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THE RINGS OF INVARIANTS OF FINITE ABELIAN
SUBGROUPS OF GL(2,C) OF ORDER < 18

J. H. KEUM AND N. S. CHOI

ABSTRACT. We classify up to conjugation all finite abelian subgroups
of GL(2,C) of order < 18 and compute the generators and relations of
their rings of invariants. In other words, we classify all 2-dimensional
quotient singularities by an abelian group of order < 18 and compute
the generators and relations of their affine coordinate rings.

1. Introduction

Let G be a finite subgroup of GL(2,C). Then G acts on C? and the orbit
space C?/G becomes an affine variety whose coordinate ring is isomorphic
to the ring C[z, y]¢ of invariant polynomials.

The generators of the ring of invariants of G can be computed by using
the Reynolds operator which is defined by the formula

Ro(f)(2,y) = %‘- S flg-2,y)

9eG

for f(z,y) € C[z,y], and the relations among generators can be computed
by applying the Groebner basis technique. See [1] for details.

In this paper, we classify up to conjugation all finite abelian subgroups
of GL(2,C) of small order, say, up to 18 and compute the generators and
relations of their rings of invariants. In other words, we classify all 2-
dimensional quotient singularities by an abelian group of order < 18 and
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compute the generators and relations of their affine coordinate rings. The
results are summarized in the next section.

2. List of rings of invariants

In the following list, the groups are ordered by increase of the order.
For each group we give three data— the generators of the group, the gen-
erators of the ring of invariants and the relations among generators of the
ring of invariants.

Zq
L (3'1) s y1=1% y2 =y none

2. (3%) =2 yo=2y, ys =12 ; —¥3 + 1y

Zs (w = exp(27i/3))
1. (49) ; y1 =2* y2 =y ; none
2.(83) s m=12% p=2%, ys=2v% =9

P —Y3 4 Yous, —Y2Us + Yi¥s, —Ys + Y1Ys
33.(4%) s mi=2 wo=zy, y3=9>; ¥+ vy

Z4 .
1.(3(1’)‘y1:m4 Y2 = ¥ ; none
2.(89) s m=124 nu=2%, ys=2%" =2 ys =¢*
s =Y+ YsYs, —YsYatYoYs, —U3 +Y2Ya, —Ys +U1ls, —Yoys +Y1¥a,
—y5 +y1y3
3.6 %) s =1 p=2%, ys=9%; 3 +u1ys
4-(591');311—33 =y, 3=4"; —ys +ys

Z2XZQ:
L{(39),(¢)Y; 1 =2% y2=y%; none

Z5 : (w = exp(27i/5))
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1. (99) ; y1 =1° 2=y ; none
2.(33) s i =2% yo =%, y3 = 2%, yq = 2%P, ys = 2y,

Ye = y5
D Y5+ Yals, —Ya¥s T+ YsYs, —UZ +YsYs, —V2 + Yals, —Ysla+ Uaus,
~Y3 + YoYs, —YsUa + Y1¥s, —Y3 + U1Ys, —Yoys + n1Ys, —YE + y1ys
3. (52) s m=12% =23 p=op wu=y"
s —Y3 + Yols, —Yo¥s + Yiva, —YE + Y1us
4 (5%) sm=2" =y, y3=9°; -5 +nus

Zs : (w = ezp(2mi/6))
1L (§9) ; y1=1% w2 =y ; none
2.(83) s m=1% o =12, ys = 2%, yy = %, y5 = 2%y,

Y6 = zy°, yr = y°

} —Ys +YsYr, —Ys¥s+ YaYr, —VE +Ya¥s, —VE +Yayr, —Yays + Ysys,

—yi + Ysys, —Yays + Yoy, y’f + Yals, —Y3Ya + Yols, —y§ + Yoy,

—Ya + 1Y, —YsYa + Ni¥e, —Y3 + U1¥s, —yzys + Y194, Y5 + 1y3
(4%) ; yi=a5 yo =1, y3 = 22, ya=o°

L —Y3 + YoYa, —YoYs + V1¥s, —Vs + 1y

w

4 (5%) s m=12% u=2% y3=9%; 2+ iy
5. (52) s m=2% =2, y3=9"; —ud+wus
6. (5%) =25 =2y, y3=9y%; —48 +uvs
7.(4 %) ;5 yi=2% y2 = 4% ; none

YA (w = exp(2mi/7))
L ($9) 5 mu=1", y2 =y ; none
2.(83) s ;u=1T, yo =2, ys—ry ya = 2%, ys = 2y?,

ot

96—1‘23/ , yr=a2y0, yg = 3"

;—Y7 + YoYs, —YeUr+ UsYs, —Va +YsYr, —Ye + Yals, —Ys¥e + Yaur,
~Y2 + YaYs, —YsYs +YsUs, —YE + Ysyr, —Ya¥s + YsYe, —U2 + YsUs,
—YE + YaYs, —YaUs + Y21, —Vi +YoYs, —Ys¥a+ YoYs, —YZ + Yalia,
—Ya¥s +Y1Ys, —Yi +YiYr, —YsUat+Yi¥e, —VE+U1Ys, —YaYs+YiVa,
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—y5 + 1193
3. (%) s y=2", =2, ys=2%" ya=2y’, s =y
=Y+ ysYs, —YaYityeYs, —Y5+Y2¥e, —Y3YsTY1Ys, —Y2yst+ Y1y,
—¥3 + Y1y3
4. (4%) ;=1 =2, =2, Ya=y
L —yh + Yot —YaUs + Y1¥a, —Y5 + Y193
5.(4%)sm=2, o=xy, s=9"; —¥3 + 11y

7

Zg : (w = exp(2mi/8))

; y1 =%, y2 =y ; none

D =18,y =2y, y3 = 287, ys = 200, ys = 2y,
Y = 2°%°, yr = 220, ys = zy", Yo = ¢°

s —Ya +yrys, —Yrys +YeYo, —U7 +YsYs, —Yr +YsYa, —Yeyr + Ysys,
Y2 +ysyr, —YeYr -+ YaYo, —Va +Yays, —Ys¥s+ YaUr, —Y2 + Yays,
—y2 +YsYo, —YsY6 T Y3Ys, —y2 +ysyr, —Ya¥s +YaYe, —Y3 + YsYs,
—YsYs -+ YoYo, —YE +YoYs, —Ya¥s +YaUr, —VYi +Yale, —YsYa+ Y2y,
—y2 + Yoya, —YE + V1Y, —YaYs + Y1¥s, —Ys + Y1Yr, —Y3Ya + h1Ys,
~y2 + Y1Ys, —YeUs + Y1¥s, —Y5 + Y1y

3.(4%) ; y =28 w=2%, ys=a% va=2%P, ys =y
s —y3 +YsYs, —YaYa+Y2Ys, —Y3+Y2Ya, —Y3+Y1Ys, —YeY3+Y1Ys,
—3 + Y13

4. (2 %) 5y =12b yo =2y, y3s = 2%, ya =23, ys =3
L —Y3+ Yays, —YaYa+Yals, —Y3+V¥s, —V3+ Y15, —3RY3 +Vivs,
—y3 + Y3

5.(4%) s m=12% e=2% ys=9"; ¥ +nys

6. (¢%);m=2% u=2, ys=2%, yu=9"
;=3 + YoYa, —YBY3 + U1¥s, —Y5 + Y13

7.(4%) s =25 =2 ys=y"; —vs +nys

8.(4%) iwm=2% =2y y3=0"; —¥5+uy

Z4XZ22
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; 1 = 2% 3o = y*; none

