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CONJUGACY SEPARABILITY OF FREE PRODUCTS
WITH AMALGAMATION

GoANSU KM

ABSTRACT. We first prove a criterion for the conjugacy separability of
free products with amalgamation where the amalgamated subgroup is
not necessarily cyclic. Applying this result, we show that free products
of finite number of polycyclic-by-finite groups with central amalgama-
tion are conjugacy separable. We also show that polygonal products
of polycyclic-by-finite groups, amalgamating central cyclic subgroups
with trivial intersections, are conjugacy separable.

1. Introduction

A group G is said to be conjugacy separable if, for each pair of noncon-
jugate elements z,y € G, there exists a finite homomorphic image G of
G such that the images of z,y in G are not conjugate in G. Conjugacy
separability of groups is related to the conjugacy problem in the study of
groups. In fact, Mostowski [11] proved that finitely presented conjugacy
separable groups have solvable conjugacy problem. Since Stebe [15] and
Dyer [3] studied the conjugacy separability of generalized free products
of free or nilpotent groups, the conjugacy separability of generalized free
products of various groups, amalgamating a cyclic subgroup, has been
studied in (7, 8, 9, 12, 13, 16]. But, when the amalgamated subgroup is
not cyclic, the conjugacy separability of generalized free products is not
much known. In this paper, we give a criterion (Theorem 2.3) for general-
ized free products amalgamating a subgroup, not necessarily cyclic, to be
conjugacy separable. Applying this result, we show that generalized free
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products of finite number of polycyclic-by-finite groups, amalgamating a
subgroup in the center, are conjugacy separable. Moreover, from our cri-
terion, we can easily prove the main result in [6] that polygonal products
of polycyclic-by-finite groups, amalgamating central cyclic subgroups with
trivial intersections, are conjugacy separable.

Throughout this paper we use standard notations and terminology.

The letter G always denotes a group and 1 denotes the identity of a
group.

{2}€ denotes the set of all conjugates of z in G.

HC denotes the normal closure of H in G.

X ~¢g Yy means z,y are conjugate in G.

N <y G means N is a normal subgroup of finite index in G.

We denote by E p F the generalized free products of £ and F amal-
gamating the subgroup H. If x € G = A g B then ||z|| denotes the free
product length of z in G.

Let S be a subset of G. Then G is said to be S-separable if, for each
z € G\S, there exists N<i;G such that = ¢ NS.

If G is {1}-separable, then G is said to be residuclly finite.

If G is H-separable for each finitely generated subgroup H of G , then
G is called subgroup separable.

We shall make extensive use of the following results.

THEOREM 1.1. [10, Theorem 4.6] Let G = A *y B and let z € G be
of minimal length in its conjugacy class. Suppose that y € G is cyclically
reduced, and that x ~¢ y.

(1) If [|z|| = 0, then |ly|| < 1 and, ify € A, then there is a sequence
hi,ha, ..., k. of elements in H such that y ~4 hy ~g hs ~grrr~a by ~p
.

(2) If ||z]| = 1, then ||yl| = 1 and, either x,y € A and z ~4 y, or z,y € B
and z ~p y.

(3) If ||z|| > 2, then ||z|| = ||y|| and y ~ x* where ©* is a cyclic permu-
tation of x.

THEOREM 1.2. [3, Theorem 4] If A and B are conjugacy separable and
H is finite, then A *y B is conjugacy separable.

REMARK 1.3. Letujuy - -u, and v v, - - - 5 be reduced words in E xg F.
Then uyus -+ - u, = vive---v, if and only if r = s and there exist h;e H
such that Uuy = 'l)lhl, Ug = h;lvghg,. vy Upl = h;_lzvr_lhr_l, and Up =
h 4,
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2. A criterion

In this section we prove a criterion for the conjugacy separability of
generalized free products of groups amalgamating a subgroup. Then, in
next sections, we apply this criterion to show that certain groups are
conjugacy separable.

Let G = E *y F. For normal subgroups M < E and L < F such that
M N H = LN H, there is a natural homomorphism

¢mp: E*y F — E/M x5 F/L,
where H = MH/M = LH/L.

