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BEST APPROXIMATION SETS IN
LINEAR 2-NORMED SPACES

S. ELumaLar, Y. J. CHO AND S. S. KIM

ABSTRACT. In this paper, we give some properties of the sets D (z,,
G), Pg,.(z). We also provide the relation between Pg . (z) and Géte-
aux derivatives.

1. Introduction

The concept of linear 2-normed spaces has been initially investigated
by S. Gahler ([7]) and has been developed extensively by Y. J. Cho, C.
Diminnie, R. Freese, S. Géhler, A. White and many other ([2], [7], [8],
[11]).

Let X be a linear space of dimension greater than 1 and let |-, -|| be
a real-valued function on X x X satisfying the following conditions:

(N1) |lz,yll = 0 if and only if = and y are linearly dependent,

(N2) |z, yll = lly, I,

(N3) |laz, y|| = |a|llz, y||, where « is real,

(N4) ”‘T + y,Z” < ”$,Z” + ”y,Z”
|, -|l is called a 2-norm on X and (X, ||-,-]|) is called a linear 2-normed
space. Some of the basic properties of 2-norms are that they are non-
negative and ||lz,y + ax| = ||lz,y| for every 2,y € X and every real
number .

Let (X, ||, -||) be a linear 2-normed space and V (z,y) be the subspace
of X generated by  and y in X. For all z,y € X define

2 + ty, 2l — ||z, z]]
t

n(z,y|z)(t) =
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for any real t and z € X \ V(z,y).

Then the functional n(z,y|z)(t) is non-decreasing of the real positive
variable ¢ for any fixed z,y in X and for arbitrary z in X. Moreover,
the limit tl_i)ré{r n(z, y|z)(t) exists ([1]).

Put Ny(z,2)(y) = tl_i)%1+ n(x,y|z)(t), which is called the right-hand

Gateaur derivative of the 2-norm ||-, .|| at (z, z) in the direction y. In [1],
Y. J. Cho, S. S. Kim and A. White obtained the following properties of
Ni(5)0)

For every z,y in X and z € X \ V(x,y),

(1) [Ny (2, 2)(y)] < lly, 2|

(2) Ni(z,2)(y +v') < No(z,2)(y) + Ny (2, 2)(v)-

(3) Ni(az,2)(By) = BN4(z,2)(y) for all reals v, 3 > 0.

(4) N+(£L‘,Z)(O) =0 and N+(0az)(y) = ||y7Z”

(5) =No(z,2)(—y) = lim (Jlz +ty, 2| — ||z, 2]))/t < Ny(z, 2)(y).

(6) Ni(z,z)(az) = a||x, z|| for all real a.

Recently, some results on best approximation theory in linear 2-norm-
ed spaces have been obtained by S. Elumalai and R. Ravi ([4], [5]), L
Frani¢ ([6]), S. S. Kim and Y. J. Cho ([9]), S. A. Mariadoss ([13]), R.
Ravi ([19]). These papers are based on the reseach works in normed
linear spaces made by G. Godini ([10]), T. D. Narang ([14], [15]). P. L.
Papini ([16], [17]), P. L. Papini and I. Singer ([18]), I. Singer ([20]), and
they have contributed to the study on the geometric structures of linear
2-normed spaces.

For a fixed z € X, the function p,(z) = ||z, 2|,z € X, is a seminorm
on X and the family P = {p, : z € X} of seminorms generates a locally
convex topology on X, which is called the natural topology induced by
the 2-norm |-, -||.

In this paper, we give some properties of the sets D, (z,, G), Pg,.(z).
We also provide the relation between P () and Gateaux derivatives.

2. D.(z,,G) and Py .(z)

In this section, we define and study two subsets of X, denoted by
D,(z,,G) and Pg .(z).
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Let (X, [|,-[|) be a linear 2-normed space and G be an arbitrary non-

empty subset of X and x, € X. Then for every z € X and for every
z € X \ G which is independent of = and z,, we have

(1) d:(z,G) < ||z — zo, 2| + d. (2., G),

where d,(z,G) = 12£ lz — g,z||. For each G C X and z, € X, we define
g

2)  Da(20,G) = {z € X|d.(2,G) = ||z — ,, || + d. (20, G)}

for any z € X \ G which is independent of z and z,.

Note that D,(z,,G) # ¢ since z, € D,(z,,G). If 2, € Int G, the
interior of G, then D,(z,,G) = {z,}.

We denote

3) P6,2(2) = {9 € G : ||z — go, 2|| = di(,G)}
and

(4) PeL(wo) = {z € X : |z - o0 2|l = d(3, G)},

where z, € G.
We now provide some simple properties of D, (z,, G).

LEMMA 2.1. Let g, € G,n=1,2,---, such that

dx(20, G) = lim ||z, — gn, 21].