(52))
(6_1)> st = g =222 s =t —vE s

2 ((49),
Zo X Zyx Zy: none
Zg : (w = exp(2mi/9))
L (%9); yl—x Yo = Y ; none
2. (82) m % 2 =128, ys = 2TY?, ya = <%, ys = 2%,
Y = =*Y°, yr =w3y6, Ys = £2Y", yo = zy*, Yo =1°

s —Y5+Ysyr0, —YsYo+Yr¥i0, —Ya+YrYe, —Us+Y6Y10, —Y7Ys+YeYo,
—y2 + YoYs, —Yr¥s + YsY10, —Y5 + YsYo, —Uslr + YsYs, —Ya + Y51,
—~Y% + Yay10, —Y6Y7 +YaYo, —Y§ + Yals, —UsYe+Yalyr, —YE + YaYe,
—Yoyr+YsYr0, —Ya+YsYe, —YsYs+YsYs, —YE +Ysyr, —Ya¥s+YsYe,
—y2+Ysys, —Ya +Y2Y10, —Ys¥e+ Y2Ye, —Ue +YoYs, —Yals + Yoy7,
—Ya + YoYe, —YaYa +Yals, —Va + Yals, —Ys¥s + Y110, —Y2 + Y1Ye,
—YaYs+U1Ys, —Ys3+U1Yr, —YsYat+YiYe, —Yi+Y1Ys, —Y2y3+Y1a,

—y3 +11ys
3.(8%) s yi=12° yo=2"y, ys =259, ys = 2%, y5 = 2y,
Ye¢ = yg
s — Y2+ yays, —Yay?+YsYs, —Vs+YsYs, —Yiys+Yoys, —Y3Ya+Yays,
—Y3 + Yoys, —Y3 + Y1¥s, —Y3 + U1¥s, —Yays + V1Ys, —Vs + Y1Y3
4. (4%) =2 po=2%, ys=2%% w =9
s —Y3 + Yoys, —YoYs + Yi¥a, —Y5 + 1Ys
5. (%) s m=2% =25, ys=2%, ya=¢°
s —Y3 + Yaus, —Yo¥3 + Y1¥s, —Y3 + W13
6. (0%) ;=2 ==y us=1>%; —¥3 +vus
7.(6%) s m=2% wo=ay, ys=9"; —y5 + 01y
Z3 x 43 (w = exp(27i/3))

L{(58),(89)); 1 =2° y2=1y"; none
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Z (w = exp(27i/10))

1L(49); 1 =2 yo =y ; none

2.(53) sy =20 yp = 2%, ys = 287, ya = 27yP, y5 = 254,
Yo = °Y°, yr = 2%°, ys = 2%Y", yo = 2%, y1o = 23°, Y11 = y*°
s —Y3o + Y11%s, —Yol10 + Y11¥s, —Ya + YsYi0. —Ya + Yryu1,
—ysYo+yrli0, —Ya+YrYs, —YsYot+YsYi1, —YaTYsY10, —YrYstYeYo,
—Y2+Yeys, —YE+ s, —Yr¥s +Us¥ro, —YE + YsYe, —YeYr + YsYs,
—Ye+Ysyr, —Yr¥s+Yayi1, —YE +YaYi0, —Yeyr +YaYe, —Ya +Ysls,
~Ysye + Yayr, —Ya +Yals, —Y5+Ysyn1, —YeUr+YsYr0, —Ya + Y3y,
~Ysye+ Y3Ys, —YE+Ysyr, —Yal¥s+YsYe, —Yi+YsYs, —YeYr+Yavi1,
—Ys +Y2Y10, —YsYe +Yale, —Yi +Ya¥s, —Ya¥s + Yy, —Yi + Y2l
—y3ys+ YoYs, —Y3 + YoYa, —YE +Y11Y1, —Ys¥e+YioY1, —YE + Yoy,
—YaYs+Y1Ys, —VYi+ VY7, —YsYat+ V1Y, —Yi +Y1Ys, —YoYsz+ V1Y,
~y3 + 1193

3.(52%) 5 m =2 yp =28y, ys =257, ys = 1%, ys = 24,
Yo = y5
i —Y2 + YaYe, —Ya¥s +YsYe, —Yi +YsYs, —Ya + YoYe, —Y3Ys+ YaUs,
—Y3 + Yavs, —Y3Ya + N1, —Y5 + U1¥s, —Y2¥s + V1Ys, —Ys + Y3

4. (4.5%) s m =12 ya=2"y, ys =2, ya = 7, ys = y"°

s —YatYsYs, —YsYs+Yals, —Y3+Yels, —YsYitY1Ys, —Yo¥s+Y1Ya,
2
—Y3 + Y1Y3

5 (5%) s =2 yo=2a%, ys=2%" yu=¢°
Y3+ YeYs, —Y2U5 + Y1Ys, —Ys + Y13
6. (§5) ;=2 va=2%, ys =17 ; —v%+yiys
T (55) s m=2"% p=1, yy=2%% p=1y"
P —Y3 + Yoys, —YAYs + V1Y, —Ys + Y1Ys
8. (s50) s m=3"% =2 u=9"; —y5 +ny

0
9. (5.50) s =2 =1y, y3=9""; —1° + yiys

10. (ozu?s) ; ylzﬂfs, y2:y2;none

le : (w = exp(2mi/11))



L

L

o

&

- (

(

a

(

-

The rings of invariants 957

) ;s y1=z'', y2 =y ; none
)5 =t yo =20, ys = 2%, ya = 2¥P, g5 = 2Ty,
Yo = 2%°, yr = 2%, ys = 2%yT, yo = 2398, yio = 2%,
Y = 33?J10, Y12 = yll
=y + YioYi2, —YioYi1 + YizYe, —Yio + oY1, —Y2o + YsVie,
—YoY10 + YsY11, —Ys + YsY10, —Yo¥10 + Yr¥i2, —Y& + yry1,
—YsYo + Yr¥10, —Y& + Yr¥s, Ye + Ye¥12, —YsYo + Ys¥11, Y& + Y6Y10,
—Yrys+Yelo, —Y5+YoYs, —YsYo+Ysy12, — V& + YsY11, Yr¥s -+ Ys¥io,
—Y2 + sy, —YeYr +YsYs, —Yg +YsYr, —Ys +YaY12, —Yr¥s -+ Ya¥u1,
—y% + YaY10, —YeYr + YalYo, Yo + YalUs, —Ys¥s + Ya¥r, —YE + YaYs,
—YrYs +YsYi2, —YF +Ysy11, —Ye¥r+YsYro, —Ya +Y3Ye, Ysys +Y3ys,
—Y3 +Ysyz, —YaYs +Ysle, —Ya +YsYs, —Y5 +Y12y2, —YeYr +Ynye,
—Yg +Y10Y2, —YsYs + Y2, —Y2 + Yo, —VaYs + Yo7, —Vi + Y2,
—YaYa + Yols, —Y3 + YoUs, YeYr + Yita2, —YE + Y1Yi1, Ys¥s -+ Y1¥0,
—y2 +1Ye, —Ya¥s + 1Y, —Yi +Y1Yr, —YsYa+ Yile, —Y5 + Vs,
—y2y3 + Y1¥a, —Y3 + Y1Y3
o) s =xt gy =%, yz = 2TyP, ys = 2P0, ys = 2By,
Yo = 2y, Yyr =y
LYo+ UsyYr, —YsYe+YaYr, —Yi+YaYe, —YiYe+YsYr, —Yays+YsYe,
—Y3 +ysys, —YE + YaYr, —Y3 + Ya¥s, —V3ysa + Yoys, —V3 + Yava,
—yaY: +1Yr, —YsYa+Y1Ys, —Y3 +Y1Ys, —Yous+ Y1y, —Vs +Y1y3
© %) sy =a ye =By, y3 =28, ya =2, s =2y,
Ys = yu
s —Y2 4+ YaYs, —Y3Ys +YsYs, —Vs T YsYs, —V4 T+ Y2¥e, —YsYa +Y2Us,
—Y3 + YoYa, —Y3Ys+Y1Yes —YsYs+Y1Ys, —Yoys+Y1Ya, —Ya +y1ys
e85 m=2" =28, yy=a2®, ya=y"!
s =S+ Yaya, —Yo¥3 + V1, —Ys + Y113
v s m=at =ty =2y, Y =uyn
L —Ys + YaYa, —YSYS + V1Y, — Vs + Y1Ys
e %) m=at ==y, ys =y -y + s
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VAVE (w = exp(27i/12))