DEFINITION 2.1. Let G = E g F and let A = {(M;,L;):i €I} bea
set of normal subgroups of E and F such that M;NH = L;N H satisfying:

D1. for (Ma,, La,) € A, we have (N[, M,,, N, Ly,) € A;

D2. for each (M, L) € A, ¢u,1,(G) = E/M *z F/L is conjugacy separa-
ble;

D3. for z,y € E such that z £ y (or 2,y € F and z % y), there exists
(M, L) € A such that Mz g/ My (or Lz #p/;, Ly);

D4. for z € E such that {z}* N H =0 (or z € F and {z} N H = 0),
there exists (M,L) € A such that {Mz}*™ n MH/M = @ (or
{Lz}*/E N LH/L = 0);

D5. ﬂ(M,L)eAMHeH = HeH and ﬂ(M,L)EALHfH = f{fH fore € F and
feF.

Then we call A a compatible filter of the generalized free product G =
E *pg F.

Note that much simple filtrations were used by G. Baumslag [2] in the
study of the residual finiteness of generalized free products.

LEMMA 2.2. If G = E =y F has a compatible filter A, then G is resid-
ually finite.

PROOF. Let 1 # x € G. Since E/M x5 F/L is conjugacy separable by
D2, it is residually finite. Hence it suffices to find a suitable (M, L) € A
such that T# 1in G = E/M 5 F/L.

First, suppose x € EU F, say x € E. Since ¢ # 1, x #g 1. Thus, by
D3, there exists (M, L) € A such that Mz ¢ e/m M1. This clearly implies
that T# 1in G = E/M *5 F/L.
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Second, suppose z ¢ E U F. Without loss of generality, we assume
T = e f1---enfn, where e; € E\H and f; € F\H. Now it follows from
D5 that Nv,pyeaMH = H and NamryealH = H. Hence there exist
(M;, L;) € A and (M, L) € A such that e; ¢ M;H and f; ¢ L:H for each
i. Let M =N (M;NM]) and L =nN2,(L; N L.). Then, by D1, we have
(M,L)y € A, e; ¢ MH and f; ¢ LH for all 5. Thus IZ|| = |lz]| > 1 in
G = E/M %5 F/L, hence T # 1. O

THEOREM 2.3. Let G = E xy F have a compatible filter A satisfying:

D6. if there exist a reduced word uy -+ - up_ur € E xyg F (r > 2) and
h € H such that uy - - - ur_1hu, € Huy - - - u,_yu, H, then there exists
(M, L) € Asuch that ¢pr(uy - - - ur—1huy) & dprp(Huy - - - up_yuH),
where ¢p L (G) = E/M %5 F/L;

D7. for each (M,L) € A, ifz,y € H and T ~5 7 (or T ~5 ), where
E=FE/M (or F = F/L), thenZ = 7.

Then G = E =y F is conjugacy separable.

PROOF. Let z,y € G such that x %¢ y. Without loss of generality we
can assume that x and y are of minimal lengths in their conjugacy classes
in G. Since G is residually finite by Lemma 2.2, we may assume z # 1 # y.
To prove our result, we shall find (M, L) € A such that T £z 7y, where
G=E /M *g F/L. Then, by D2, G is conjugacy separable whence there
exists K <1;G such that K7 Yelrs Ky. Let K = ¢>M . (K) be the preimage

of K in G. Then we have K<5G and Kz #g/k Ky, as required.

Case 1. ||z| = 0 = |ly||. By D3, there exists (M L) € A such that
T A5 7, where E = E/M. Now, if T ~5 ¥ in G = E/M *7 F/L then,

by Theorem 1.1, there is a sequence izl ha, ... h, of elements in H such
that Y ~E hy ~f_ hy ~% -+ ~5 h, ~x T. Hence, by D7, we have
= hy = --- = h, = %. This clearly contradicts to the choice of M.

Hence T%ay inG=FE/M 5 F/L.