Then for each z € D, (z,,G) and for any z € X \ G which is independent
of x and z,,,

dz(CL',G) = nli}n;o ”(E - g‘nyz“A
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Proor. For each z € D,(z,,G),
d.(z,G) = ||z — zo, 2| + d2(z0, G)
= tim (2 ~ o, 2] + 120 — g, 2])
> limsup ||z — g, Z||
n—00

> d,(z,G).

Therefore, we have d, (z,G) = li_}rn |z — gn, z||. This completes the proof.
n oo

O

LemMMa 2.2. (i) |ly — o, 2| = |ly — 2, 2|| + ||z — 0, 2]
(ll) y— + 2z, € Dz(:L‘O,G).

PrROOF. (i) Let z € D,(z,,G) and y € D,(z,G). Then, by (1) and
(2), we have

ly — 2o, 2]l

<y -2, 2) + llz — o, 2|

— (dz(y,G) - dz(x,G)) + <:dz(x,G) - dz(mo,G)>

=d,(y,G) — d.(z,,G)
< ly — =0, 2].

Therefore, it follows that ||y — zo, z|| = |ly — =, 2|| + ||z — ., 2|
(ii) Take z and y as in the proof of (i). Then, from (1), we have

d.(y —x+ z,,G)
>d.(y,G) — ly— (y —z+ ), 2|
=d.(y,G) — ||z — zo, z||

- (IIy —z,2|| + d.(a, G)) — |lz — zo, 2|

:ny—aar+0m—xm4whuwm00—wm-xmw

= “(y -z + IEO) - .’L‘O,Z” +dz(x07G)-
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Again, by (1), it follows that
d:(y — 2+ 26,G) = ||(y — = + o) ~ 20, 2| + d=(20, G),
which proves (ii). This completes the proof. O

LEMMA 2.3. Let z € D,(z,,G). Then
() [xo,z] = {Azo + (1 =Nz : 0< A <1} C D,(x,,G).
(ii) D,(z,G) C D,(z,,G).

ProOOF. (i) Let y = Az, + (1 — A)z such that 0 < A < 1. Then we
have
dz(yaG) > dz(x> G) - ”"E - y,Z”
= [z = 2o, z[| + d2(20, G) — ||lz — y, 2|
= |ly — o, 2|| + d2(z0, G).
So, by (1), it follows that d,(y,G) = |ly — 6. z|| + d.(z,,G) implies
y € D.(z,,G).
(ii) Let y € D,(z,G). Then, by Lemma 2.2 (i),
d.(y,G) = |ly — z, z|| + d.(z,G)
= lly —z,zll + (lz — 2o, 2]l + d (20, G))
= |ly — 2o, 2|| + d2(z0, G).

Therefore, we have y € D,(z,,G). This completes the proof. O

LEMMA 2.4. Let x,,y, € X and A # 0. Then
(i) D2 (26, G) + Yo = D2 (To + Y0, G + Yo).
(ii) D.(20, AG) = AD,(z,/), G).

ProoOF. (i) Let z € D,(z,,G). Then we have
dz(l' + Yo, G+ yo) = dZ(xa G)

= ||x - xo,z” + dz(me)
= ||z + yo — (Zo + Yo), 2|| + d2(To + Yo, G + Yo)-
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Therefore,  + yo € D (o + Y0, G + ¥o)-
Conversely, let y € D,(z, + Yo, G + y,). Then we have

dz(y_yOaG) :dz(y’G+y0)
= ”y_‘ Yo — To, z“ +dz(xo +yo,G+yo)
= ”(y - yo) - woaz“ + dz(xo,G)-

Therefore, it follows that y — y, € D,(z,,G) and so
Dz(xm G) + Yo = Dz(xo + Yo, G + yo)'
(ii) Let z € D,(z,, AG). Then we have

dy (/) G) = |71!dz(m, AC)

1

= 57 (12 = 20021 + d(20:XG))
X To

= “3\- — T,Z” +dz(x0/)‘7G)'

Therefore, /A € D,(z,/\, G).
Conversely, let z € D,(z,/A, G). Then we have

d.(\z, A\G) = |\|d.(z, G)
= (e = 52,2l + da(20/ 1, @)
= || Az — &, z|| + d2(Z0, AG).

Therefore, Az € D,(z,, A\G).

In particular, if G is a subspace of X, then
Dz ()\mo + go, G) = AD, (xm G) + 90

for every g, € G and A # 0. This completes the proof.
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LEMMA 2.5. Let G C Gy and z, € X, where G, is a subset of X
such that

(5) dz(anG) = dz(mo,Gl)-

Then D,(z,,G1) C D,(z,, G).
PROOF. Let z € D;(z,,G1). Then, by (5), we have

d.(z,G) > d.(z,G1)
= ”.’L‘ - xan“ + dz(fL'OaGl)
= ||z — zo, 2|| + d.(z,, G).