) 5 y1=2"%, 32 =y ; none

) 5y =a gy =y, ys = 2'%?, yy = 2%, ys = 28y
Yo = =7Y°, yr = 2%, ys = 25y, yo = %5, y1o = z%°,
Y = 1'23/10, Y12 = 373/11, Y13 = 2U12
s —Yha + Yuts, —Yu¥ie + Yis¥io, —¥5 + Yoz, —Yh + Youis,
—Y10Y11 + Yo¥12, Yio + Youy11, —Yio¥n1 + Ys¥13, —Yio + Ysyia,
~Yoy10 + YsU11, —Y3 + Ys¥ro, —Yio + Yr¥i3, —YoYio + Yr¥i2,
—Y3 T Yy, —YsYo+YrYi0, —Yi +Yr¥e, Yoyr0+ VY13, —Va + Ysli2,
~YsYo +Ysy11, —Ya+Ye¥10, —YrYs+YeYo, — Y +YeYs, —YZ-+Ys¥ua,
~YsYo +YsY12, —Us +Ysy11, —Yr¥s+Ysyi0, —YE +YsYo, Y6Yr + YsUs,
—Ya + YsYr, —Yslo + Ya¥iz, —Yi + Ya¥u2, Yr¥s + Yay11, —Y2 + Yaio,
~YeYr + YaYo, —Ys +Yays, —Ysys + Yayr, —UE +Ya¥e, —Va + Y13¥3,
~Yrys +Y12¥3, —YF +Y11Y3, —YeYr+YsY10, Ya + Y3Ye, —YsYs -+ YsYs,
—Y2 + YsYr, —YaYs + YsYs, —Y2 + YaYs, Yr¥s + Yali3, —Y% + Y12,
—Y6Y7 +Yo¥11, —Ys + Y210, —Ys¥s + Yals, —UE + YaUs, Yays + Yoyr,
~Y5 + YoYs, —YaYa + YoYs, —U3 + Yas, —UF + Y113, VY7 + Y112,
~Ys + Y11, —YsUs + 1Y10, —VE + Y1Ye, Yals + Y1¥s, —Ys + Y1y,
~YsYs + Y1¥s, —Y5 + W15, —Y2Us + Y1Ys, Vs + Y13

3. (5.%) 5 =2 yp =2, ys =282, ys = 255, y5 = 2",
Yo = 2%9°, yr = o8
s —Ya + Ysyr, —YsUe + Ya¥r, —YE +Ys¥s, —YE + Y3y, —Ya¥s + Yale,
—Y3 +YsYs, —Ya¥s +Y2yr, —Yi -+ Yale, —YaYa+Yals, —Y3 + Yoy,
—Yi +NYr, ~YsYa +Y1Ys, —Y5 + V1%, —YoYs +Y1¥s, —VE + Y1y

4.(5%) sy =2, yo =12, y3 = 252, gy = 2%°, y5 = o
;—Yi +YsYs, —Ysyat+yeYs, —Y5+YaYa, —YE +U1¥s, —Yays+ Y1Ya,
—y5 + Y113

5. (50) s =z ya=aby, ys=2%, =y
s —U3 + YaUs, —YoUs + U1¥a, —YE + Y1y

6. (o.55) ;v =2 yo=2"y, ys = 2%?, o= ay", ys = y'
P —Yi T YsYs, —Y3Yat+Yals, —Y3+ Y2y, —YS +Ui¥s, —¥2y3 + v1va,

N
—~

ot ot
£o =0

3
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Y2 + 13
7.(5%) s =22 p=2%, p=9"; v+ unys
8. (4.2) ;s m=2" yo=2%, ys = 2%, ys =z, y5 = y"
,—ys + Ysys, —UaYs + Yels, —V5 + YoYa, —U3 + U1s, U3 + 1Y,

~Y5Y3 + Y19
9. (¢ 5%) s =2 =2, ys=0"; -4 + vy
10. (§.%) i =22 wo=2, ys=y"; —vi +v1vs
1L (5.%) s m=2" v =2%, y3s=9°; —4 + vy
12. (5.0) s m=2" pe=ay, ys=y"; 1> +yys
Zs X Z2 : {w = exp(27i/6))
L <(‘6‘1’),(6—1)> ; y1 =% yp =y®; none
2. <(‘63),(6_°1)> =28y = 2y, ys = 2Py, gy =00
P —U3 + Yals, —Y2Ys + Vi¥s, —Y3 T Y1Ys
3. <(°5£2),(691)> sy =28 e =22 s =10 —u3 s
Z13 : (w = exp(2mi/13))
L(39) i w =z'%, y; =y ; none
2.(53) s ;=2 =1y, ys =2y, gy = 2%, ys = 2%,
Yo = 2%, yr = 2%, ys = %", yo = 2%, y1o = 2,

_ 3,10 _ 2,011 12 .13
Yn =Y, Y12 =2°Y 7, Y13 =TY T, Yua =Y

P =Y + Y1aY1a, —Y12¥13 + Y1ahin, —Yio + Yu¥is, —Yia + YioYis,
—yn¥i2 + Yio¥13, ¥y + Yio¥iz, —ynvie + Yo¥ia, —Yi1 + YoUis,
—y10¥11 + Yoli2, —Yso + You11, —Y4 + YsYie, —YioYu + Ysis,
—ylo + Ysyi2, —Yo¥io + Ysyin, —¥s + Usyro, —Y10Y11 + Yr¥a,
~ylot s, —YoYr0tYria, —Ya+Yr¥it, —YsYo+Yryio, —Ya+yrye,
—y2y+Yey14, YoUr0+YeY13, —Ys +YeY12, —YsYo+Yey11, —Y3 +YsYro,
~YrYs+Yels, —Y5 +UsYs, —YoY10+YsYia, —Y5+YsY13, YsYo +Ysyr2,
—y2 +Ysyn1, —YrYs +Ysyi0, —VE +YsYo, —UeYr T Ysys, —Ya +Ysyr,
—Y2 + Y14Ya, YsYo + Y13Ya, —Va + Y12¥a, —VUrYs + Yal1, Y5 + Yalo,
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—Y6Y7+YaYo, —Ys+Ya¥s, —YsYe+Ya¥r, —YE +YaYes, —YsYo+Yay1a,
—Y3 +ysYis, —Yr¥s+ Yz, —YE + Ysyii, —eYr + Ys¥io, Yo + Ysle,
~YsYe + YsYs, —Y5 +Ysyr, —Yal¥s+YsYe, —Y2 +Ys¥s, —Y + Yayua,
—YryYs+Yol1s, — Y5+ a1z, —Yelr+YaYi1, — Vg +Y2Y10, YsYs + Yoo,
—Y3 +Yays, —Ya¥s + Yayr, —Y3 + Yals, —Y3Ya + YaUs, —UE + Yala,
—Yrys + YiY1a, —Y5 + Y1Yi3, —YeYr + Yivie, —Y& + 1y,

—Y5Y6 +Y1Y10, —y§+y1y9, —Y4Y5 +Y1Ys, —yjz’+y1y7, ~Y3Ys+Y1Ys,
—Y3 + Y1Ys, —YoUs + V1Y, Y2 + 11Ys

