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AN ISOMORPHISM OF THE COUSIN COMPLEXES

DAE Sic Kim

ABSTRACT. Let C(F, M) and C(S~1F,S~!M) be Cousin complexes
for a module M and a module S~ M over a commutative Noetherian
ring with respect to a filtration F and a filtration S~!F respectively.
In this paper, it is shown that there is an isomorphism between the
Cousin complexes S™1C(F, M) and C(S—1F,S~1M).

1. Introduction

Throughout ths paper, we let A denote a commutative Noetherian
ring with non-zero identity and M denote an A-module and C(A) denote
the category of A-modules and A-homomorphisms between them.

R.Y.Sharp introduced the concept of the Cousin complex for a mod-
ule M in [1]. Since then the Cousin complex has been applied to many
fields in commutative algebra; for instance a non-zero finitely gener-
ated A-module M is Cohen-Macaulay if and only if the Cousin complex
C(F, M) is exact (See Theorem 2.4 in [2]). Also the Cousin complex pro-
vides a natural minimal injective resolution for a Gorenstein ring (See
Theorem 5.4 in [1]). The close relation between a Cousin complex and
a generalized Hughes complex has been deeply investigated. Our pur-
pose of this paper is to give an alternative proof by using the generalized
Hughes complex to obtain the isomorphism between Cousin complexes
S=C(F, M) and C(S~1F, S~1 M) which is the one of the main theorems
in [1].
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2. Preliminaries

DEFINITION 2.1. A filtration of Spec(A) is a descending sequence
F = (F})ien, of subsets of Spec(A), so that

Spec(A) DFy2F,2---DF,DF;;D---

with the property that, for each i € Ny, each member of OF; = F,—F; 4,
is a minimal member of F; with respect to inclusion. We say that F
admits M if Supp(M) C F.

Whenever we have a filtration F of Spec(A) which admits M, we
can construct a Cousin complex C(F, M) for M with respect to F. The
Cousin complex C(F, M) for M with respect to F has the form

-2 —1 0 n
0L ML ML Mty oy L
where, for each n € Ny,

M™ = @B (Cokerd™2),,.
pESEF,

The homomorphisms in this complex have the following property: for
each m € M and p € OFp, the component of d~(m) in M, is m/1
and for n > 0, z € M ! and q € 8F,, the component of d*~!(z) in
(Cokerd™=2)4 is m(x)/1, where m : M™~! — Coker d"2 is the canon-
ical epimorphism. The fact that such a complex can be constructed is
explained in [3].

DEFINITION 2.2. A system of ideals of A is a non-empty set ® of
ideals of A such that, whenever I,J € ®, there exist K € ® such that
K C IJ. Such a system of ideals determines a funtor 'y : C(A) — C(A)
for which

Fe(M)={me M[Im=0 forsome I¢c &}

for each A-module M.
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Let ® be a system of ideals of A. Since & is a direct set with respect
to reverse inclusion, it is easy to procuce funtors

Dg :=lim Homa(I, ), and Hé::@Ext;(A/I, )
Icd I1<d

from C(A) to itself. We can similarly define a functor

lim Hom4(4/I, )
Ic®

from C(A) to itself which is naturally equivalent to I's.

For each A-module M and each I € ®, the exact sequence
0—-IT—-A—A/I -0

induces an exact sequence
0 — Homs(A/I,M) — Hom4(A, M) — Homa(I, M) — Exty (A/I, M) — 0.

It follows that there is an exact sequence
0 — T (M) —» M ™8 Dg(ar) 40 H1(ar) = 0

inC(A). Furthermore, ¢ (M) and £g(M) constitutes morphisms of func-
tors
7]<I>:Id——>D¢ and fcp :D.:p -—>Hé,

from C(A) to itself.

Let (®;)icn be a family of systems of ideals of A. It will be convenient
towrite K~2=0, K~'=Mand h~2: K~2 — K~ to denote the zero
homomorphism. Set E® = M, and let mp : K~! — E° be the identity
mapping of M to itself.

Suppose, inductively, that n € Ny and we have constructed a complex

-1 n—2
OHMh—iKO—)'-'-—)Kn_2h—> Kn—l,
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and A-module E™ and an epimorphism 7, : K»~! — E” for which the
sequence

Kn—2 h:2 Kn—l T E" 50
is exact. To construct the next term and the next homomorphism we
apply the ideas above to the system of ideals ®,,.; and A-module E™.
We obtain an exact sequence

§¢n+l (E™)
—

n n
E* " Dy (EM) H}  (E™ —0.

We define K™ = Dy, (gn) and Entl = HénH(E"), and we set b1 =
N0, (E™") 07 2 K™ 1 — K™ and mpqq = o, ,,(E™) : K™ — E™L
Since h"~! o h"~2? = ng_, (E™) o7, 0 h»2 = 0, and we have an exat
sequence K"~! R K™ "3t gl 0, the inductive step in the con-
struction is complete.