Case 2. |zl = 0 and [ly| = 1 (or |lyll = 0 and |jz|| = 1), say,
y € E\H and x € H. Since y is of minimal length 1 in its conjugacy
class, we have {y}¥ N H = 0. By D4, there exists (M, L) € A such that
{Mz}EMNMH/M = 0. Let G = E/M %z F/L. Then, by Theorem 1.1,
7 is of minimal length 1 in its conjugacy class in G. Hence T *c Y, as
required.
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Case 3. |z|| # |yl and ||z]| > 2 (or ||ly|| > 2). Since z is of minimal
length in its conjugacy class, it is cyclically reduced. Let z = e, fi-enfn
(say, other cases being similar), where e; € E\H and f; € F\H. Then,
as in the proof of Lemma 2.2, we can find (Mi,Ly) € A such that
68,0, ()| = [zl = 2n in ¢ap,,1,(G) = E/My x5 F/Ly. Similarly,
we can find (M, Ly) € A such that ||gas, 2, (y)i = |[yl] in das.r,(G) =
E/Mz * g F/L2 Let (M, L) = (Ml NMs, Ly DLQ:E. Then (M, L) €A and,
in G = E/M *z F/L, we have ||Z|| = ||z|| and 17l = llyll. Moreover T is
cyclically reduced and is of minimal length 2n in its conjugacy class and
IZ|l # |[7ll. Hence, by Theorem 1.1, T 1tz 7, as required.

Case 4. [|lz| = 1= |ly]|.

(i) z,y € E\H (or z,y € F\H). Since z is of minimal length 1 in its
conjugacy class, {}”NH = @ and z £ y. By D3, there exists (M, L) e
A such that Mz g/, My and, by D4, there exists (My, L3) € A such
that {MQIE}E/MQ n M2H/M2 = 0 As before, let (M, L) = (A/.{] N jWQ, L1 N
Ly). Then (M,L) € A and, in G = E/M #5 F/L, we have Z %5y and
{i}F N H = 0. Hence T is of minimal length 1 in its conjugate class and
Z %5 Y. Thus, by Theorem 1.1, Z £ 7, as required.

(ii) Suppose x € E\H and y € F\H (or ¢ F\H and y € E\H).
As in (i) above, there exists (M,L) € A such that {Z}* N H = § and
{7} NH = 0, where E = E/M and F = F/L. Let G = E/M 5 F/L,
then 7,7 are of minimal length 1 in their conjugacy classes with T € £
and § € F. Hence, by Theorem 1.1, 7 *& ¥, as required.

Case 5. Suppose ||z|| = |ly|| = 2n. Let 2 = e;f1---e,fn and y =
€ f1 - enfr, where e;,e; € E\H and fj, f/ € F\H for all j. As in the
proof of Lemma 2.2, we can find (M, Ly) € A such that e]-,e; & MyH
and fj,fJ'- & LoH for all j. Since z ¢ y, we have z £y y* for all cyclic
permutation y* of y. Thus each of the equations

() : 6;'f3" T e;zfrlle,lf{ T 63--1fgl'—1 =h7leifyo- enfnh

has no solution h € H. We shall find (M;,L;) € A such that M, C M,,
L; C Ly and the equation

¢M,-,Lj(j) : d)Mj,Lj(e; Jl "f*r’zellfl’ - 'f;—l) = ¢MJ,L,(h—161f1 - enfrh)

has no solution ¢y, 1, (h) € ®m;.1;(H) for each j. Then, for M = N2 M;
and L = N, L;, we have ||Z|| = ||z|| = |ly|| = |7 and Z A g y* for any
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cyclic permutation §* of §, where G = E/M x5 F/L. Hence we have
T %¢& § as required.

Here we only consider the case j =1, since the others are similar.

(1) There exists ¢ such that e} ¢ He;H (or f! & Hf;H). Then, by
D5, we can find (P,Q) € A such that e, ¢ PHe;H. Let (Ml,Ll) =
(MoN P, LyNQ). In G = E/M, x5 F/L,, we have €, ¢ He,H and hence
7 ¢ HZH. Thus clearly T *FY.

Hence, from now, we suppose €, € He;H and f] == H f;H for all 1.