3. (5.2) s mi =2y =My, ys= 2%, ya = &7y?, s = 2B,
Yo = 2°Y°, yr = zy®, ys = y*°
s —Y3 Y6y, —YeYs+Usys, —Ye+Ysyr, —YEYr+Yals, —YsYe+Yayr,
~Y3 + YaYs, —Ys + YsYs, —YE + Ysyr, —Ya¥s + YsYs, —Y3 + YaUs,
~YsYs +YaUs, —Ya¥s+Y2Yr, —Yi+Yale, —Yala+Yals, —V3 + Yola,
—YiYs+ Y1y, —Ya+Y1Yr, —YsYa+Y1¥e, —Y: +YYs, —YoUs+ V1Y,
—Y5 + Y1Ys

4 (52) s p=2 y=2a"%, y3s =272, ys = 2%, ys = 29",
Ys = y13
L Y5+ YaYe, —Ya¥E+Ysye, —Yi+YsYs, —YIYE+YaYs, —YsYa+tyays,
~Y3 + YoYa, —VYa¥s +N1Ys, —U3 + Y15, —Y2ys + Yi¥a, —Y3 + Y1y

5 (62%) s m=2 yo=2%, ys = %2, y4 = xy®, ys = y*®
s Y3 TYaUs, —YsYi+yals, —Ya+Yala, —YIYI+UYs, —YoUs+ 1Y,
—Y3 + Y193

6. (§.5%5) 5 1 =2, yo =28y, ys =22, ys = ayf, ys = ¢y
s Vi +YaYs, —Y3Ya+FY2ls, —U3+YaYa, —YAYatY1Ys, —Yaui 11y,
—y5 + Y1y3

7. (%) s =2 =0y yy=xy% g =y"

L= YS + Yaya, —WoYS + Ys, —VE + ys
8. (4.%) s =2 =y, y3 =y, —u>+ vy

Z14 : (w = exp(2ri/14))

1. (%9) 5 y1 =2 y2 =y ; none
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2. (89) s =M, yo =2y, ys =2, yu = 2'y°, ys = 2'%4,
ve = 2°°, yr = 2%F, ys = 2Ty, yo = 2%, y1o = 2%,
yu =z, g = oyt y3 = Y2y = 2y’ yis = y'
s~y + Y13Y1s, —YisYue + YisYi2, —Yis + Y12014, iz + yuis,
~Y1o¥13 + Y1¥ia, Vi + Y11¥is, —Y12¥13 + Yiovis, Uiz + Vio¥14,
—ynYi2 + Y013, —Yh + Yoz, —Yia + Yo¥is, —Yue + YoYia
—y3, + Yo, —Yioyi1 + Yo¥i2, —Yio + Yo¥11, —Yu¥iz + Ysis,
—y} + ysy1a, —Yioy11 + YsY1s, —¥io + Ys¥iz, —YeYio + Yy,
—Y& + Ysy10, —Y + Y15, —YioYn + Yr¥ia, —Yio + Y13,
—Yoy10 + Yr¥12, —Ya + Yry11, —YsYe + Yryi0, —Y3 + Yr¥o,
~Y1oY11 + YeY1s, —Yio + YeY14, —YoY10 + Y613, —Ys + YsY12,
~YsYo+YeY11, —Ye+YeYr0, —YrUs+Yse, Y3 +Ysys, —Yio+YisYs,
—Yol10 + Y14Ys, —Ya + Y13Ys, UsYe + YsY12, —Va + Ysyu,
—~YrYs+Ysyi0, —Yo+YsYo, —YeYrt+Ysys, —e+YsyYr, —YeYr0-+YaYis,
— Y2+ Ya¥14, YsYo + Va1, —YE+Yal12, —Yr¥s+Yayi1, —Y5 + Yabio,
~Yoyr + YaYo, —Ya +Yals, —Ys¥s+ Yal¥r, —YE +Yals, —Yo + YsYis,
~YsYotYsyra, —Ya+Ysyi3, —Yr¥stYsYiz, —YF+Ysyi1, YeYr+Ysyio,
—Y3 +YsYo, —YsYe +Yays, —Y3 +YsYr, —yals +YsYe, —Vi +YsYs,
—Yslo + YoYis, —YE + YoY1a, —YrYs + Yo¥13, —Y5 + Yat2,
—YeYr + Y2Y11, —Ye + Yoli0, —YsYe + Y2Ys, —Ya + Y2l
—Yays+ Yo7, —Y3 +Yale, —Yala +YaUs, Y3 +Yals, —YE + Y11,
~YrYs + Y1Y1a, —YE + N1V13, —YeYr + Yi¥i2, —Ys + Yy,
—YsYe+Y1Y10, —YE +1Ye, —YaYs+Y1Ys, —Vi + Y17, —Y3¥a+1Ys,
—y3 + 1Y, —YaYs + Y1¥s, —Y5 + %1Ys

3. (9%) s m=a" ya =2y, ys = 2%, ys =27 ys = 2%,
s = ¢y, yr = 2%°, Y =y"
s —Y2 +YoYs, —UeYr+Ysys, —Ya T YsYr, —Us + Yals, —YsYs + Yayr,
—y2 + Ya¥s, —Yss +Ysys, —Y +YaYr, —YaYs T YsYes —Yi + Yays,
—y2 + Yays, —Ya¥s +Youyr, —Yi +YoYs, —YsYa +Yals, —Y3 + Yoy,
~Ya¥s +Y1Ys, —Ya+U1Yr, —YsYa+UiYe, — Y3 +Y1Ys, —Yels+YiYa,
—ys + Y1y
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4. (52) s =2 yp =2y, ys=aBy?, yy = 250, ys = 22y,
ys = ry°, yr =y
L =Y +Ysyr, —Y3Us + Yayr, —VE +YaYe, —Vi +Ysyr, —YayR +Yse,
—Y3+YsYs, —Ya¥s+Yayr, —U3Ys +Yale, —YsYa+Yals, —Y2 — Yoy,
—Y3Ys + iyn Y3+ 0i¥s, —VE + YiYs, —YeUs + Yi1¥s, —12 + v1ys
5. (5ar) s =2 yo =12, ys =282, y, = 2B, y5 =47
P —Yi+YaYs, —YsUit+yeYs, —YE+YeYa, —YIUa+UIYs, —Yays—Y1Ya,
—y3 + Y13

6. (5.56) s =2 ya=2%, y3 =222, ys =197
P —Ys + Yola, —Y2Ul + Vava, —Y3 + Y1y

T(6) =2 yo=2"y, y3=9>; —¥2+u1us

8. (Gur) s i =M, vy =10, ys = 2%, yo= 2%, ys = o
L Y3 +YsYs, —YsYatUals, —VA-FYeYs, —Yo¥i 4115, —YRYs+Y1Ya,
-3 + 1y3

9. (35) s m=2" yo =2, ys =213, ya=yM

S =Y3 + Yol —YSYS + y1Ys, Y3 +iys
10. ($.9) ; =2 yo=2%, y3 =2, ya=19"

) —Y3 + Yo2Ys, —VaYs + Yi¥a, —Ys +1ys
1L (¢.L) s m=2" =2, y3=9"; —yl+nys
12. (4. %) s =z pp=xy, ys=y"; -yl —yiy,

Zl5 : (w = exp(27i/15))
L (49) ; y1=2", y2 =y ; none
2.(80) 5 i =2, yp=ay, ys =22, gy = 2123, ys = 2llyt,
ys = '%%°, yr = 2%, yg = 287, yo = &Y, y1o = 2%°,
m = 9353/10, Y2 = $4y11, Yz = m3y12, Y14 = 932913, Yi5 = f?;'“:
__ .15
Yie =Y

s ~Yis + Y1aY1e, —Y1aY1s + Yie¥is, —Yia + Y1svs, —Yi + v12vies
~Y13Y1a + Y12¥1s, —Yi3 + Y1ab14, ~Y13Y1a + Y11, Yis + Y11vis,
—Y12¥13 + Yn1¥ia, Yo + Y11¥13, —Yis + Yiobe. —Y12Y13 + Y1oY1s,
~Yiz + Y10¥14, —Y11¥12 + Y10¥13, —Y + Y1o¥12, Yi2¥13 + Yol
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—% + YoU1s, —YnYi2 + Yola, —Yi, + Ye¥1s, —Y1o¥11 + Yoo,
—ydy + You11, ¥3s + YsYie, —Y1Yiz + YaY1s, —Yiy + YeYia,
—y1oY11 + YsY13, —Yio + Ysviz, —Yolro + Ysyi1, —Vs + YsYro,
—yuYiz + Yr¥ie, —Yh + Yr¥is, —Yoyu + Yy, —Yio + Yryis,
~Yoy10 + Yrha2, —Vs + Yry11, —YsYo + Yo, —Y3 + YrYe,

