(I—-y7*DID,) "' DR)KEx,

X REnK{Cq+ (r™*CiDa+ PBa)(I—7"*DiDo) ™' D}t

=y 2CIC+Q+ Wi(jw) 19)

where
W(jw) : = [PAye ™ —ELRIRTMALP™ —RE]. (20)

Note that W (jw) is positive semidefinite for all w=R. We

define @(jw) = (jal—~Ay—Age ™" —Ape “) " and Bljw) =

—Jady

By+Bgpe for simplicity. By premultiplying and postmultiply-

ing B'(jw)®'(jw) and @(jw)B(jw), respectively, to (19), we get

7 2 TG 0) Tl i) ~ I+ B* G) 0" G o) Q+ W (iw)] 0(iw) B(iw)
=—(I-y"*DID.)
+ (7 DIC+BIP O(j0) Bljw)
+ B () 0" () (y *CIDa+ PB.)
+BLPO(jw) Bliw)e™ + B*Vw) 0" (jw)PB.pe - jod:
+ B (i) 0" ) ALPO ) Bljw)e ™
+ B*Y0) 0(jw) PA .20 jw) Bliw)e ™"
~B'Go)0* Gy *CID 4+ PB.)
X(I=7*DIDe) "y 2 DICa+BIP) O jw) B(jw)

~ B(j&)0"(j0)PBop(1~7*DDe) ™ BLpPO(jw) Bljw)
~B'o)0"Ge) CG+(y 2 CID,+PB,)

x (I-y™*DID.) ' DRIKTELRENK

X[Ch+ (7 *CaDar+ PBA)I—7™*DiDo) ™' D) 0w Blje)
~ B"(jw)0"(jw)PBxR ™' BEPO(jw) Bliw) 1)

for all weR. Using the inequality
A™B+B"A< A"RA+B'R™'B 22

for any matrices A, B, R>0 with appropriate dimension, we can
get the inequality as follows:

~B"(jw) 0" (jo) Co+ (r *ClDy+ PB,)
x(I-y"2DID.) 'DRIKTELRERK
x[Ch+ (2 CID + PB)I-y2DID,) "' DF1T0(jw) B(jw)
~ B"(jw)0'(jw)PByR ™ BuPO( jw) Bljw)
<~ B'(j0)0" G C+ (v 2 CIDu+PB.)XI—-y*DID.) "' D})
x KTEEBE PO(jw) Biw)e ™
~B"(j@)®"(jw)PByExK X[ Co+ (7 2 ClDu+ PB.)
(I=y"*DID ) "' DR 0 iw) Bliw)e " 23

for all w=R. Using the inequality (23), (21) becomes

Y2 Toli@) Toljw) —1

< - B'(j0)0" ) @+ M) 10(jw) Bliw)

~[B°(j0)0"(jo) (7 2 CIDa+ PBy+ PBoye ™)

~(I=y*DID N (I—y DD

x[ B*(j0)0*(jo)(y 2 CIDy+PBu+PBge ™)
—(I-7*DID))" 29

for all weR. The right hand side of (24) is negative semi-
definite for all w=R. Therefore [T/« < 7. O

The Riccati inequality (12) in lemma 3 is similar to the Riccati
inequality of BRL for nondelayed systems except terms related
time-delays. That is, lemma 3 presents a sufficient condition that
the time-delay system is stable and the H™ nom of the time-delay
system is less than or equal to given r>0. '
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IV. Existence and Construction of H™
Controllers

By applying the result of lemma 3 developed in the previous
section, we present sufficient conditions for the existence of an
H” controller for linear deiay systems and also briefly explain how
to construct such controllers from the positive definite solutions
of three LMIs. . ) '

Using lemma 1, necessary and sufficient condition satisfying
R>0, R>0, 6,,.(D.)< 7, (12), and (13) is '

AlP+PA, CRK'E}, PB, CI PAy PBy E}
ExKCy —R;' ExKD, 0 0 0 0
BIP  DIK'Ef, -y DL 0 0 0

Cu 0 D, -—yI 0 0 0 <0. (25
AgP 0 0 0 —-R 0 0 :
BxP 0 0 0 0 -R O
Eyp 0 0 0- 0 0 -R

Equivalently, this. condition with the notation of (7) can be
\

'

represented as
S+AIKOT+ @1‘{7177/1 <0 ’ (26)
where

A= diaglP, I 1L 1111,
= (B Ef, 0 DL 0 0 017, . v7)]

©=1[Co 0 Dy 000 017,
and
AgP+PAy 0 PBy CL PA, PBy E}
0 ~R''0 0 0 0 0
BioP 0 =#ZDi 0 0 0 :
= o 0 Dy -1 0 0 0 |. 28)
ApP 0 0 0 -R 0 0
ByP 0 0 0 0 -R 0
Ey 0 0 0 0 0 -rR'

