


Comm. Korean Math. Soc. 12(1997), No. 2, pp. 293-303

AN OPERATOR VALUED FUNCTION
SPACE INTEGRAL OF FUNCTIONALS
INVOLVING DOUBLE INTEGRALS

Bone JIN KiMm AND KUN SIK Ryu

ABSTRACT. The existence theorem for the operator valued function
space integral has been studied, when the wave function was in L1(R)
class and the potential energy function was represented as a double
integral [4]. Johnson and Lapidus established the existence theorem
for the operator valued function space integral, when the wave func-
tion was in L2(R) class and the potential energy function was rep-
resented as an integral involving a Borel measure [9]. In this paper,
we establish the existence theorem for the operator valued function
space integral as an operator from L1 (R) to Lo (R) for certain poten-
tial energy functions which involve double integrals with some Borel
measures.

1. Introduction

The theory of quantum mechanics is based on the Schrodinger wave
equation. In 1948, to solve the wave equation, Feynman introduced an
integral, so called the Feynman integral, which had some mathematical
difficulties. In 1968, Cameron and Storvick defined an integral, the op-
erator valued function space integral or the Cameron-Storvick function
space integral, which is the nearest concept to the original Feynman’s
suggestion [7]. In 1973, Cameron and Storvick proved the existence the-
orem for the operator valued function space integral, when the wave
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function was in L;(R) class and the potential energy function was rep-
resented as a double integral [3]. In 1986, Johnson and Lapidus es-
tablished the existence theorem for the operator valued function space
integral, when the wave function was in Ly(R) class and the potential
energy function was represented as an integral involving a Borel measure
[9]. In this paper, we establish the existence theorem for the operator
valued function space integral as an operator from Lj(R) to Lo (R) for
certain potential energy functions which involve double integrals with
some Borel measures.

Now we present some necessary notations which are needed in the
next section.

Let C and C* denote the set of all complex numbers and the set of
all complex numbers with positive real part, respectively. Cla,b] will
denote the space of all real-valued continuous functions on [a,b], and
the Wiener space, Cola,b], will consist of those = in Cla,b] such that
z(a) = 0, and m,, will denote Wiener measure on Cyla,b]. Let M (a,b)
denote the space of all complex Borel measures 1 on the open interval
(a,b) and let M*(a,b) denote the subspace of M(a,b) such that if u is
the continuous part of 7 in M(a,b) then the Radon-Nikodym derivative
d|p|/dmy exists and is essentially bounded, and if v is the discrete part
of  then v has a finite support, where m, is the Lebesgue measure.
We work with the space M*(a,b) throughout this paper but M*|a,b]
could be treated without any essential complications. For 2 < r < 00,
let Ly, := Llr((a./ b)? x R2) be the space of Borel measurable C-valued
functions 6 on (a,b)? x R? such that

(1.1) 161117 := {/ab /ab 16Cs. ¢, -5 )T dsdt}%< 00.

Note that Ly, C L1, if1 < s < r < 0o. Let F be a real or complex
functional defined on Cfa,b]. Given A > 0,7 € L;(R) and £ € R, let

12 WO = [ FOCk vt + € dna(o
If I\(F)Y is in Loo(R) as a function of £ and if the correspondence

¥ — I\(F)y gives an element of £ := L(L1(R), Lo (R)), we say that
the operator-valued function space integral Iy (F) exists for \.
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Let 5 and 7 be in M*(a,b), say,
l n
(1.3) B=p+d widr,, n=v+) by,
j=1 k=1

where 6, is the Dirac measure at 7; € (a,b) and let § be a C-valued
function on (a,b)? x R? satisfying the following three conditions;

(142) 6 €Ly, re(2 0]

(1.4b) 0(T5, Yo, V5, Uk) = ¢1(75,v;5) 2(Vk. us),

where ¢1(7;,-) and @2k, -) are in L1 (R)NLo(R) for each j = 1,2,--- 1,
k=1,2,--- ,n, and

(14C) G(Tj,t,-,.):ﬂ(s,'yk,-’.) :Oa

where t #yi, s# 1 for j=1,2,--- L k=1,2,--- ,n.
Let

(15) F(y) = /( ) /( | 0.1 y(8), ) 48 din(e)

for any y € Cla, b for which the integral exists. Then for every A > 0 and
every £ € R, F(A\~2z+¢) is defined for m.,, x m;—a.e. (x,€) € Cola, b] xR
[1].