—y2 + YisYs, —Y10¥11 + Y15Y, —y20 + Y14Ys, —YaY10 + Ys¥13, v +
YeY12,

—YsYo + YeY11, —Va + YsY10, —Yrls + Ys¥o. —Y7 + Yeys,

—Y10Y11 + YsY16, —Yio + Ys¥is, —YoY1o + Ysyua, —Y5 + Ysths,
—YsYotysyiz, —Ye+Ysyit, —Yrystysyio, —Y5+Ysye, —YeYr+Ysys,
—Y&+ysyr, —YiotYaie, —YeY10TYalis, —YsTYaYie, —YsYo+Yalis,
—yi +yayie, —Yrys+HYayn, —YE+Yayi0, —YeYr+Yals, —Ys+YaVs,

—YsYs + Ya¥7, —Y& + Yals, —YoY10 + Y3Y16- ~Ya + Y3y1s, —YsYo +
Y3Y14,

—yE+ysyia, —Yr¥s+ysyiz, —Yr+ysyil, —YeYr+Ysyio, —Ya+YsYe,
—YsYs + Y3y, —Y2 +YsyYr, —YaYs + Y3V, —Y3 +YsYs, —Y5+ Yl
—YsYo + YoY1s, —Y& + YoYra, —YrYs + YoU13s, —YF + Yalo,
~Ysyr + VoY1, —Ye + YeY10, YsYs + Yolo, —Ys -+ Yols, —Ya¥s +Yay7,
—y2+YaYe, —YsYat+Yols, —Y3+YalYa, —YsYo+Y1Y1s, —Y3 + 1115,
—y7ys + NY1a, —Y5 + Y13, —YeYr + Y1v12, —Ys + N1,
—YsYo +Y1Y10, —YE+Y1Ye, —Ya¥Us+Y1Ys, —Yi+NY7, —Y3Ya+Y1¥s,
—Y3 + Y1Ys, —YoYs + V1Y, —y3 + v1y3

3. (9%) ;s =2 yp =2y, ys =2My?, ys = 2%, ys = 27y,
ye = 2°y°, yr = %%, we = 2y’, yo = y'°
s —Ya+yrYe, —YrYs+Yse, —VYst+YsUs, —YrYstYsYe, —YeYr+Ysys,
—Y2 + Ysyr, —Y3 + Yays, —Va + Yays, —Ys¥e + Yalr, —Yi -+ Yale,
—Yoy? + Ysyo, —YsyYs+YsYs, —Y5 +YsYr, —Yals +Ys¥e, —Yi T YaYs,
—Y2yr+Yalo, —YE+Yays, —Ya¥s+Yoyr, —VYi+Y2ls, —YsYs+YaYs,
—~y2 -+ Yoya, —YE +y1Ye, —YaYs + Y1Ys, —Vs +W1Yr, —Ysys + Y1¥s,
—y2 +y1ys, —Yoys + Y1y, —V5 + Y13

4. (9 %) 5y =2, yo =2y, ys = 2%%, ya = 2%°, ys = 2%y,

yﬁ=y5
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) —Y8 +YaYe, —Yals +UsUs, —Y2 +YaYs, —V2 + YoV, —Yaya+ Usls,
—Y3 + Yoy, —Ysya + Y1¥6, —Y35 + Y1Ys, —Yays + YiYs, —Ya + Y13
5. (5.5) 5 i =2, yo =ally, ys =272 yy = %8, ys = 22y,
Ys = l‘yu, Yr = 3/15
s —Ye+Ysyr, —YsYs+Yayr, — Y2+ Yays, ~Ya¥s +Ysyr, —Yays+Ysys,
—Y3 +YsYs, —YaYs + Y2y, —vh + Yols, —YsuZ +Yaus, —y2 + Yot
—Y5HIYT, —YsY Uiy, —Y3+YatYiYs, —Veys+uive, —43Fy1vs
(55) 5 =1, g =20, gy =252, yy = 4°
P Y3 + YaYs, —Va¥s + Yits, —YE + v1us
T (6%) s =2 yo=2%, ys = 22, y, = 4
S —Y3 + Yals, —V2¥E + YiYa, —VE + U1y

=]

8 (5.2) s =2, yo=aBy, ys = 2y, ys = y'5
) —Y3 + Ya2Ya, —YoUs + thvs, —12 + 11y
9. (§.%) s y1 =2, yo =%, y3 = 2%3, y, = ¢

P Y3+ Y2Ya, —Y3Ys + yiYa, Y3 + viys
10. (§.%) s v1=2" o =2%, ys=1%; -1 + y1ps
1L (§.0) 5 o1 =2, yy =aty, ys = 2y, gy = ¢

P Y3+ Yels, —URYS 4 i¥s, —¥ + v1ys
12. (5.%) s ;=2 o =2%, y3=0°; —1f +y1us
B (5u) s v =2" m=2y, s =9"; ¥ + yiys
14. (¢

Z16 : (w = exp(2mi/16))

L(§9) 5 y1=2"% y2 =y ; none

2.(82) 5 m1 =2'% yo = 2y, ys = 2192, yy = 21895, ys = 212yt
o =z''y°, yr = 2'%°, yg = 2%, yo = 2%, 1o = 2Ty,

— 6,10 _ 5,11 4,12 _ 3,13 _ ..2..14
Y=Y, Y12 =Y, Y13 =Y, yiu = 1y y Y1s = Ty,

Y16 = 2y'°, Y17 = y'o

s —Uis + yisyir, —Yisyis + YITY14, ~Yis + YiaYie, —Yis + Yi3vir,
—Y14Y15 + Y13Y16, —Ysy + Y13Y1s, —Yials + Yi2¥17, —Yiq + Y12Yis,
~Y13Y1a + Y12¥1s, —Yis + Yiohia, —Yi4 + Yy, —Yisyia + yuis,
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—y%s + YuYis, —Yvs + Y, —Yie + Y1, —Y1syYia + Yo,
— Y2 + Y10Y16, Y12¥13 + YroY1s, —Yia + YioY1a, —Yni¥i2 + V10913,
—y% + Y1o¥12, —Yi3 + Yo¥ir, —Y12¥13 + Yelis, —Yia + Yo,
~Y1Y12 + YoY1a, —Yi1 + Yol13, —Yio¥11 + Yoli2, Yo + YoU1,
—y12t13 + YsYir, —Yie + YsYie, —Yu1¥12 + Ys¥is, —Yiy + Yslia,
—Y1oY11 + YsY13, —Yio + YsYi2, —YoYio + Ysyr1, —Ya + YsYio,
—y2 + Yiryr, —ynthz + Ve, —Y4 + Yy, —YioY11 + Yra,
—yhotyryis, —YoyrotYriz, —VYs+yryi, —YsYo+Yryio, —Ys+Yryo,
—yYi2 + YY1z, ¥i, + YeY1e, —V1oY11 + Ye¥1s, —Yio + Yelra,
—YoY10 + Ye¥13, —Va + YeY12, —YsYs + YeY11, —Va + YsY1io,
—Yrys+YeYo, —Y3 +Yeys, Y1 +Ysyrr, —YroY11+YsYie, —Ylo+ Ysyis,
—YoY10 + YsYra, —Ye + Ysy13, —YsYe + Ys¥iz, —Ya + Ysyu1,

