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EXISTENCE OF A MULTIVORTEX SOLUTION FOR
SU(N), x U(1); CHERN-SIMONS MODEL IN R2/Z2

JAIHAN YOON

ABSTRACT. In this paper we prove the existence of a special type of
multivortex solutions of SU(N)g x U(1); Chern-Simons model. More
specifically we prove existence of solutions of the self-duality equa-
tions for (®(z), Au(x)), z € R?, p = 0,1, 2, where each component
®;(z), j = 1,--- , N has the same zeroes. In this case we find that
the equation can be reduced to the single semilinear elliptic partial
differential equations studied by Caffarelli and Yang.

1. Introduction

There has been a lot of attention to the abelian Higgs model with a
Chern-Simons term in (2 + 1) dimensional gauge theory both physically
and mathematically [9, 10, 11]. The gauge group here is U(1),.

Physically this model was constructed to explain electrically charged
vortices, so called anyons, in the context of some condensed matter
physics [5]. Mathematical analysis of the model was started by R. Wang
[11], where he proved existence of topological multivortex solutions us-
ing the variational method. In [9] and [10], respectively, Spruck-Yang
proved existence of maximal topological multivortex solutions, and ra-
dially symmetric nontopological solutions both in R2. For the existence
of solution in R?/Z2, Caffarelli-Yang recently constructed multivortex a
solution in [3] using the super-subsolution method.

In this paper, we consider a generalization of the above model pro-
posed in [8]. Namely, we consider a Chern-Simons model in (2 + 1)
dimension with gauge group SU(INN), x U(1), instead of U,(1) for the
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spatial domain = R?/Z2. For this model we prove existence of a par-
ticular type of multivortex solution by reducing our system of partial
differential equations to the equation considered by Caffarelli-Yang [3].

2. Main Results

We consider the pure Chern-Simons Lagrangean in (2+ 1) dimension:

1 K et 2
£ = 5(Dy@)"(D"®) + 2 Fuy Ay — |0 (j8* - 1),

where D¥ = O0F + jeA*, F* = 9HAY — OYA*, 1 = 0,1,2 and & =
(®1,®2,...,%n) € CV(Q). We are using the metric (gu) = (¢**) =
diag(—1,1,1).
We have the Gauss law constraint
B

K
A= 2P

where B = 01 A2 — 02 A1, which is the variational equation for Ag. Using
this Gauss law constraint and following the procedure similar to [8], we
can write the stationary energy as

1 Kk B 2]
E:_/d% (D1 +£iD3)®|? + ——ﬂ:—<I>+( 32)]
3 Jq T~ 2 |
e/BdZa:.
Q

Thus, the minimum value of energy(= e| [, Bd“z|) is obtained when
the fields satisfy the first order self-duality equation,
(1) (D, + iD2)<I> =0, inQ

(2) B = ; yq>y( |®*) in Q.

The natural boundary condition for our case 2 = R?/Z? is the t'Hooft
boundary condition (See [5] for details.)
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Introducing

. 1 .
(61 - 162), 65 = 5(6] + 182),

N =

z=1x +ixe, O, =

and
P =0 +id% A=ad:+adz,

where o = 5(A; —iAz) and & = 3(A1 +1iAj), we can rewrite (1) in the
form
8;®; =ia®;, j=1,2,...,N.

Using the 0;-Poincaré lemma as in [7], we can easily see that the zeros
of each ®; (j = 1,2,...,N) is finite. Thus following Jaffe-Taubes, we

can introduce (uy,ug,...,un) and (61,62,...,60x) such that
(3) o, = 3 (ustits),
N;
(4) 0j=22arg(z—zjk), j=1,2,...,N,
k=1
where {z;1, 2j2,..., 2k} = Z(®;) is the zeros of ¢;.

We now state our main theorem.

THEOREM. Consider the self-duality equation (1), (2) in R?/Z? with
the t’ Hooft boundary condition. Then, to have the existence of solution
to (1)-(2) it is necessary that

3

€
(5) @ > 4rm.

Furthermore, for sufficiently large k there exists a multivortex solution
of the equation having the property

(6) Z(®;) = Z(®x)

forallk,7=1,2,...,N.
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PROOF. Using the substitutions of (3)-(4), we can rewrite (1)-(2) as

3
Au]:2—e’€—2(eul+eu2+‘+euN)(1_eu1 _6u2_..._euN)
N;
(7) +4r y 0(z — zj),
k=1

in Q. Since Z(®;) = Z(®4) for all j,k =1,2,.... N, we set {ij}{cvi_l =
{z1,22,...,2m}. From (6)-(7), we obtain

Alu; —ur) =0 in Vi, k=1,2,... N.
By the maximum principle in §2, we have
uj =uy + Cj, Vi=1,2,...,N,
where C; is a constant for each j = 1,2, ... ,N, and C; = 0. We thus

have from (7)

3 m
Au; = _2e_f€,2€ul+a (1 — eu1+a) + 4%}26(2 — 2k),
where we set e =1 4+ €%z + 03 4 ... 4 ¢Cn.
We set v = u; + o + up, where up is the solution (see [1]) of

Aug = —4mm + 4n Zd(z — 2k).
k=1
Then, we have

(8) Av = —_evtuo (eVtuo — 1) + dmm.

Using "o (ev o — 1) = (gvtuo — 1)2 _ 1, and integrating (8) over 2,
we obtain the necessary condition for existence of our solution
3
e

@ > 4rm.

Now, we observe that the equation (8) is the exactly same form studied
in [3], where they showed the existence of solution for sufficiently large

. Applying the result (3] for the equation (8), we conclude our proof.
J
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