2. The existence theorem for the analytic operator valued
function space integral

In this section, we will investigate the existence theorem for the an-
alytic operator valued function space integral of the potential function
which is represented as a double intergal.
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DEFINITION 2.1. Let § be a simply connected domain of the complex
A-plane whose intersection with the positive real axis is a single non-
empty open interval (o, ). Let F be a functional on C [a, b] such that
I\(F) exists for A € (o, 3). For each ¢ ¢ L1(R) let a function A(A : 4)
exist as a weakly analytic vector-valued function of A for A € (i.e.
for each ¢ € L,(R), ffooo A(&, A)p(€)dE is an analytic function of A in
), A(A: ¢) € Loo(R) and let A(X: ¢) = L,(Fiy for \ € (o, B) and
¥ € Li(R). We define

MEF)W = AN 4h)
for A€ Qand ¢ € Li(R). I$"(F) is called the analytic operator valued

function space integral.

We note that, if I$™(F) exists, it is uniquely defined and it is a linear
operator from L;(R) to L., (R).

REMARK. Let 6, 8 and 7 be given as in (1.3) and (1.4) and let

! !
gm(/Ba n: 41,15 -+, Qin "V, ", ’”q——q)
I n
=TI 05 e w5, vi) 2%,
7=1k=1

where g11 +¢q12 +--- +@n <m —goand 0 < ¢ < gq. Then g,,(8, n :
(g—9)

Q1+ Qi oy 0 ,0) € Li(R779).
NOTATION. Throughout this paper, we let
(a) ngm’” = sup ”gm(ﬂ, N:iQL1y e Qi i e )”1

91,1 91,2 ¥ +q; n =mM—qq
(b) For any nonnegative integer qo, r > 2 and for r’ with 14 L =1, let
(2.1)

A(2q0 s a1, ..., a4 :7')
= { > /A‘” ,,,,, o, lri=—a)e(an =) (rj 00 — )

Jit+ig+1=2q0 290:71:-s Jg+1

1
A I
"(b_rj1+-~~+jq+1)] 2 d 5 r’i}
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wherea =ag < a1 <as < -+ < g < Gg+1 = b, and ji1, ..., jg41,q are
nonnegative integers, and
(2.2)

Aal,..:,aq

29051, Jq+1

= {(Tl,...,rzqo) €(@,b)?® a<r < <7 <ay <rj41 <

L Tty < Qg < il < < T2q0 < b}

From (1], we have the following lemma which will be applied in the
proof of Theorem 2.3 and it will also serve to illustrate the notations in
the theorem.

LEMMA 2.2. Consider a set Ag(ll(’) o a a1 then for 0 < g <g,

A(2qo : .. ,a;_q ')
::{ /‘11 ,,,, aq [(Tl - a) e (ra(1)+1 - Ta(l)) o
Jit- +Jq+1"2¢I0 B29031 1 g1
(23) _. 290 717
(To@1 = To@) (0= Tjr i)l 7 d X m}

1

P- v

< (290t9)7 4 A(290 : al, ... ,a;_q Y,
qpci

where {a1,...,aq} = {a;5 : 1 =0,1,...,§} U {a :5=1,...,q—G}
such thata < a; <az < - <aq<b, a,-,q<aj,qforz'<janda§<a;for

ay’