—yrys + Ysyio, —YE + YsYo, —YsYr + YsYs, —Ve + YsyYr, —Yio¥1 +
Yarr,

—y3o + Yayi6, —YoYio + Yays, —Y2 + YaY1a, —YsYo + Yay13, —Vs +
Yalh2,

—~YrYs+YaY11, —Y5+YaYi0, —YeYr+YaYo, —Va+Yays, —YsYs+Yayr,
~y2+yaye, —Yio+Ys¥ir, —YeYr0+Ysyie, —Ye+YsYs, —YsYatYslia,
~ Y2+ Y313, —YrYs+Ysli2, —Yr+Ysy, —YeYr+YsYi0, —Ye+YsYo,
~YsYe + YsYs, Y2 + YsYr, —Ya¥s +YaYe, —Ys+Y3Ys, —YeY10+ Yol
—ya+yolie, —YsYotYaY1s, —Ys+Yelia, —YrYs+Yay1s, —Ys+1ele,
~yeyr+yayi1, —Ye+yayro, —YsYet+Yolo, —Yr+Y2Ys, —Yals+Yoyr,
Y2+ Yo, —YsYatYays, —Ys+Yals, —Ys -+ 1T, —YsYo T Y116,
—yE+ Y115, —YrYs Y, —YE HYiis, —YelrHyithe, —Ya+vn,
~YsYo + Y1¥10, —YE + V1Yo, —Ya¥s + Y1Ys, —Ya + Y1Y7, Y3¥a + Y1¥e;
—y2 + y1ys, —Yoys + Y1V, —Ys + Y3
3. (99%) 5 yi =2, yo =2y, ys =", y4 = 2'%5, ys = 2By,

ye = z%)°, yr = 2%, ys = 2%Y", yo = 4°

Y2+ Y1y, —Yrys+YeYo, —Y5 +YeYs, —UF + YsYa, —Yslr +Ysys,
—y2 +ysyr, —YeYr + YaYe, —Ys + Ya¥s, —Ys¥s + YaYr, —Y3 + YaYs,
—Y& +Ysys, —YsYe + YsYs, —VE +YsYr, —Yals +Yale, —Yi + YsYs,
—YsYe + Yols, —Y2 +Y2ys, —Ya¥s+Y2Yr, —Ys+Y2lYs, —YsYa+YaUs,
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—y2 + Yoy, —y§ +Y1Y9, —Yals + Y1Ys, —Y2 + Y17, —YsYs + Y1Ys,
—Y3 + yiys, —Y2Us + Y1V, —y3 + Y1Y3
4 (§%) s =2 yo =By, y3 = 21%2 y, == 2Ty8,
Ys = 3341/4, Ys = 173/5, Y7 = ylﬁ
s —Ye +UsYr, —YsYs+Yayr, —YE-+Yals, —YEUE+YsUr, —Yals+YsYs,
—y2 + Yays, —yé,‘ye + tyr, —Y3 + Yols, —Ysys + Yols, —yg + Yay4,
~Y5 + V1Y7, —YsYa + Yi¥s, —Va + YiUs, —Yaus + 11%s, —V2 + Y1¥a
(5 s =21 g =2y, vy = 2%, g = 24P, s = o,
s —Y2 +Y3ys, —Yays+ Yols, —Y5+Y2ys, —YE+1Ys, ~Yeys + Y1Ya,
2
—Y3 + Y3
(62%) m=2 yo=2zy, ys = 202, yy = 213, ys = y'6
s —Y4+YsYs, —YsYs+Yays, —Y3+Yola, —YAYiFUYs, —Yays+YiYa,
2
Y3 + N1Y3

(S

o

7. (L(‘)) u?s v 1= x16> Yo = 117101/, Yz = $4y27 Ys = 5523/5, Ys = yS
;=3 +Y3Ys, —Yiys+ Yoy, —Y3 + Yols, —Ys+Y1Ys, —12Ys + Y1V,
2
Y5 + Y1Y3
8. (o.7) s =2 yo=2%, y3 = 2%, ys = 11°, ys = ¢’

s —Y5+YsYs, —Yaya+yeys, —V5 +VaYa, ~YS +V1Vs, —Youd + yiya,
2
—Y3; + Y1Y3
(5%) s m=2 yo=2%, ys=0%; —y2+yys
10. (4%) 5 p1 =2, yo=2"y, ys = 253, y, = 235,
Ys = :vy7, Ys = yw
;—y§’+y4ye, —y4yr2,+y3y6, —yZ+—y3y5, —yZyss+y2ys, —Y3Ya+ YoUs,
~Y3+Yays, —Y5U3 +U1Ye, —Yo3 +y1Ys, —YEys+ 1y, —u3 +yiys
11 (4 %) 5 y1 =2, yo = 2%, y3 = %3, yy =18
P —Y3 + Yoys, —VYRYE +vivs, —Vs +Y1Ys
12. (5.%)  yi=2 yo =2, ys=9*; ¥t + s
13. (9.5) sy =2" wo=2%, y3=9°; —8+ s
M (5.%5);m=2% pp=ay, y3=9'%; —ylb 4 yy,

2

©
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Z2XZ2XZ4:none
Z4XZ4Z

L((59,(§9)); yn=2% y2=y*; none

Zg X Zg : (w = exp(27i/8))
L8, (3%)); yi=2% y2=y*; none
2. ((52),(82)); v =2% o =257 ys =2, ya =2,
.8
Ys =
s —Y2 +Yays, —Ysya+YeYs, —V3+Yols, —¥5 Y15, —Yoys+Y1a,
2
—Y3 + Y3

3((9%), %)) =2 =22 ys =9 —y3 +uiys

Zl7 : (w = exp(27i/17))

1. (%9) ;s ;u=2'", y2 =y ; none
2. (30) ;s m=2a', yp = 2'%, y3 =%,y =2y’ ys = 2B,
ye = 29, yr = 295, s = %7, yo = 2%, 1o = 2%,

. p7,,10 _ 6,11 e pD,,12 — 4,13 _ »3,,14
Y1 =Y, Y12 =Y, Y13=TY " Y1a=TY ", Y5 =Y,

Yie = ?y", yir = zy'®, yis = y”

sy + YieY1s, —YieYi7 + Yis¥is, —VYie + Y1sY17, —Yie + Yratis,
~y15Y16 + Y14Y17, —Yis + Y1aYie, —YisYie + Y13Y1s, —Yis + Y137,
—y14Y15 + Y1sYe, —Yia + Y13Vis, —Yis + Yiovis, —Y1a¥is + Y12¥17,
—y3, + Y1oy1e, —Y13Y14 + Y12¥1s, —Yis T Yiova, —Y1aY1s + Yus,
—yi + yuvir, —Yisvia + Yudie, —yis + yuyis, —Y12¥13 + Yudia,
—Y% + Y11Y13, —Yis + Y10Y18, —Y13Y14 + YioYi7, —Yis + Y10¥16,
—Y12Y13 + Y10Y15, —Yiz + Y10¥1s, —Yn¥12 -+ YoYis, —y}1 + Yiov12,
—Y13Y14 + YoUrs, —Y33 + YoU1r, —Y12¥13 + YoYe, —Via + YoUis,
—yuth2 + Yo¥us, —Yh + YeU13, —Yio¥11 + Yoz, —Yio + Youi1,
—yis + Y18Ys, —Y12Y13 + Y17Ys, *y%z + Y16Ys, —Yn¥i2 + YsYis,
_y%l + Ys¥Y14, —Y10Y11 + YsY13, -yfo + Ys¥12, —YelY10 + Ys¥Y11,
—y2 + YsYr0, —Y12¥13 + Yr¥is, —VYia + YrYir, —ynhe + Yrvis,