Lemma 4: Consider the problem of finding some matrix K
satisfying (26). (26) is solvable for some K if and only if

aTATiEA™ T, <0, ‘ 9)
eTre, <0, 30)

where I, and O, are orthogonal complements of I7 and 6,
respectively. o
Proof: See-[2], [3], and [7]. O

Using the conditions (29) and (30) in lemma 4, we can elimi-
nate the controller data K to obtain conditions including only P.
To simplify the condition (29) and (30), we partition P and P'as

i) Y 2

'
\
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where X, YeR"", M, NeR" ? means imrelevant. And we can

choose gg __52 (}]Tand (WD W17 which are orthogonal
12

complements of [BE EL DL]T and [Cé D, 17, respectively, then

I 0 0000 W00000
0. 0 0000 1000000
—-BI -DL 0000 0 70000
| 0 0 I000 1Moo 000
. 0 I 0000 ®=[0o0r000] ©?
0 0 01700 000700
0 0 00170 0000170
0 0 00017 10000017
Inequalities (29) and (30) are simplified to
nTxXm<o, : : (33
BTy}, (34)
respectively, where
I 0_0000
=Bf =D{ 0000 W0000
0 I 0000 W, 0000
I={ 0 0 1000|, &= 8.”}00,
0 0 0700 0 09
0 0 00170 000 ‘}
0 0 00017 0000
XAT+AX 0 XCT B, A, B, X
0 -R:Y 0 0 0 0 0
C\X 0 —W Dy 0 0 0
X= BT 0 D}y -y 0 0 0 |
AT C 0 0 -R, 0 0
B, 0 0 0 0 —R, 0
X 0 0 0 0 0 -R
ATY+YA YB, CT YA, YB, I
Bly —y DL o 0 0
=1 C Dy =7 0 0 0
ALY 0 0 —-R 0 0
BLY 0 0 -0 —-R 0
I. 0 0 0 0 —R!

Theorem 1. Consider the system (1) and let [W W17 be
orthogonal complement of [C, D, 17. If there exist positive defi-
nite matrices R, Ry, X, and Y satisfying the LMIs (33), (34), and

then y -suboptimal H” control problem is solvable. Moreover, if
Rank(I-XY) = k< n (36)

for some X>0, Y>0 satisfying (33)-(35), ihen there exist 7 -
suboptimal H™ controllers of order 4.

Proof. There exists a positive definite matrix P satisfying (31) if
and only if the inequality X—¥"!>( holds. This inequality is
equivalent. to (35). The rest of the proof is mentioned before. []
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Note that theorem 1 does not present the computation of the
controller itself, but existence conditions of H™ controllers. To
compute H~ controllers, first compute some solutions (X, Y)
satisfying LMIs (33)-(35), second compute two full-column-rank
matrices M, NeR™* such that

MNT=]-XY. 37

Then the unique solution P is obtained from the linear equation:
Y I I X

= ) 38

[NT 0] d [0 MT] ©5)

Note that (38) is always solvable when Y>0 and M has full-
column-rank(8]. Given P, since (26) is an LMI in K, 7-
suboptimal H™ controllers can be computed as any solution K of
(26). Note that the order of the controller is determined by the
dimension of P.

V. Example

Consider a system of (1) with

A=[5 1l A=l ol =[] =[] 2= (%]

C=I[11}, C=I[13), Dy=0, Dp=1, Dy=1.

Let y=2, Ri=I, and R;=0.1, then one pair of positive definite
solutions satisfying (33)-(35) is

=[1.5097 0.1178 Y=[2‘9154 1.4445
0.1178 0.5944 ) 1.4445 2.9718 F

and one pair of solutions satisfying (37) is

M=[ —0.9478 —0.3190

_[3.7683 o].
—0.3190 0.9478 )

2.6973 —0.0804
The positive definite solution of (38) is

2.9154  1.4445 3.7683 0
p— 14445 29718  2.6973 —0.0804
3.7683  2.6973  6.3458 —0.0242

0 —0.0804 —0.0242 0.0423

and one of the H” controllers satisfying (26) is

14482 | -20728  -01789
K=| -04018 | »23945 00774
59769 | 109707 -7.0006

VI. Conclusion

In this paper, we have developed a sufficient condition of the
bounded real lemma for linear systems with delayed states and
inputs, and we have proposed the output feedback H” controller

design method. The proposed BRL is extension of the BRL
without any delayed terms. Existence conditions of an output
feedback H~ controller for linear delay systems are given in
terms of three LMIs. We briefly explained how to construct such
controllers from the positive definite solutions of their LMIs. The
output feedback H™ controller guarantees not only the asymptotic
stability of the closed loop system but also the H” nom bound.
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