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ON A FIBER SPACE OVER A CURVE

DonG-KwAN SHIN

ABSTRACT. Let X be a smooth projective threefold. Let C be a
smooth projective curve and let f : X — C be a fiber space with con-
nected fiber S. Assume that g1 (S) == 0. Then we have —x(O¢) x(Og)
< —x(Ox).

Throughout this note, we are working over the complex number field
C.

Let S be a smooth projective surface and let C be a smooth projec-
tive curve. In some other place, we have investigated the fiber space
f:§ — C with connected fibers. We had the result x(O¢) x(OF) <
x(Os). In this note, we have tried to extend to a threefold the tech-
nique which we have used on a surface. But we can not have the same
type result, because we don’t have any tools to control the higher di-
rect image of sheaf R'f,Ox (K x).- We add an extra condition about
the fiber of f which often appears during investigating the rational map
associated with the complete linear system. Then we have the result
—x(0c¢) x(0s) < —x(Ox) like the case of a surface. See Theorem A for
the detail matters about our main result.

Now, we are going to fix our notations to use throughout in this note.

Let X be a smooth projective variety. Denote by Kx its canonical
divisor. Denote the dimension of H*(X, Ox (D)) by h*(X,Ox (D)). Let’s
denote the genus of X by py(X) and for i = 1, 2, h(X, Ox) by ¢:(X)
(or simply p, and g; if there is no possible confusion). Denote by x(Ox)
the Euler characteristic of X.

Let’s begin our story with the following known theorems.

Received January 15, 1997. Revised June 5, 1997.

1991 Mathematics Subject Classification: 14E05, 14J30.

Key words and phrases: Euler characteristic, fiber space.

This paper is partially supported by Korean Ministry of Education through Re-
search Fund BSRI-96-1438 and by Kon-Kuk University in 1996.



540 Dong-Kwan Shin

THEOREM 1. (Hirzebruch-Riemann-Roch theorem) For a locally free
sheaf € of rank v on X of dimension n, the Euler characteristic x(£) of
€ is given as follows:

X(€) = deg(ch(£) - td(T))n,
where ch(£) is the Chern character of €, td(T) is the Todd class of the
tangent sheaf T of X and ( ), means the component of degree n.
For the detail matters, see Hartshorne [1].

THEOREM 2. Let X be a smooth projective threefold and let C be
a smooth projective curve. Let f : X — C be a surjective map with
connected fibres. Then R?f,Ox(Kx) is isomorphic to Oc(K¢).

For a proof, see Kollar [3].

THEOREM A. Let X be a smooth projective threefold. Let C be a
smooth projective curve. Let f : X — C' be a fiber space with connected
fibers and let S be a general fiber of f. Assume that q;(S) = 0. Then
we have

—x(Oc) x(0s) < —x(Ox).

PROOF. We have the fiber space f : X — C with connected fiber S.
By the spectral sequence, we have

Pg = hO(X’ OX(KX)): hO(C7 [Ox (KX))
g2 = h'(X,Ox (Kx))= h!(C, f.Ox (Kx)) + h°(C, R* f.Ox (Kx))
a1 = h*(X,0x(Kx))=h*(C, fLOx(Kx)) + h'(C, R f.Ox (Kx))
+ h%(C, R% £, Ox (Kx))

We have R!'f,Ox(Kx) = 0 since ¢:(S) = h}(S,04(Ks)) = 0. So, we
have h*(C,R' f,Ox(Kx)) = 0. By Theorem 2, R?f,Ox(Kx) is isomor-
phic to O¢(K¢). Since C is a curve, h?(C, f.Ox(Kx)) = 0 clearly.
Hence we have

Py = hO(Ca f*OX(KX))

3@ = h'(C, f,Ox(Kx))

@ = h%(C,0c(Kc)).
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See that ¢, = py(C). It is known that f+Kx/c = f(Ox(Kx) ®
F*Oc(Kc)™) is semipositive and locally free of rank p,(S). So

deg f (Ox(Kx/c) > 0. (See Kawamata [2] and Ueno [4].) By Theorem
1, we have

hO(C, 1.0x (Kx))~h!(C, f,Ox (K x))
= deg f.Ox (Kx) + pg(S)(1 — pg(C))
= deg f K x/c + pg(S)(py(C) — 1)
> pg(8)(pg(C) - 1).
So pg — g2 2> pg(S)(pg(C) — 1). Hence we have
—x(Ox)=ps—q@2+q —1
> pg(S)pg(C) — 1) + 1 — 1
= py(9)(pg(C) — 1) +py(C) =1
= (Py(S) +1)(pe(C) - 1).
Since ¢1(S) = 0, x(Os) = p,(S) + 1. Therefore, we have —x(Oc)x(0s)
< —=x(Ox). O

REMARK. Actually, x(Ox) = (=1)"x(Ox(Kx)), where n is the di-
mension of X. So our result can be reformulated as x(Oc(K¢)) x(Os

(Ks)) < x(Ox (Kx)).
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