(2) There exists ¢ such that e} f]-- -f{_le € H’"elfl - fi1e;H, but
e’lfl’ o E;f; ¢ H61f1 s Gif,'H. Then eﬁf{ s , 16 = h1€1f1 f,;leihg
and f/ = hsf;hy for some h, € H. Since e’1f1 ejfl & Heifr- - e; i H
we have eif - ehohsf; & Heify- e fiH. Hencze, by D6, there ex-
ists (P,Q) € A such that ¢pg(e;fi---ehohsfi) & epo(Heifi - e f;H),
where ¢po(G) = E/P x5 F/Q. As before, let (M;,L;) = (MyN P, LO N
Q). In G = E/M, g F/L,, we have |[z|| = [lz]| = |ly|| = ||lgl| =
and e;fy---ehohsfi & Heyfy---e;f;H. This follows that elf1 -e f’ g
He fi---e;fiH, hence § ¢ HTH. Thus clearly we have T AT

(3) y € HzH but x4z y. Then evfi--enfl = hieifi - enfnhs
for some h1,hy € H and hihy # 1. By D3, we can find (P,Q) € A
such that Phihy #g/p P1. As before, let (M}, L)) = (Mo NP, LyN Q)
Then inG = E/M, x5 F'/L1, we have ¥ /4 T. Otherwise, elf1 e f’

h elfl enfnh for h € H. Thus erfi - enfn = hhieifs - enfnhz
This follows from D7 that & = hhie,(kh))~!, f; = hhif, (hhy)™1,

&, = hhjen(hhy) !, and f, = EJ,JZQE“. Hence, by D7 again, (hh;)"! =
Ezﬁ_l. Thus hihy = 1, whence hhy € M| C P, a contradiction. There-
fore T ot §, where G = E/M, x5 F/L,.

This completes our proof that there exists (M; L;) € A such that
M, C My, Ly C Lo and the equation ¢y, 1,(1) has no solution. Thus
T A7Yin G = E/M, x7 F/Ly.

This completes the proof. O

3. Amalgamating central subgroups

In this section we show that generalized free products of finite many
polycyclic-by-finite groups, amalgamating a central subgroup, are conju-
gacy separable.
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LEMMA 3.1. Let E, F be conjugacy separable and H C Z(E) N Z(F).
If E/M and F/M are also conjugacy separable for each M<i;H, then the
set A = {(M,M): M<;H} forms a compatible filter of E xp F.

PROOF. Clearly D1 holds. Since E/M and F/M are conjugacy separa-
ble and since H = MH/M = H/M is finite, E/M %5 F/M is conjugacy
separable by Theorem 1.2.

For D3, let z,y € E such that £ y. Since F is conjugacy separable,
there exists N<i;E such that Nz #e/n Ny. Let M = HN N. Then
M<ayH and M C N, hence Mz g/ My. Similarly, if z,y € F such
that = o4 y, then there exists M <y F such that Mx »%p/ My.

For D4, let z € E and {z}¥NH = . Since H C Z(E), this implies = ¢
H. Thenz ¢ MH = H for all M<1H. Thus, we have {Mz}!/MNH/M =
0. Similarly, if z € F and {z}' N H = @, then {Mz}'"™M N H/M = 0 for
all M<]fH.

For D5, clearly NiapyeaM HeH = HeH and NmmesMHfH = HfH
fore € E and f € F, since M C H. Therefore A = {(M,M): M<;H} is
a compatible filter of E %y F. il

THEOREM 3.2. Let E, F' be conjugacy separable and H C Z(E) N
Z(F). If E/M and F/M are also conjugacy separable for each M<;H,
then the generalized free product G = E xy F is conjugacy separable.

PROOF. Since A = {(M, M) : M<a;H} is a compatible filter of E xy F
by Lemma 3.1, we only need to show that D6 and D7 in Theorem 2.3 hold.
But, since H C Z(E) N Z(F'), we have H C Z(G). Hence clearly D6 and
D7 hold. Therefore G is conjugacy separable by Theorem 2.3. O

Any homomorphic image of polycyclic-by-finite groups are polycyclic-
by-finite. And polycyclic-by-finite groups are conjugacy separable [4] and
subgroup separable [14, p.148]. Thus, applying Theorem 3.2 inductively,
we have the next result.

