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EXACTNESS THEOREM AND POOR M-COSEQUENCES

K. KHASHYARMANESH AND SH. SALARIAN

ABSTRACT. The purpose of this paper is to establish connection be-
tween certain complex of modules of generalized fractions and the
concept of cosequence in commutative algebra. The main theorem
of the paper leads to characterization, in terms of modules of gener-
alized fractions, of regular {co) sequences.

1. Introduction

The construction, for a module M over a commutative ring R (with
identity) and a multiplicatively closed subset S of R, of the module of
fractions S~'M is, of course, one of the most basic ideas in commutative
algebra. In [8], Sharp and Zakeri, for a triangular subset U of R", give
a procedure for constracting so-called modules of generalized fractions
U~"M which generalize the usual theory of localization of modules. In
subsequent paper [9] they have shown, under Noetherian hypothesis on
R, that there is a connection between modules of generalized fractions
and the concept of regular sequences in commutative algebra. Although
they first proved this result, a shorter proof, which applies also in the case
in which the underlying commutative ring is not necessarily Noetherian,
was later provided by O’Carroll |7].

In [6], Melkersson and Schenzel defined the co-localization Hompg(S™!
R, M) of an R-module M with respect to a multiplicatively closed sub-
set S of R. Hence, for a triangular subset U/ of R”, the R-module
Hompg(U ™R, M) is a natural extention of the difinition of co-localization.
In this paper we establish connection between the R-modules Hompg (U "
R, M) (n > 1) and the concept of cosequences which is a generalization
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of ‘only if” half of {10, 3.3]. Next we show that the main result of [9, 7]
is then deduced quickly.

2. Preliminaries

Throughout this paper, R is a commutative ring with identity and
M an R-module. We use ! to denote matrix transpose and D,(R)
(n > 1) to denote the set of n x n lower triangular matrices over R. For
H € D,(R), |H| denotes the determinant of H. Let (a,, ..., a;)R be the
ideal of R generated by {a,,...,q;} and (ay,...,q,)M the submodule of
M generated by {a;m: 7 =1,...,i and m € M}. We use N to denote
the set of positive integers.

Let z,,...,z, be a sequence of elements of R and M an R-module.
Then z,, ..., z, is said to be a poor M-sequence if multiplication by z; on
M/(xy,...,z;_1)M is a monomorphism for all ¢ = 1,...,n (where z¢y =

0). If, in addition, M/(z;,...,r,)M # 0, we call z,...,z, an M-
sequence.

If b is an ideal of R, we set Annyb = {m € M : bm = 0}. We
have a dual definition; z;,...,z, is said to be a poor M-cosequence if
multiplicative by z; on Anny(xy,...2; 1)R is an epimorphism for all i =
1,...,n (where o = 0). Similarly, if Anny(z, ... 2, )R # 0, 1, ..., 1,
is called an M-cosequence (see [4}).

Let E be an injective envelope of the direct sum of all of the simple R-
modules, and define the functor * by * =Hom(.,E), then * is a faithfully
exact contravariant functor; that is, a sequence of R-modules is exact if
and only if its * is exact. Recall that a module A is Matlis reflexive if
M = (M*)*,

Now we gather together the well known properties of M-sequences
and M-cosequences which are needed in this paper.

REMARK 2.1. ([5, 1, 5 and 6] and (2, 1.2]). (1) zy,...,z, is a poor

M-sequence if and only if z,, ..., ., is a poor M™*- cosequence.
I3 y I
2) z1,...,2, is a poor M-sequence if and only if z;,...,z, isa poor
’ yn ) ) n

M*-cosequence.

(3) x1,...,x, is a poor M-sequence if and only if z{',--- 2% is a
poor M-sequence for any positive integers o, ..., ay,.

(4) z1,...,7, is a poor M-cosequence if and only if z§',--- ,z% is a

poor M-cosequence for any positive integers oy, ..., o,.
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As mentioned in the introduction, this paper is connected with the
concept of modules of generalized fractions. The reader is referred to 8,
9] for details of the following brief résumé of the theory of modules of
generalized fractions.

A non-empty subset U of R" is called triangular if
(1) Given (uy,...,up) € U, (uf',...,us) €U forallq; e N, 1 <i < n;

(i) Given (uy,...,u,) and (vy,...,v,) in U, there ex:st (wi,...,w,) €U

and

H,K € D,(R) such that H{u;...u,|" = [w; .. W)t = Klvy ... vn)F.
Whenever we can do so without ambiguity, we shall denote (u, ..., tUy)

€ R* by u, and [u;...u,]" by u”.