¢ <J. And o is a function from {a; 4, .. .,ag,} to { ok l= 1,...,q}
k=1

defined by

t

o(i) = olag) = > i,

k=1

d
where a; ; = a;. And j! = ix where a_, = a., a\ = agq and
A Jl ‘7 -1 1
k=c+1
. q+l -9 . .
Jg—g+1 = kZ Jg — Z]i, fori=1,...,q—4.
=1

=1
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In order to demonstrate the notations in the above lemma, we give
the following specific example.

a),a2,a3,a4,a5
A10:3,2,2,1,0,2

10 P /
:{(rl,rg,...,rlo)e(a,b) ra<ry<ry<ry<a =a)
<r4<r5<a2:a1,3<r6<r7<a3:a'2

<rg<aqg =a3<as= az,3 <rg < ri0 < b},

that is, g = 5, § = 3. Then

o(l):==0(a13) =3+2=5
0(2):==0(ag3) =3+2+2+1=38
o(3):=0(az3) =3+2+2+14+0=28

and j1 =3, j5=2+2=4, j,=10-7=3.
Thus we obtain a set
a/’a/
Al(l):B,j,B
={(r1,72,....710) € (a,0)0|a<r  <ro<Tg<a;=al <7y <

---<r7<a3:a’2<r8<rg<r10<b}
and

! ’
a1,a32,a3,a4,as5 ay, ay
Alp3301.02 CAbsis

In order to prove our main theorem, Theorem 2.4, We need the fol-
lowing theorem. We state it without proof, for the proof of the theorem,
see [1].

THEOREM 2.3. (0, 7 : finitely supported measures)
Let 6, B and 1 be given as in (1.3) and (1.4). Let

m

Fonly) = { /(a,b) /<a,b) 6(s,t,y(s), y(t)) dB(s) dn(t)
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for any y € Cla,b]. Then the operator I{™(F,,) exists for all A € C*.
Further for A € Ct, ¢ € L1(R) and £ € R,
(2.4)

(I (Fm)¥) (€)

_ Z m!(wlal)‘h,l .. (wlan)ql,n
- lgg 1! ! Z

Fot+qi i+t +qpn=m Q091,17 Gl (’ml’~~-,mqo,k1y~-~,kqo)ep

290 _
E Yd >< ppn(n,)
. - Aal,.,..,a,q )
Jit+ie+1=2q0 2g0:31.-dgy

where {r1,...,724,} is the set of numbers sy, ..., Sqort1s- .., tq, In some
rearrangement, P is the set of all permutations of {1,2,...,2qo}, sJ =
Tm;, tj = T, and 7; := a1 5, Tk = agx and {a1, ... ,aq} {T], Ve i J =

L2,...,l,k=1,2,...,n} such that ¢ < a1 < --- < aq < b and qjyks
are nonnegative integers. And [ f dji, ;(r;) means that [ f du(r;) when
r; = T, for some rp,, and [ fdp,;(r;) means that [ fdv(r;) when
Ti = T, for some Ty, .

And

29ptqg+1
A 2

Y=(3)  ln-@la =) - a)
oo 90
/ 2(]0+q+1/ HO Ty Tk Umy s Vk; )

(2.5)

(]

: (b - Tj1+"'+jq+l )]

Il n Dk ?
) 3 Alvy — v
. HH [O(al,j,az,k,vi,j,vz,k)] 1,D(U(',+1) exP{_Q(_(l_Jl)L o

, rn —a
Jj=lk=1
A=) Mg —v)? A — Uj1+~~-+jq+1)2}
2(a1 —145) 2(7”3'1+1 —ay) 2(b — rj et jq+1)
2q q+1
X dv; X dv
i=1 1=1

In addition we have for A € CT,

(2.6) X" (Fm) | < b ([AD),
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where

-likﬁ[l'wja”qm
bn([A]) :=m! > —= ((290)")

