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KAEHLER SUBMANIFOLDS WITH RS =0
IN A COMPLEX PROJECTIVE SPACE

JONG-Ik HYUN

ABSTRACT. Our study focuses on the condition under which a sub-
space of complex projective space can become an Einstein space. We
prove that a subspace becomes an Einstein space if it’s codimension
is less than n — 1 and its curvature tensor and Ricci tensor satisfies
Ryan’s condition.

0. Indroduction

Ryan, P. J. [3] and Takahashi,T. [4] has studied complex hypersurfaces
in a complex space form satisfying the condition

(0.1) R(X,Y)S =0

for any vectors X and Y of the hypersurfaces, where R denotes the
curvature tensor, S is the Ricci tensor and R(X,Y") operates on the ten-
sor algebra as a derivation. Ryan proved that these hypersurfaces are
Einstein if the ambient space is not complex euclidean, which was gen-
eralized by Kon, M. (1] in the case of Kaehler submanifolds in a complex
space form of constant negative holomorphic sectional curvature. On the
other hand, Takahashi also verified that such hypersurfaces are cylindri-
cal if the ambient space is complex euclidean. The purpose of this note
is to prove the following.

‘THEOREM. Let M be an n-dimensional Kaehler submanifold immersed
in an (n+q)- dimensional complex projective space PChiq. If M satisfies
the condition (0.1) and the codimension q is less than n — 1, then M is
FEinstein.
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1. Kaehler submanifolds in PC,, .,

Let M be an n-dimensional Kaehler manifold and I an isometric and
holomorpic immersion of M into an (n + ¢)- dimensional complex pro-
jective space PC4(c) of constant holomorphic section curvature c.

We call such I simply a Kaehler immerston. Throughout this note,
M may be identified with I(M), because the argument is local. Let

€1, " ,€,,€n41, " ,€n4q be aunitary frame field in PCy4(c) insuch a
way that, restricted to M, ey, --- , e, are tangent to M. It’s dual coframe
field wl, .., w® wntl ... w"t9 consists of complex valued linear dif-

ferential forms of type (1,0) on M such that

(1.1) w* =0 (@=n+1l,n+2,- ,n+gq)

and w!,--- ,w” w~! ... w™" are linearly independent. Greek indices

run over the range n+1,--- ,n+gq. The induced Kaehler metric g on M
is given by g =23, w'@w ™ and e1,-- -, e, is a unitary frame of M
and w!, .- ,w" is a coframe field of e;, - - - , e,. Associated to the frame
el, “ ,€n,Enil, " ,€ntq there exist complex valued differential forms
w4, which are usually called connection forms on I’C,,_4(c), such that

(1.2) dw” + ng AwP =0, wa +whk =0,
(1.3) dwi + Zwé AwS =03,
c

0f = Z Rycpw’ Aw?,

where QA denotes the curvature form and R4 denotes the curvature

BCD
tensor on PCp44(c), which are given by
c
(1.4) Ricp = 5(050cp +8805D),

because PCr4(c) is of constant holomorphic sectional curvature c. Here
the capital letters run over the range 1,--- ;n,n+1,--- ,n+g.



Kaehler submanifolds with RS = 0 in a complex projective space 687

It follows from (1.2) and the Cartan’s lemma that the exterior deriv-
ative of (1.1) gives

(1.5) we = "hgwl,  hY =h,
J
where the small letters run over the range 1,--- ,n. Then the quadratic

form 37, ; h;w* @ w is called the second fundamental form of M in the
direction of e®. Since w* = 0 again,(1.2) and (1.3) become

(1.6) dw' + ) wi Awl =0,
7

i i k i
k

i Pk Al
Q= E Rjklw AW,
k?j

where w7 (resp.Q;-) denotes the connection (resp.curvature) form on

M and R; . denotes the curvature tensor on M. It follows form (1.4), (1.5)
and (1.7) that we have the equation of Gauss

7 c a Lo
(1.8) R, = '2‘(5ij5kl + ikdj1) — Z hikhits
Now, with respect to these frames, the Ricci forin S can be expressed

(1.9) S = (Ryw* ®w' + Ry ®* o w'),
k.l
where the Ricci tensor Ry; is defined by Ry = %, Rj.kl— and is satisfies
R,; = Ry, = Rj;. Because of (1.8), R,; is given by
n+1 o T
(1.10) Ry = ——cby — > hgh.

@i
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2. Proof of Theorem

In this secion, let M be an n-dimensional Kaehler submanifold im-
mersed holomorphically into PC),1.4(c). We assume that M satisfies the
condition (0.1).

In our notations, this condition is equivalent to

(2.1) S RGO+ Rk =o0.
k k

substituting (1.7) and (1.10) into (2.1), we have the equation

Z(h’ h'rl(sjk hkrh‘ 511)

(2.2) o
+2 ) (hhfREAS — h" & hSRG) = 0.

r8'sj kr'trs'tst
a,3,7,8

Let H* be an n x n matrix with its components (hg;). Then, for

a suitable choice of the frame e, - ,e, a matrix > H @H< can be
orthogonalized as follows:

A ._O

(2.3) > HeH® =
« An
Since the matrix is a positive semi-definite Hermitian one, the eigen-
values Ay, - - , A, are non-negative real valued functions on M. Moreover,
we have
(2.4) Z heRS = Apdn.

From (2.4),(2.1) becomes

(2.5) e — Ak)éiléjk + 2(/\]‘ - ) Z h?k—?j = 0.
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It follows from this equation that the equations

(A —A)(Zhghg ):0,

= X) SR =0 uness § =1 and j = k.

(2.6)

are obtained.
We may suppose that A;,--- , A, are all distinct eigenvalues of 3 H aHe,
Let ny,---,n, be the multiplicities of Aq,--- , A, respectively, where
p is a function on M. If p = 1 everywhere on M, then M is exactly
Einstein. Suppose that p 2 2 at a point = of M. Then it follows from
(2.6) that

> hShY == if As # Nj,
(2.7) R
Zh;’k;’j:o if \; # A; and (k. 1) # (i,5) or (j,4).

Let hi; be a vector in C? defined by h;; = (h?j“, . ,h:‘fq) Consider
the set {hij; A\; # A;} consisting of ZKS n.n, vectors in C9. The
equations (2.7) mean that they are linearly independent. Accordingly,

because of }-?_, n, = n, we have

14
(28) q i anns Z n— ]-7
r<s

where the second equality holds if p = 2 and n; is equal to 1 or n — 1.
This completes the proof.

REMARK. As is well showed at Remark 4.2 in [2], the product mani-
fold of PCi(c) and PC,_1(c) is an n-dimensional Kaehler manifold and
it is imbeddend into a (2n — 1) -dimensional complex projective space
PCap-1(c). Then PCi(c) x PC,_1(c) satisfies the condition (0.1), but
if n 2 3, then it is not Einstein. These implies that the estimate of the
codimension is best possible.
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REMARK. The Proof in this section can be discussed in the similar
manner, through the ambient space is a complex space form of constant
negative holomorphic sectional curvature.

In this case, the first equation of (2.7) implies that M is Einstein.
This is a brief proof of Kon’s result.
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