Given such a triangular subset U of R”, we can form the module of
generalized fractions U™"M = {a/u:a € M,u € U}, where a/u denotes
the equivalence class of the pair (u«,u) € M x U under the following
equivalence relation ~ on M xU : (¢,z) ~ (d,y) precisely when there
exist z € U and P,Q € D,(R) such that Pz” =- 2T = Qy7, with
’PIC -— |Q‘d S (Z], e ,Zn_l)ﬁ/j.

Now U~"M is an R-module under the operations

a/u+bjv=(|Hla+ |K|b)/w,
r.(a/u) = (ra)/u
for r € R, a,b € M, u,v € U, and any choice of H, K € D,(R) and

w € U such that Hul = w” = Ko7
We shall need the following basic properties of generalized fractions.
PROPOSITION 2.2. [8,9]. Let m € M and u = (u,...,u,) € U.
Then
(i) m/u = |H|m/v for any choice of H € D,(R) and v € U such that
Hul =47;
(ii) fori =1,...,n— 1, yym/u = 0; and
(i) U "R®pr M = U~"M under the natural map.
A family U = (U,)nen is called a chain of triangular subsets on R if
the following conditions are satisfied:

(i) U, Is a triangular subset of R" for all n € N;
(i) (1) € Uy;

(ili) whenever (ui,...,u,) € U, withn € N, then (s, tun, 1) € Upyy;
and
(iv) whenever (u1,...,u,) € U, with 1 <n € N, then (U1, .. upy) €

Un-~ 1-
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Each U, leads to a module of generalized fractions U;"M, and we
can, in fact, arrange these modules into a complex

-1 0

0o M- U'M — ... — UM —et, UM —
denoted by C(U, M), for which e’ m/(1) for all m € M and

e (a/(ul,...,un)‘ :a/(ul,...,un,l)

for alln € N, a € M and (uy,...,u,) € U,. Also we shall write the
induced complex Hom(C(U, R), M) by

.. — Homgp(U, 77 'R,M) —tn_, Homp(U;"R, M)
~—— ... — Homgp(U7'R,M) %0, M _€-1,0,
where e,, = Hom(e", M) for alln > 0.

3. Main results

Let U = (Uy,)nen be a chain of triangular subsets on R. Let 7 be the
set of all sequences z = {z; : i € N} of elements of R such that (i) there
exists ig > 1 such that =; = 1 for all i > 4, and (ii) (zy,...,z,) € U, for
all (sufficiently large) n > 1. (As in §1 we use obvious extensions of this
notation, in particular denoting the infinite vector [z; z5...]7 by z7.)
Define a relation < on 7 as follows: for z and y in 7, z < y precisely
when HzT = yT for some H € D, (R) (throughout, we use D (R) to
denote the set of all infinite lower triangular matrices over R). Clearly
¢ <yifand only if (z,...,2,) < (y1,...,ys) in U, for all (sufficiently
large) n. It is immediate therefore that (7", <) forms a directed set under
the quasi-order <.

Suppose that z = {x; : i € N} € T and B(z, M) be the complex

. —— Ann (zy,...,Z,) (z1,..., 2o )R—> ... —
M M
Amn(z)R 4 v 4o, M4 o

M

of R-modules and R-homomorphisms, where df(m) = z;m for allm € M
and, for n € N, d%(m) = z,,ym for all m € M. Let z,y € T with
HzT =y for some H € D (R). For each n € N, let H,, be the n x n
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submatrix of H in the top left corner. Then, in view of 18, 2.2, the
multiplication by |H,| provides an R-homomorphism

Ot Ann(y,...,yp-1)R — Ann(zy,... ,z,.1)R.
M M

Hence there is induced a morphism of complexes
op : Bly, M) — B(z, M),

which in n-th place restricts to the R-homomorphism 0%. (For n = 0,
8% is the identity map.) Under these morphisms the complexes B(x, M)
for x € T, form a directed set.

Let x,y € T and suppose that Hz! = K27 = 47 for some H, K €
Do (R). Then, in view of [10, 3.1], there exist z € 7 and D € Dy (R)
such that 067 = 6%6% for all n > 0. It follows that the above directed
system has the usual properties of standard inverse limit systems where
there is only one morphism between the comparable objects.

