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Algebraic Method for Computation of Natural Frequency
and Mode Shape Sensitivities

Gil-Ho Jung, Dong-Ok Kim, Chong-Won Lee and In-Won Lee
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Abstract

This paper presents an efficient numerical method for the computation of eigenpair derivatives
for a real symmetric eigenvalue problem with distinct and multiple eigenvalues. The method has
a very simple algorithm and gives an exact solution. Furthermore, it saves computer storage and
CPU time. The algorithm preserves not only the symmetricity but also the band width of the
matrices, allowing efficient computer storage and solution techniques. Results from the proposed
method for calculating the eigenpair derivatives are compared with those from Rudisill and Chu’s
method and Nelson’s method which is known efficient one in the case of distinct natural fre-
quencies. As an example to demonstrate the efficiency of the proposed method in the case of
distinct eigenvalues, a cantilever plate is considered. The design parameter of the cantilever plate
is its thickness. For the eigenvalue problem with nultiple natural frequencies, the adjacent
eigenvectors are used in the algebraic equation as side conditions, lying adjacent to the m
(multiplicity of multiple natural frequency) distinct eigenvalues, which appear when design
parameter varies. A cantilever beam is used to demonstrate the efficiency of the proposed method
in the case of multiple natural frequencies. Results form the proposed method for calculating the
eigenpair derivatives are compared with those from Dailey’s method (an amendation of Ojalvo’s
work) which finds the exact eigenvector derivatives. The design parameter of the cantilever
beam is its height. Data is persented showing the amount of CPU time used to compute the
first ten eigenpair derivatives by each method. It is important to note that the numerical stability

of the proposed method is proved.
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Table 1 The procedure of Nelson’s method

(1) Compute A/=g/(K'—AM) ¢

(2) Let fj:’* (K,_/ijM’) ¢,+/MM¢J~ and G,EK“AJM

(3) Find k such that ¢, is the largest element on the column of ¢;, where ¢;= (¢, diz, =**, Pin) T

{4) Construct G; by zeroing out row k and column k of G, and setting the k-th diagonal elements to 1.

(5) Construct f; by zeroing out the k-th element of f;.

(6) Solve Gv;=T,.

(7) Compute ¢;=—vM¢;—0.5¢6TM’¢,.

(8) Let gj=v;+c;¢

Table 2 The procedure of Rudisill and Chu’s method.

T 0
(1) Define KrRAC:[K ¢:‘1M Mg ]
—iM —Mg;
0
(2) Compute ijAC:{ ~(K’—/1-M’)¢-}

(3) Compute { f } [K#i ] 'fix_c(using LU decomposition method)
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Table 3 The procedure to find the particular solution V

(1) Let Z=[z;}

(2) Find k such that z,, is the largest element on the first column of Z.

(3) Replace the k-th row and column of G with zeros, except placing 1 on the k-th diagonal element.

(4) Replace the k-th row of F with zeros.

(5) Go back to step 2 and repeat for the next column of X until through. If k has been used before,
choose the second largest (third largest, etc.) element in the column instead.

(6) Call the resulting matrices G and F.

(7) Solve GV=F.
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Table 4 The procedure of Dailey’s method

(1) Compute D=¥"(K'— .M ¥

(2) Solve the eigenvalue problem DI'=TA". A’ is the diagonal matrix of eigenvalue derivatives, and T’

should be normalized so that I'"'T'=I,,

(3) Let the columns of Z=¥T bew the new eigenvectors.

(4) Compute G=K— M, F=—

(K'—=2AaM")Z+MZA’

(5) Find the , rows of Z containing the largest elements. Zero out these rows and columns of G and the
same rows of F. Place 1 in the affected diagonal elements of G and call the resultihg matrices G and

F.

(6) Solve GV=TF

(7) Compute Q=C+C"=

~VIMZ-Z"MV -Z™M'Z

(8) Compute R=CA’'—A'C+0.5A"=Z"(K'— M) V—-Z" (MZ+MV)A'+0.52" (K" — M) Z

{9) Construct the mxm matrix C by the rule
ri:/ (Aj— A, if Aj=#=A

Cij= { .
0.5qy;, otherwise

where, A'=diag (A, ---, A7)

(10) Let Z'==V +ZC. The columns of Z’ are the eigenvector derivatives.
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Table 5 The procedure of the proposed method

(1) Compute D=¥"(K’'—AM"H¥

(2) Solve the eigenvalue problem DI'=TA’". A’ is the diagonal matrix of eigenvalue derivatives, and I"
should be normalized so that T'T'=1]

(3) Let the columns of Z=¥T be the new eigenvectors.