968 J. H. Keum and N. S. Choi

—yh + Yrv1s, —Yioynn + yeva, ~Yio + Yry12, —Yoyr0 + Y71z,

—Y5 + YY1, —YsYo + Y10, —YR + Yr¥e, —y’p + Yelis,

—yutz + YeYir, —Yi1 + YeYie, —Yio¥11 + Yelis, —¥ + YeYia,

~Yoy10 + Ye¥13, —Ys + Ye¥12, —YsYo + Ysyi1, — Y8 + YsY10,

—Y1Ys + Y6, —Y5 + Ye¥Us, —Yn¥12 + Ystis, —vi1 + Yt

—Y10Y11 + YsYi6, —Yio + YsU1s, —YoYio + Ystia, —YE + Ysyra,

—YsYot¥syi2, —Ys+Usy11, —Yr¥Ys+YsYio, —~Y3+YsYs, —YeYr+Ysys,

~Y§ + Ysyr, —YH + YaYis, —Yio¥1 + Yar, Y30 + Yayie,

~YoY10 + YaY15, —Ys + Yalra, —Ys¥o + YaYis. —Ys + Yayra,

~Y1Ys + YaY11, —Ys + YaYr0, —YeYr + YaYo, ~Y3 + Yays,

—YsYe + YaYr, —YZ + Ya¥s, —Yro¥11 + Yaths, —Y3o + Ysvir,

—YoY10 + Y3Y16, —Y + YsY1s, —YsYo + Ys¥ras —Y3 + Ysyis,

—YrYs+YaYi2, —Y2+Ysyi1, —YeYr+yayio, Y2 +Ysye, —YsYs+Yays,

—Ys+YsYr, —YaYs+YsYe, —Vi+YsYs, —Yio+Yeis, —Yolio+Yeir,

Y3 +Y2y16, —YsYo+Yatns, — Y +Y2y14, —YrYs+ Yoz, — Y5+ Y2112,

—YsYr+Y2Y11, —Y5+Y2Y10, —YsYs+Y2Yo, —Y5+Yays, —YaYs+Yyyr,

—Yi+ Y26, —Y3Yat+Y2Ys, Y3+ Y2¥s, —Y10Yo+ Y191, —y5 + iy,

—YsYo + YiYi6, —Ys + Y1¥1s, —Yr¥s + Yivia, -7 + 11,

~Yoyr+y1¥12, —Ye+y1y11, —Ys¥s+Yilo, — 12+ 11Y9, —Yals+ U1V,

—Yi + VYT, —YsYa + Yi¥e, —Y3 + Yis, —Yous + YiYa, —U3 + Uiy
3.(5.2) =2, yo =2y, ys = 2%, gy = 2'Ny®, gy = 294,

Yo = 27Y°, yr = 28, ys = 23y, yo = 138, yyo = 97

P =Ys T YsYi0, —YsY3 +Yr¥i0, —V& + Yr¥e, —U3Ye + Yelro, —Yr¥s +

YeY9,

Y2 + Ys¥s, —Y2 + YsYio, —Y5 + Ysyo, —YeYr + YsYs, Y8 + Ysyr,

~Y7Y3 +YaY10, —YeYr+YaYo, ~ Y8 +YaYs, —YsYs+ Yayr, — Y2 +YaYs,

~Y5ys+ysyr0, —YE+Yaye, —Ys¥e +Y3ys, —YE +ysyr, —YaYs+Yays,

~Yi +YsYs, —Y3 + Y210, —Yse+YaYo, —YZ + Yals, —Yals -+ Yoy,

—Ya + Y2, —Y3Ya + Yols, —Y3 + Yaua, —YsY5 + Y110, —YE + V1%,

—YaYs TY1¥s, —Vi+Y1Yr, —Ysva+ Y16 —Y5 +Y1¥s, —YoYs +U1va,

—Ys + 11Ys
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4 (50) s =2, ga =gy, ya=a2'y?, ya = 2%P, y5 = 2By,
Yo = 2°, yr = zy"!, ya =y’
s —Y2 +YoYs, —Y2Yr+ YsUs, —Ya +YsYr, —Ya + Yaus, —YsYs + Yayr,
~Y3 +YaYs, —UsVa +YsYs, Y26+ Y3Yr, —Yals +Uss, —Y2 +Yays,
~YRYS + Y28, —YE +1oyr, —U3 +YeYs, —Yaya + YaUs, —Y2 + vava,
—YSy6+Y1Ys, —YaY2 + Y7, —YaYat+ e, —Y53+Y1Ys, —Yoya+Y1Ya,

—y% + 1193
5. (50) sy =", o =2y, ys = 2%, yy = 2593, ys = a1t

ye =y’

s —Y8 +YaYe, —Ya¥s +UsYs, —Yi+YaYs, —YIVE+Vals, —Y3Ya+Yays,

~Y3 + Yoys, —Y3YE + 1Y, —UE +Y1ys, —Yys + Vila, —V2 + 11V
6. (4.5) =2, yo =2y, ys =22, ys = 2%®, y5 = 2y,

[ g
Ye =Y

L —Y3 +YaYe, —YiYs+Ysls, —Vi+YsYs, —Yi+Yals, —Ysud + yaus,
—Y3 +Y2ya, —YsYs + Y%, —UEYE +U1Ys, —Yoys + Y1, —YE + 11y
(v) 5 =2, yo =20y, ys =232, y, = 227, ys = 2y'2,
Ye = y”
} —YE+YaYe, —YaYs+Ysls, —Y2+Ysys, —Y3YI+YaYe, —YYa+uays,
—Y5 + YoYs, —Y5Ua+ Y1le, —US + Y1¥s, —YeYs + Vi, —VE + y1ys
(5%) 5 v =27, yo =12%, ys =292, ya =0
s —Y3 + Yola, —Yo¥s + Y1Ya, —YE + Y1y
9. (4. ) 5 n=2a, yo =25, ys = z1®, y4 = ¢V
s —Ys + yaya, —Y3Y3 + Y14, -5 + 13
10. (5.%) 5 y1 =2, yo = 2%, ys = 23®, y, = y7
s —Y3 + YoYs, —YsY3 + y1Ya, —YS + v1ys
1L (50%) ;5 m=2" ya=zy, y3=9""; -yl + 4133

~

I

Zlg : (w = exp(2mi/18))
L(%9); y1=2" 2=y, none
2.(52) 5 =g ya =2y, ys = "%, yy = 9P, ys = 2y,

— 13,5 — 12,6 — 11,7 — 10,8 — 29,9
Yo =T7Y" Yr =T7°Y, Ys =T Y, Yo =T Y, Y10 =2Y",
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Y = 2%y, yip = Ty, s = 20y, yyy = oy, yis = 2y,
Y16 = T3y, yi7 = ?y'S, s = zy' g1 = y'®

s —Yis + Y1719, —Y17Yis + YisYie, —Yir + YisYis, — 1, + Y15Y19,
—Y16Y17 + Y15Y18, —Yis + Y1sY1r, —YieY1r + N1a¥19, —Yig + Y1aY1s,
~Y1sY16 + Y1417, —Yis + Y14Y16, —Yig + YisYie, —Y15Y1e + Y13Yis,
~Yis + Y1317, —Y1aY1s + Y13Yie, —Yis + Yisis, —YisYie + Y1290,
—¥}s + Yavis, —Y14Y1s + Y127, —Yi4 + Y1216, —Y13Y14 + Y121,
—yis + Y12¥1a, —U%5 + Yuivie, —YiaYis + Yuiis, —y2, + ynyir,
—Y13%14 + Y11Y16, —Yis T Y11Y1s, —Y12¥13 + V1Y, Yo + Y1113,
—Y14¥15 + Y1019, —yﬂ + Yio¥18, —Y13Y14 + Y1017, —yfs + Y1oY1s,
—Y12013 + Y10Y15, —Yi2 + Yr0¥14, —Ynyiz + Y01, —¥ + o2,
~Yia + Y19Y9, —Y13Y1s + Y1sYe, —Uis + Yir¥e, —V1213 + Yoo,
~Yiy + YoU1s, —Yu¥iz + Yoia, —Y + Yo¥13, —Yr0¥11 + YoUiz,
~Yio + YoU11, Y13Y1a + YsY19, —Yiz + YsYis, —Y12¥13 + Ys¥it,

