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THE INDUCED AND INTRINSIC CONNECTIONS OF
BERWALD TYPE IN A FINSLERIAN HYPERSURFACE

HA-YONG PARK AND HONG-SUH PARK

ABSTRACT. The main purpose of the present paper is to derive the
induced (Finsler) connections on the hypersurface from the Finsler
connections of Berwald type (a Berwald h-recurrent connection and
a FI' connection) of a Finsler space and to seek the necessary and
sufficient conditions that the induced connections coincide with the
intrinsic connections. And we show the quantities and relations with
respect to the respective induced connections. Finally we show some
examples.

1. Introduction

The hypersurface F*~! = (M™ !, L(u,v)) of an n-dimensional Finsler
space F™ = (M", L(z,y)) with fundamental function L(z,y) is an (n-
1)-dimensional Finsler space with the induced metric function L(u,v)
(2].

In the present paper we are concerned with the hypersurface F™*~1 of
a Finsler space F" endowed with Finsler connections of Berwald type
(a Berwald h-recurrent connection and a FI"' connection). By a similar
method to {7] we shall derive the induced (Finsler) connections on the
F~! from the given Finsler connections of F" and seek the necessary
and suflicient conditions that the induced connections coincide with the
intrinsic connections. And we show the quantities and relations with
respect to the respective induced connections. Finally we show some
examples.
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Throughout the present paper we shall use the terminology and nota-
tions of [2] and especially the quotation from [2] is indicated by putting
asterisk (x).

2. The induced Berwald h-recurrent connection

As a Finsler connection which is valuable in the theory of confor-
mal changes of metric we have a Berwald h-recurrent connection 3]
B"T = (Fj'k, Nk, C;%) of a Finsler space F™ = (M™, L(z,y)) (B"1: h-
recurrent, ie. L;; = Ls;, where s;(x,y) is a covariant vector field,
B"2 . (h)h-torsion T’y = 0, B"3 : deflection D%, =0, B"4 : (v)hov-
torsion P'; =0, B"5: (h)hv-torsion C;' =0).

We shall denote by IB"I" the connection of a hypersurface F*-1 =
(M™1, L(u,v)) induced from the Berwald h-recurrent connection B"T
and indicate the quantities with respect to I B"[ by putting "¥*” on

bh
them. Then *(2.6) and (B"5) show C3°. = 0. From *(3.12) and (B"1)
bh
we have L, = Ls,. Next *(2.18), (B"3) and (B"5) give Do, = 0.
bh.
Further *(2.16), (B"2) and (B"5) yield T, = 0. From *(2.20), (B"4)
and (B"5) we get

bh bh

(2.1) PO, = 2H3M?,

from which, taking account of v*M,5 = 0 and *(1.13), we have

b}z
(2.2) Po =0
and
‘ XD bha Ia bha'
(2.3) v (0,Q% 5 — 03Q%s,) = 0,
bh, bh bh

where we put Qa(;ﬁ = Paoﬂ - Pa[jo‘.
Here (2.2) and (2.3) are the conditions for IB"T" to be a generalized
Berwald P?-connection of [2]. Thus we have
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THEOREM 2.1. The connection IB"T of a hypersurface F*~! in a
Finsler space F"*, induced from the Berwald h-recurrent connection B"T
of F™, is a generalized Berwald h-recurrent P!-connection which is uniqu-

ely determined from the induced metric L(u,v) and a covariant vector
field s, (u,v) such that

(IB"1) h-recurrent : Ly, = Lsa,
bh
(IB"2) The (h)h-torsion tensor T 5., = 0,
bh
The deflection tensor D, = 0,

b

(IB"3)
IB"4) The (v)hv-torsion tensor P 4., is given by(2.1),
By
5)

bh
The (h)hv-torsion tensor Cg®., = 0.

(IB"5 h
THEOREM 2.2. The induced Berwald h-recurrent connection I B"T" of

F™~1 coincides with the intrinsic Berwald h-recurrent connection BT
bh

of F*~1 if and only if (1) a normal curvature vector Hz = 0 or (2) a

Brown tensor M,z = 0.

We shall find the quantities and relations with respect to IB"" =
bh bh ) }
(Fg*y,N%,,0) induced from B"' = (F}%, N.0). From *(2.4) and
*(2.9) we have

N®, = B}(Bj,, + N'yBY),

b .
a « i i k
Fg®., = B2(BY, + Fj'4 B

(2.4)

£

bh
The normal curvature vector H g and the second fundamental h-tensor
bh
H ., are respectively given by *(2.7) and *(2.10) :

g . , .
(2.5) Hyg = Bi(Bys + N'; B )
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and
ph
(2.6) Hg, = B; (B%/ + F* kB,i,y)
from which we have
" bt b b "
(2.7) HB’Y:H’Y»B’ HO’Y:H"/O:H7'

Finally *(2.21), (B"4) and (B"5) show

. bP b*
(2.8) agH —Hpg, = MﬁH

from which, by virtue of (2.7), we have

. bh
(2.9) 85H0 = 2Hﬁ + MBHO

3. The induced FI' connection

We are concerned with a generalized Berwald P!-connection of F™
with P%; = —A;%, where Ajx = Lg;*x(g;' - Cartan’s C-tensor).
This connection is called a FI connection (8] FI' = (F}', N'4, C;%) of
F™(I'"1: L-metrical, T'2: (h)h- torsion T’ =0, I'3: deflection DYy =
0, I"4 : (v)hv-torsion P*j, = — A%, "5 : (h)hv-torsion C;tk = 0).