COROLLARY 3.3. Let E; be polycyclic-by-finite groups, wherei =1, . .. ,
n, and H C Z(E;) for each i. Then the generalized free product of the
E;, amalgamating H, is conjugacy separable.
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4. On polygonal products

In this section we apply our criterion, Theorem 2.3, to polygonal prod-
ucts of polycyclic-by-finite groups, amalgamating central cyclic subgroups
with trivial intersections. The conjugacy separability of those polygonal
products was originally known by [6] but the proof there was quite com-
plicate. Here, using our criterion, we shortly show that those polygonal
products are conjugacy separable. Of course we use some lemmas in [6]
unavoidably. Terminology of polygonal products can be found in 1, 6].

‘THEOREM 4.1. Let P be the polygonal product of the polycyclic-by-

finite groups Ag, Ay, ..., Am (m > 3), amalgamating the central sub-
groups (ai1), ..., {am), (ao) with trivial intersections. Then P is conjugacy
separable

PROOF. Let Py be the subgroup (ao,ai, ... ,a,) of P. Then P, is the
polygonal product of abelian groups {ag, a1), (a1,a2), ... , (@m, ag) amal-
gamating cyclic subgroups (a1),. .., {(am), {ao), with trivial intersections.
Moreover, Fy is a graph product of cyclic groups {(a),..., (am), (ao).
Hence Fy is conjugacy separable by [5, p.104]. For 1 < i < m + 1,
let P = (- ((Py %5, Am) *B s Ame1)-+) %5, .1 Amoirs, where B; =
(aj,0;11) and amy1 = ag. Then P is the polygonal product of (ag, 1),
oy {@m—is @m—it1), Am—it1, -, A amalgamating the central subgroups
{a1), .., {@m—it1), - - -, {ao), with trivial intersections, and P, = Pxp .
Am—i. Thus P = P4y = P, xg, Ap. Hence we obtain P as taking suit-
able generalized free products starting from P,. Thus, since P, is conju-
gacy separable, for an induction assuming that every polygonal product
of polycyclic-by-finite groups (cg, ¢1),C1, ... , Cp,, amalgamating the cen-
tral subgroups (c1), ..., {¢m), (co) with trivial intersections, is conjugacy
separable, we shall show that P = P, x5, A is conjugacy separable. By
assumption, P, is conjugacy separable.

To apply our criterion for P = P, x5, Ay, we shall show that

A= {((ag,a})"™, (a5, al)) : 5,6 > 1}

forms a compatible filter for P = P,, Bo Ao

Note that {(ag', aﬁl)Pmﬂ(agz,atf P (a3, at)™ and {af}, aiY N (a2, al?)
= (ag,a}) where s,t are the least common multiples of s, sy and #;, .
Hence D1 holds.
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By induction hypothesis, P,, = Pn/(a5,al)"™ is conjugacy separable

for any s,t > 1, since B, is the polygonal product of (@, a1), A1/(at), As,

oy Am-1, An/(a}), amalgamating the subgroups (@), (a2), ..., {am),

(@). Now By = (ag,a;)/{a},at) is finite. Thus, for any s,t > 1, P =

P/{ad, aﬁ)P =P, *B, Ay is conjugacy separable by Theorem 1.2, where
Ay = Ag/{a},at). Thus D2 holds.

As in the proof of Lemma 3.1, D3 holds, since F,,, Ay are conjugacy
separable. Lemma 3.5 in [6] shows that D4 holds for P,,. Since By =
{ag.a1) C Z(Ap), D4 holds for Ay as in Lemma 3.1. Lemma 3.9 in [6]
shows that N, (ag, atl)P’"BoxBo = Byx By for ¢ € P,,. Thus D5 holds for
P,,. Since A = (ag.a1) C Z(Ap) and Ay is subgroup separable, D5 holds for
Ap as in Lemma 3.1. Therefore A is a compatible filter for P = P,, *g, Aop.

The condition D6 for P = P, xp, Ay was considered in [6, p.305]. D7
for P,, directly follows from Lemma 3.2 in [6] and D7 clearly holds for
Ay, since By C Z(Ap). Hence P = P, xg, Ag. is conjugacy separable by
Theorem 2.3. This completes our proof. O
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