~Yio + YsY16, —YuYiz + Ys1s, —Y% + Ysyia, —Yro¥u1 + YWz,
—Y30 + Ysvi2, —YoYi0 + Ysyi1, —Ya + YsYio, —Y33 + Y1,
—Y12¥13 + Yr¥1s, —Yio + Yrir, —yutiz + Yryie, —Yiy + Yr¥is,
—Y10Yu + YrYia, —Yio + Yrihs, —YoYio + Y712, —Ya + Y1,
—YsYo + Yry10, —Y3 + Yr¥e, —Yr12Y13 + YeYre, —Yis + YsU1s,
—ynubiz2 + Ye¥rr, —Y4 + Yele, —Yr0¥11 + YeY1s, —Y3o + YsYia,
~YoY10 + Ye¥13, —Y4 + Ys12, —YsYo + VY11, —Ya + YsYio,

~Yrys + Yels, —Us + YsYs, —Yia + Ysyre, —Yu1¥i2 + YsYus,

—y31 + Yshir, —YioYu1 + Ysyie, —Yio + Ys¥is. —YoY10 + YsY1a,
—Ys + Ysy1s, —YsYo + Ys¥r2, —Ya + YsY11, —Yr¥s + Ysyio,
~Y7+YsYar —YeYr+YsYs, —Ye+Ysyr, —YuYiz+Yade, —Yi+yays,
—Y10y11 + Yathr, —Yio + Yalie, —YoYro + YaYis, —Yz + Yaa,
—YsYo + Ya¥13, —V3 + Ya¥12, —YYs + Ya¥11, —YE + Yalio,

~Yeyr +YaYo, —Yg +Yals, —Ys¥s +YaYr, —VE +Ya¥s, —Y% +Yayro,
—Y10Y11 + Y3t1s, —Yio + Ys¥ir, —YoYio + Yslie, —Y2 + Ysyis,
~YsYo + Ys¥1a, —Y3 + Y3Yis, —Yrls + Ysvi2, —YF + Yayuu,

~Y6Y7 T Y3Y10, —y%-i-ygyg, ~YsYo+YsYs, —Ys +Ysyr, —Ya¥s+YsYs,
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—Y3 + ya¥s, —Y1110 + Yo¥re, —Yio + YaY1s, —YoUo + Y2,
~Y+YeYie, —YsYotyayis, —Ya+Yavia, —Yr¥s+Yetnz, —YE+1au1s,
—Yoyr+Yeu11, —Ve+YaUi0, —YsYe+YaYe, — Y2 +Yals, —Yals+Yayr,
~Yi+ Y2, —YsYatyays, —YE+1oys, —yot+i%e, —YeYr0-+U1u1s,
—Ys+Y1917, —YsYo+Y1Y1e, —Ya+Y1Yis, —yrYs+11Y1e, —Yo+Y1¥13,
~Yeyr+Y1812, —Ye+U1¥11, —YsYs+ Y110, Y2 +11Ys, —YaYs+y1Ys,
—Yi+ Y1y, —YaYa+ WiYe, —U3 +Vi¥s, —Yoys + Yi¥e, —YE + UiYs
3. (G.2) s i =a", 2 =2y, ys =My, y, = 2123, y5 = 210",
Yo = Y%, yr = 2%5, ys = 21y7, yo = 2%, yyo = ¢°
L —Y3+YsYi0, —YsYo+Yryio, —Y3+Yrle, —YE+YeYi0, —Yr¥s+YeYs,
—Y2 + Yeys, —Yr¥s + YsY1o, —Y3 + YsYo, —Ye¥r + YsYs, —Ya + ysyr,
~Y3 +Yay10, —YeYr + YaYo, —YE + Ya¥s, —YsUs + Yayr, —YZ + YaYs,
—Y6Y7+Y3Y10, ~Ys +YsYo, —YsYs+Y3Ys, —YE+YaYr, —Ya¥s+Yale,
—Yi +YsYs, —Ys + Y210, —YsUs+ YaYe, —YE + Yals, —Yays + Yayr,
—Ya + Y2Ys, —Y3Ya + Yo, —Y3 +12ys, —YsYs + V1Yo, —4 + 1y,
~Yays +Y1Ys, —VYi+U1Yr, —YsYa+Y1Ye, — Y2 +Y1Ys, —Yo¥s + Y1,
~Y3 + %1y
4 (5%) 5 i =1" yo =2y, y3 =%, y, = 2%°, y5 = 254,
Yo = 2y, yr = o°
s —Ye +YsYr, —YsYs +YaYr, —VE +Yals, —YE+YsYr, —Yals + Ysve,
—Ya + YsYs, —Yal¥s + YoUr, —Y3 + YoUs, —YaYa + Yals, —Y3 + Y2y,
~Ui T YY1, ~YsYa + N6, —Y3 T U1¥5, —YaUs + Yi¥a, —VE +Yiys

5. (5ur) i v =2 yo =2y, ys = 2%, yu = 2%°, y5 = 2%,

Ys = yg

s~V YaYe, —Ya¥E+Ysts, —V3I+VsYs, —Y5Ys+ Yo, —YsYa+Yals,

—Y3 + Yaya, —Ys + Y1Yes —y3 + 1Ys, —Y2y3 + V1Y, —Y2 + s
6. (5.%) 5 =2 yo=2By, ys =282 ys = 2%3 y5 = 27,

Ye =Y

s —Y3+YsYe, —Y3YE+YsUs, —Va+YsYs, —YiYstYaYe, —YsyZ+vaus,

~Y3 + Ya¥a, —Y8 + U1¥e, —YRya + Yi¥s, —Yoys + Yi¥s, —YE + Y1ys
7.(5%) ;=28 yo =2y, y3 = 2%, yy =13
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s —Y3 + YaYs, —Y2Ys + U1¥s, —Yi + V1Y3
8. (s.r) s m =18, yo=1x"y, ys =2zN?, ys= 2’ ys = y'®
;—32/2+y3y5, —Y3Ys +Yals, —Y5+Yays, —YSYE+HU1Ys, —Yaya Yy,
=Y + Y3
9. (5%) i =2, ya =2, y3 =22 yy=9°
s —Y3 + Yola, —Y2Ys + Y1Ya, —Y3 + Y1Ys
10. (4%) ;=2 yo=2%, y3 =92
s —Ys + 1Y3
11 (4 %) 5y =28, o =By, y3 =28%° gy = 2P, ys = y%7,
Yo = yg
s —YE + YsYe, —Ya¥s +YsYs, —Yi+Y3Ys, —V5 +Yole, —YaYa + YoUs,
~Y3 + Ya¥s, —Y3 = V1Vs, —Y2U3 + Y1Us, —VaYs + Y1¥a, —V3 + V1Y
12. (6.%) s y1=2% we=2%, y3=03; -3+ vy
13. (¢ %) sy =2, yo =2y, y3 =2%0, yy=19°
s —Y3 + Yola, —VsYs + iya, —VY5 + UiYs
14. (¢ %) 5 =2, yo=2%, y3=1°; —¥5 +niys
15. (6.%) sy =2 yo =2y, y3 =y"*; —43® + vy

Ze X Z3: (w = exp(27i/B), p = exp(2mi/3))
; y1=2°% 1 =" ; none

s =25y =283 ys =98 2+ yiys

~— T
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