By (1), it follows that d.(x,G) = ||z - z,, 2| + d.(x,, G). Therefore, by
(2), x € D,(z,,G). This completes the proof. ]

THEOREM 2.6. (i) Pg .(z,) C Pg,.(x) for every x € D,(z,, G).
(ii) D.(z0,G) = P(;’i(:co) for every z, € G.

Proor. (i) Let z € D.(z,,G) and g, € Pg .(r,). Then, by Lemma
2.2 (i),
d.(z,G) = ||z — zo, 2| +d, (20, G)
= ||z — o, 2|l + [|To — o, 2]
= HJI — Yo, 2”7

which proves that g, € P ,(z).
(ii) Let z, € G and let x € D,(z,,G). Then we have

d:(z,G) = ||z — o, 2|| + d.(26,G) = ||z — Zo, 2|,

where z, € G. This shows that z, € Pg . (z), ie, z € Pc_vlz(:ro) and so
D,(z,,G) C Pélz(a:o)

Conversely, let z € PG_,IZ(:BO). Then z, € Pg,(z). Since z, €
G,d.(z,,G) = 0. Hence, we have d.(z,G) = ||& — o, 2|| + d2(z0,G)
implies z € D;(z,,G). Therefore, it follows that D,(z,,G) = P(;_lz(ilfo)
for z, € G. This completes the proof. O
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For a subset G of a linear 2-normed space X and for each b > 0, the
b-extension of G denoted by G, and defined by

Gy={reX:d,(2,G)<b, z2€ X}
If b= 0, then d,(z,G) = ;g(f; lx — g,z|| = 0. This shows that z € G
and for each x € G, the best approximation of z is itself. Hence, G, = G.
THEOREM 2.7. Let G C X,z, € X and b < d,(z,,G). Then
D,(z,,G) = D,(z,,Gy).

ProOF. From [3], for each z € X with d,(z,G) > b, we have
(6) d.(z,G) =d.(z,Gp) + b.
Let y € D.(z,,G). Then
d=(y, G) = lly — 7o, 2| + da(z0, G) 2 b,
since d,(z,,G) > b. So, by (6), we have
d:(y,G) = d.(y,Gp) +b,  d:(20,G) = d(20,Gp) +b.
Hence, we have
d:(y,Gb) = d.(y,G) — b
= ly — o, 2l + dz(20, G) — b
= ||y — %o, 2| + d:(z0, Gb).

Therefore, it follows that y € D,(z,, Gy) and so D,(z,,G) C D,(z., Gyp).
Conversely, let x € D,(z,, Gp) such that z # z,. Then z ¢ G;, and
so d,(z,G) > b. By (6) and by z € D,(z,,G}), we have

d.(z,Gp) = ||z — To, 2|| + d.(20, Gb) = ||z = 20, || + d. (20, G) — b.
Thus, it follows that
d.(z,G) =d,(z,Gp) + b
= |lz — @0, 2| + dz (20, Gb) + b
= [z = 2o, 2| + dz (0, G).

which implies that z € D,(z,,G) and so D,(z,,Gy) C D,(z,,G). This
completes the proof. ol
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THEOREM 2.8 ([19]). Let (X, |, -|]) be a linear 2-normed space. Let
G be a linear subspace of X, z € X\ G and z € X \ [z, G], where [z, G]
is the space generated by x and G. Then for g, < G, g, € Pg ,(z) if and
only if g, € Pg ,(az + (1 — a)g,) for all a € R.

By using Theorem 2.8, we have following:

THEOREM 2.9. Let (X, ||,-||) be a linear 2-normed space and let G
be a linear subspace of X, x € X \ G and z € X \ [z,G]. Then the
following statements are equivalent:

(i) For g, € G, g, € Pg .(x).
(ii) Ny(xz = 90,2)(go—9g) >0 forallg € G.

PROOF. (i) implies (ii): Assume that (i) holds. Then by theorem 2.8,
we have g, € Pg .(ox + (1 — a)g,) for & > 1. Thus, for all g € G,

laz + (1 —a)go — go, 2|l < [laz + (1 — a)g — g, 2|,
which implies that

1
Iz = o, 2ll < llz = 9o + =(g0 — 9), 2|
Taking t = 1/, we have ||z — go + (9o — 9), 2| > ||Z - go, 2||. Therefore,
we have

|z — go +t(go — 9), 2|l — ||z — go, 2||
t—0+ t

(ii) implies (i): Assume that (ii) holds. Then, since
1z = 9o +t(go — 9), 2ll — ||z = 9, 2|
t

is non-decreasing function of the real positive variable ¢, for any fixed
z€X\G,2z€ X\ [z,G] and g € G, we have

[ = go +t(g0 = 9). 2l > ||z = ga. 2]

for t > 0. So, for t = 1, it follows that ||z — g, z|| > ||z — go, z|| for every
g € G. Therefore, we have g, € P ,(z). This completes the proof. [J
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