. . [K—-AM —-MZ

(4) Define K ——[ oM o ]
—(K'-=iM"Z
(5) Compute P—{ 0 5ZTM'Z }

(6) Compute [lz\l,]:[K:]_lp
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Table 6 The first ten eigenvalues and their derivatives with respect to the thickness of the cantilever

A7E . 71 xL

c e 7o 'o]%‘%‘l'olo\l%

plate
Eigenvalue number Eigenvalues Eigenvalue derivatives
1 0.33782E+4-02 0.67744E+04
2 0.62019E+03 0.12404E +06
3 0.13099E + 04 0.26198E +06
4 0.65761E+04 0.13134E+407
5 0.10268E + 05 0.20537E+07
6 0.23768E 405 0.47535E +07
7 0.24201E+05 0.48401E+07
8 0.39428E4-05 0.78856E 407
9 0.44496E +05 0.88992E 407
10 0.65571E 405 0.13103E+08

Table 7 Some components of the first and third mode shape derivatives with respect to the thickness of

the cantilever plate

Equation number First mode shape derivative Third mode shape derivative

1 —0.80433E+01 —0.72426E+02

2 —0.73472E+02 —0.59611E+03

3 —0.26499E 4 02 0.10798E + 03

4 —0.12152E+02 —0.83690E + 02

5 —0.93150E 402 —0.62771E+03

6 —0.11284E + 02 —0.17880E + 02

931 —0.46441E 404 0.45239E + 04

932 —0.10803E + 04 —0.37847E +04

933 —0.14056E + 02 —0.27537E+03

934 —0.46405E + 04 —0.44525E + 04

935 —0.10808E + 04 —0.37950E + 04

936 —0.14924E +02 —0.29265E +03
o uldlg gedabg dh7] ol A4kAde] B SpEEE A o] TEEE 20079 ReisR
o] Aelch, o] #zt% Table 75 Fig 20f HAst  meladsioleh 72 ZAdL 4af= (-4, -
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225 3445 Ze 42" o2 Fig 39 LA FE 2.10X10"N/m?o]x, wl% & 7.85%
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Table 8 Central processor seconds required tq calculate the first ten eigenpair derivatives.

Method Operations CPU time (sec)
=¢7 (K'—AM) ¢; 5.4
Gj and fj 6.1
h fi=— (K'—AM") é + A Mo
Nelson’s method where ()},-EK(—/{,-MA M) g5+ iMg;
=D, 'f, 29.5
¢J{:VJ‘+C]¢) 63
TOTAL 47.3
K-AM —My;
K-*=[ ) ’ ] .
] M 0 7.3
Rudisill and Chu's method f;.,_cz{ 0 }¢- 6.7
- (K'=aM) 17
{/1 } [Kfeoc] 'froc 3916
TOTAL 409.0
K—-AM -—-Mg;
K-*:[ o } .
LM 0 "
— (K" = A4M") ¢
P d method f= 4
roposed metho 5 { 0.561M' 4, } 8
{ fj |=IKs1-1, 31.1
TOTAL 409.0
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Table 9 The first ten eigenvalues and their derivatives with respect to the height of the cantilever beam

Eigenvalue number Eigenvalues Eigenvalue derivatives
1 0.68832E 403 0.36816E—03
2 0.68832E + 03 0.27533E + 04
3 0.26878E+05 0.35625E — 04
4 0.26878E + 05 0.10751E+ 06
5 0.20879E +-06 0.25249E—-03
6 0.20879E + 06 0.83514E 406
7 0.79110E + 06 0.10139E —02
8 0.79110E 406 0.31644E+07
9 0.21252E 407 0.60538E —03
10 0.21252E4-07 0.85006E + 07

the cantilever beam

Table 10 Some components of the third and fourth mode shape derivatives with respect to the height of

Equation number Third mode shape derivative Fourth mode shape derivative

1 —0.38813E—05 0.00000E —00
0.00000E —00 —0.38813E—-05

3 0.00000E —05 0.15463E —03
4 —0.15463E - 03 —0.00000E—00
5 —0.15401E—-04 0.00000E — 00
6 0.00000E —00 —0.15401E—-04
7 —0.00000E—00 0.30553E —03
794 0.00000E —00 0.13878E—01
795 0.00000E — 00 —0.68112E—-02
796 0.68112E—-02 0.00000E — 00
797 0.14219E-01 0.00000E —00
798 0.00000E — 00 0.14219E—01
799 0.00000E — 00 —0.68111E—02
800 0.68112E —02 0.00000E —00
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Table 11 Central processor seconds required to calculate the first ten eigenpair derivatives

Method Operations CPU time (sec)
Z(adjacent eigenvectors) 1.5
Gand F 2.3
V=G-'F 1.8
R _ [/ (A=A .
Dailey’s method c,j—{ 0.5q, 4.4
where, Q= - V™MZ—-Z™MV —-Z™'Z
R=Z"K' - M)\ V-Z"(M'Z+MV)A’

+0.52"(K"— AM" Z
Z=V+2ZC 0.1
TOTAL 10.1
Z (adjacent eigenvectors) 15

. [K=AM —MZ

K _[ oM . ] 13

_(~(K'=iM")Z
Proposed method P——{ 052"M'Z } 18

z .

{ " } K*'P 26
TOTAL 7.2

12

10 —4— Dailey's method b
& 3 —®— Proposed method ,
‘; b
E 6
% 4

2

0

1 2 3 4 5 6 7 8 9 10

number of eigenvectors

Fig. 4 CP time required to calculate the eigenpair
derivatives
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