We shall denote by IFI” the connection of F*~! induced frorn this
FT' and indicate the quantities with re,spect to IFT’ by putting "+ on

them. Then *(2.6) and (I''5) show Cﬁ v = 0. From *(3.12) and (I'1)
'Yl
we have L, = 0. Next *(2.18), (I"3) and (I'5) give D<., = 0. Further

7/
*(2.16), (I"2) and (I"5) yield T5®,, = 0. From *(2.20), (I"4), (I5), *(1.2)
and *(1.4) we get

!

v ol
(3.1) P, = 2H5]\4$ — Ag“y,

where Ag®, = L(u,v)g3%,,
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. . 7/ "’/, ’
from which, taking account of ykgj’k = 0 and v®*IgH, — Hg = MgHy,
we have

14

7 (83
(3'2) P B0 — 0
and
P 'y’a . 7’a
(3.3) v°(0,Q%55 — 03Q%s4) =0,

! 14 ’

v v '
where we put Q%53 = P%s3 — P%s;5 by virtue of *(1.13).

Here (3.2) and (3.3) are the conditions for IFI" to be a generalized
Berwald P!-connection. Thus we have

THEOREM 3.1. The connection IFT’ of a hypersurface F"~! in a
Finsler space F™, induced from the FI” connection of F™, is a generalized
Berwald P!-connection which is uniquely determined from the induced
metric L(u,v) by the following five axioms :

1) Ly, =0,
IT'2) The (h)h-torsion tensor T 3% =0,

(

(

(IT'3) The deflection tensor ZDO‘W =0,

(IT'4) The (v)hv—torsion tensor %"‘ 3 is given by (3.1),
(

IT'5) The (h)hv-torsion tensor C 3% =0.

THEOREM 3.2. The induced connection IFT’ of F*~1 coincides with
the intrinsic connection FT' of F™~1 if and only if (1) a normal curvature

7’
vector Hg = 0 or (2) a Brown tensor M,z = 0.
We shall find the quantities and relations with respect to IFT' =

ol v , ,

(Fﬁa’)’, Na’)/,()) induced from FI'V = (szk + Aj"lk, sz,O) by virtue of
Theorem 1 of Aikou and Hashiguchi [1], where BT’ = (G,;%, G%,0) is a
Berwald connections [6].
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From *(2.4), *(1.2), *(1.4) and *(2.9) we have

d b
Na’y = NQ’Yv

’

(3.4)
Y b
Fgy = Fgy + Ag%,

b b
where IBI' = (F 3%y, N°v,0) is an induced Berwald connections.

/

The normal curvature vector Hg and the second fundamental h-tensor

’

o
H g, are respectively given by *(2.7), *(1.2), *(1.9) and *(2.10) :

~ b
(3.5) Hz = HB
and
5 b
(3-6) Hﬁ“r = Hﬁ7 + LMB%

b b
where Hp and Hg, are the normal curvature vector and the second

fundamental h-tensor with respect to I BT respectively, from which we
have

7 !

oa ¥ ol ¥ b
(3.7) Hpy = Hyg, Hoy = Hyo = H,.
Finally *(2.21), (I"4) and (I5) show
.Y o b
(3.8) OpHy — Hpy = MgH~ — LMg,,

from which, by virtue of (3.5) and (3.7), we have

= b b
(3.9) agHg = ZHﬁ + MﬁHO.
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4. Some examples

M.Matsumoto and S.Hojo [5] have proved that C-reducible Finsler
spaces [4] are confined solely to the Randers and Kropina spaces among
the Finsler spaces with an (a, 8)-metric L(a, 3).

We showed in [7] that the (h)hv-torsion tensor C,p, and the Brown
tensor M, of hypersurfaces in a Randers space and a Kropina space
are respectively given by

R
(4.1) Capy = (hapLy + hpyLa + hyaLy) /2L,

R .
Mg = b;B*hap/2L,

where L, = by — pila, g1 = 3/a (a Riemannian metric o = a;;(x)y'y’,
a differential 1-form § = b;(x)y*) and hag is the angular metric tensor
and

K
(4.2) Capy = (hapmy + hgyma + hyams)/2L,

K .
M op = —7b;B*has/2L,

where my = ly — Tbe, T = a?/32.
Let F'* = (M™,L = a + 3) be a Randers space. From (4.1) the
hypersurface F™"~! of F™ is C-reducible and the (v)hv-torsion tensors

bh ’YI
P%s., and P%4, of F™! are respectively given by

(4.3) Py, = 2Rshs
b R4
where Rg = b;B"Hz /2L
and
o b
(4.4) P, =2RghS — Ag®,,

b b
where Rg = b;B*H/2L.
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Next, let F = (M™,L = o?/3) be a Kropina space. From (4.2) the
hypersurface F~! of F™ is C-reducible and the (v)hv-torsion tensors
b od
P%gy and P%, of F™1 are respectively given by

b b
(4.5) Pog, = 2K,3h$,
b b
where Kﬁ = ~—’I‘bi.Bz.[:[}g/QL
and
’7,(1 b (83 o
(4.6) Py = 2Kgh] — Ag®y,

b b
where K3 = —7b; B*H3/2L. Thus we have

THEOREM 4.1. Any hypersurface F"~! of a Randers space is C-
reducible. The IB"T" and IFT’ of F™"~! satisfy (4.3) and (4.4) respec-
tively.

THEOREM 4.2. Any hypersurface F"~1 of a Kropina space is C-
reducible. The IB*T" and IFT of F"—1 satisfy (4.5) and (4.6) respec-
tively.
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