! I... !
q0+4g1, 1+~--+Qz =m q0-q1,1- EO

(2"”‘”') o (52)

d
( I:U’I dIVl || “0H17_> A(2q0 :afl, ceeal s

290 t+g—~4+1
2

o~
Q
-
~
R

dml

A :d}, ... ,a ') is given by (2.3) and
1

l -
g—

q
. W, '
9m(B,m tqua, .-y QU TV s Uy g)
I n
= HH G(Tj’ Yk, V1,5, ’U2,k)qj’k~
j=lk=1

Now let Ag, A1 € (0,00] with A\g < A1,0 < a < 7 and f(z) =

00
Am < be an analytic function satisfyin
Y g

(2.7) > am] b (I1A]) < 0
m=0

for every A € C , ., :={2 € CT : X\g < |z] < M\, |Argz| < a} where
bm(|A]) is defined as in (2.6) with (g5% 1AL )2 replaced by ( al ) . Note

- Ag €Os ¢
that by (|A]) < bm(|A]) in CY ., and bm(|A]) is an increasing function
of |A]. Consider the functional

(2.8)  Fly):=f [/( b)/( ) 0(s,t,y(s),y(t)) dB(s) dn(t)

for y € Cla, b] ; that is,

(2.9) F(y) =Y amFm(y)
m=0

where F, is given as in Theorem 2.3.
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THEOREM 2.4. (B, n:finitely supported measures)
Let 6, B and n be given as in (1.3) and (1.4) and let F be given by (2.9)
with the assumptions discussed above (in particular, F satisfies (2.7)).

Then the operator I$™(F) exists, for all X € C}\Lo’ A,:o and is given by
[e.¢]
(2.10) MF) =Y amIi™(Fp)
m=0

and the series in (2.10) satisfies

(2.11) IS (F) <D laml bm (1))
m=0

and so it converges in the operator norm.
PrOOF. For A € CJ , .,, we have by (2.6) and (2.7),

(2.12) > llamIZ (Fr)ll < 3 lamlbm (X)) < 0.
m=0 m=0

Hence the right-hand side of (2.10) defines an element of £ for all
A€ (C;fo, Apar Since by (|Al) is an increasing function of |A|, the series
(2.10) converges uniformly in any compact subset of Cj\"o, A’

Now we claim that for 0 < Ag < A,

(2.13) (AW (E) = D am (In(Fn)) (£).
m=0
Formally this follows from the following equations.

(In(F)9) (€)
/ FOEz + 69 ta(b) + €) dma (@)
Cola,b)

Il

(2.14) ola,8] m—p
- . Fn(A~2 A" 2z(b dmay (z
> /c[,{a Fn(XH 4 60 Ea(t) +€) dma(a)
= > am(In(Fn)¥) (€)
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The interchange of integral and sum in (2.14) follows from the Fubini-
theorem and the fact that

/C (o] Z |am] |[Fn (A~ 22 + )|\ 2z(b) + &) dm., ()

m=0
o]

(215) = lam| Fn(A" 22 + ) [W(A 2 2(b) + €)| dma (z)

m=0 C‘() [a,b]

<N lam B (A 1] < oo,

m=0

where the last inequality comes from the same argument that yields
the norm inequality (2.6) and the fact that b, (|A]) < b (JA]) for X €
C, 2 e Choosing ¢ € Ly (R), we see that for A\g < A < A; and £ €R,
o0

> amFn(A" 2z + £) converges absolutely for a.e. z € Cpla, b].
m=0

Now by Theorem 2.3, for each m, I§"(F,,) is weakly analytic ; ie.,
for each ¢ € Li(R), g()\) = ffooo (I;\"L(Fm)w)(f)q‘)(f) d{ is an analytic

function of A. Thus uniform convergence of 3 a I$"(F,,) with respect
k=0

to Ain C}fo, Ar:a DOted earlier imply that the sum in (2.10) is an £-valued

weakly analytic function of X in Cj\ro)\l:a [8,Theorem 3.11.6]. By (2.13)

and the fact that I\(F,,) = I§"(F,,) for 0 < A\g < Aand m =0, 1, 2,...,

we see that I{"(F) exists and the equality in (2.10) holds. O
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