The complex that results from this constrution is called the gener-

alized Hughes complex for M with respect to the family of systems of
ideals (®n)nen and is denoted by H ((®1)nen, M).

3. Main Theorem

Let F = (Fi)icN, be a filtration of Spec(A), and V(I) denote the
variety of I. For each n € N the set

®,(F) = {I| lis an ideal of A such that V(I) C F,}

is a system of ideals of A. In this situation Sharp and Schenzel proved
the following lemma.

LemMMA 3.1. Let F = (Fi)ien, be a filtration of Spec(A) and let
(©n(F)),cn be the family of systems of ideals of A. Then the Cousin
complex C(F, M) for a module M with respect to F is isomorphic to the
generalized Hughes complex H ((®,(F Dpen » M) for a module M with
respect to (®n(F)),cn-

PROOF. See Theorem 2.3 in [4]. O
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LEMMA 3.2. Let f : A — B be a flat homomorphism of rings and ® a
system of ideals of A. Then two functors Dg( )®4 B and Dgr( ®B)
are natually equivalent, where &/ = {I¢|I € ®} .

PROOF. Let M be an A-module. For every two ideals I, J € ® with
I < J, the inclusion map A{ : J — I gives rise to a diret system

(Homa(I,M)®4 B);ce and (HomA()‘{’ﬁdM)®id3)(I,J)eq>xq>

of B-modules and B-homomorphisms over the direct set ®. Hence there
exists l_ir_}nle& (Homa(I,M)®4 B). For any I,J € ® with I < J, the

diagram
Homa(I,M)®4 B —— Homg(I*,M ®4 B)
Homa(J,M)®4 B —— Homp(J¢,M ®,4 B)
commutes. Therefore we obtain a B-isomorphism

ap : lim (Homa(I, M) ®4 B) — lim Homp(I°,M ®a B).
Ied Ie®

By the universal property of direct limits, there exists a natural B-
homomorphism

By : lim (Homa(I, M) ®4 B) — (l_n_)n Homy(l, M)> ®4 B.
Icd Icd

Since direct limit commutes with a tensor product, 8y is indeed a B-
isomorphism. Hence we have a B-isomorphism

aMﬂ;,l : (1_1_13 HomA(I,M)> ®4 B — l_iE}HomB(Ie,M@A B).
I€d Ic®

On the other hand, we have a direct system

e Je -
(Homp(I®,M ® B))jeces and (HomB()\,e,sz®B))(187Je)EMX¢f
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of B-modules and B-homomorphisms over the direct set ®'. Hence there
exists l-i?}pequ (Homp(I*®,M @ B)). Now for any I < J in ®, the com-

mutative diagram

Homp(I*, M ® B) _natural, Homp(J¢,M ®4 B)

\ |

lim Hompg(I°,M ® B)
s

—Jecd
implies that there exists a natural B-homomorphism

v !_iE}HomB(Ie,M@)B) — 1_1551 Homp(I*, M ®4 B).
Ied Iecdf

It is easy to see that vy is a B-isomorphism. Therefore we have
Dcp(M) ®a B = (MHomA(I,M)) ®a B
Ied
~ li_r,nHomB(Ie,M@)A B)
Icd
~ lim Homg(I°,M ®4 B)

Iec/s
= Dq,f(M ® A B)

Moreover, if N is a second A-module and g : M — N isan A-homomorphism,
the following diagram

Dg(M)®4 B —=— Dgs(M ®4 B)
D¢(g)®idsl lDQf(g®idB)
Dg(N)®4 B —— Dgs(N ®,4 B)
commutes. The proof is now complete. d
If we set, for each i € Ny,

Fi = {p € Supp(M)|htmp > i},
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F = (Fi)ieN, is a filtration of Spec(A) which admits M, so that we can
construct the Cousin complex C(F, M). Now let S be a multiplicative
closed subset of A. Since

Supps-14(S~IM) = {S7'plp € Suppa(M) and pNS = 0}

it follows that if p € Suppa(M) with pNS = O then htg-1,,5 1p =
htarp. Here, for p € Supp(M), the notation htpp denotes the M-height
of p, that is the dimension of the A, — module M,. Therefore if we
set STIF; = {S7'plp € F; and pNS = 0}, SIF = (S71F))ien,
is a filtration of Spec(S™1A), so we can construt the Cousin complex
Cs-14(S71F,S~1M). In this situation, we have the following theorem.

THEOREM 3.3. There is an isomorphism of complexes of S~! A-modu-
les and S~ A-homomorphisms

U =9, 1 :STIC(F,M) — C(S7F, 51 M)
which is such that =1 : 1M — S=1M is the identity.
PROOF.
STHC(F,M)) ~C(F,M)®4 S 4
>~ H((Pn(F)),M)®4 S 'A by Lemma 3.1
~ H((®{(F)),S"*M) by Lemma 3.2
~C(S™YF,S7IM)
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