We have the following analogue of [10, 3.4].

ProposITION 3.1. lim B(z, M) = Hom(C(U, R), M).

reT
We now come to the main theorem in this paper.

H

THEOREM 3.2. Let U = (Uy,)nen be a chain of triangular subsets on
R. Assume that Hom(C(U, R), M) is exact. Then, for eachi € N, every
element of U; is a poor M -cosequence.

Proof. Let T be as above. It follows from the hypothesis and 2.1 that
the complex lim B(z, M) is exact. We use the notation
xeT

.-—>A/[n+1_dﬂ_;]\/n—>... —-)MQ_dl__,A{l é) M d_1:O
for the complex lim B(z, M).
zeT

Let m € M. Then there exists my = {mg,}.er € M; such that
do(mo) = m. Hence z1mg, = m for all z = {z; : i € N} € T. Therefore
M =z, M for all (z;) € U; and so each element of U; is a poor M-
cosequence.

Let n > 2, and suppose, inductively, that U,_; consists of poor M-
cosequences. Let (zy,...,x,)€ U, We have to show that z,...,x, is a
poor M-cosequence. It suffices to show that the multiplication by z,, is

surjective on Ann( zy,..., 2z, 1)R, since (z1,...,7, 1)€U,_; and so is a
M
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poor M-cosequence. Let m€ Ann (zy,...,z,1)R and let z = {z;:4 €
M
N}, where z, is interpreted as 1 whenever 7 > n. It is easy to see that

the inductive step will be completed if, for each 1 < p < n, we show
that, forall 4;,...,5, e Nwith1 <i; < --- < tp < n, there exists

my i, = {m,. .,z,,,y}ye"r € My,

such that

P
(@) dp(miy, 3,) = (=) leym, ;,» Where the character with "

r=1
means that it is deleted; and
.. 1+p§+:1r
(ll) (-_1) =1 Tp41MMy . px = M. 0

To achieve this, we use induction on p. For the case in which p = 1,
there exists mg = {mgy},e7 € M; such that do(my) = m. Since m €
Ann(z,,...,z,_1)R, we have, for each i = 1,...,n — 1, that z;mg €

M
kerd;. Hence, for each i = 1,...,n — 1, there exists m; = {miytyer
€ M, such that d,(m;) = z;my. Therefore zym;, = d%(m, ;) = TiMg, =
dg(moz) = m. Hence points (i) and (ii) have been verified.

Now suppose, inductively, that 1 < p < n and the result has been
proved for smaller values of p. Let i;,...,4, € Nwith 1 < i < --- <
ip < n. It is immediately follows from this inductive hypothesis that

P D
_ -
dp—l(Z(“l)r lrnmz‘l ..... %r,...,i,,) = }_4
r=1 r=1
P
(=1 (Y (Dm0,
I=1l#r

where

L[ ifl>r
T1i-1 ifl<n

which is zero. Hence there exists m;, g = {mi],'_‘,z-p, ytyer € M,y such
that

dp(mil,..,i,,):Z(‘l)rflﬂ?irmh ,,,,, by
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for all 1, ... iPENwith1<i1< C <y < N
Also, since my_ ;. pz € Ann&m, o) R, forallr=1,... p—1, we
have that
( )1+Zf; LTpp1mmy :( )HET 1Tdm(””l WD,T)
= (-)UEET ()P
= m.

Hence points (i) and (ii) have been verified, and we are therefore able to
complete the inductive step, and the proof.
Theorem 2.2 has some consequences which we record here.

CONSEQUENCES 3.3. Let U = (U/,)nen be a chain of triangular sub-
sets on K. Then

(1) (]9, 3.3} and [7, 3.1]) C(U, M} is exact if and only if, for all ¢ € N,
each element of U; is a poor M-sequence.

(2) ([10, 3.3]) Let M be an Artinian R-module. Then, Hom(C(i, R),
M) is exact if and only if, for all n € N, each element of U, is a
poor M-cosequence.

(3) Assume that, for all n € N, U, is countable set (and so, in partic-
ular, if

U, = {(z7",...,20*) : there exists j with 0 < j < n such that
ay,...,o; € Nand a1 = - - = a, = 1},

for some sequence {z; : i € N} of elements of A). Then Hom(C(U,
R), M) is exact if and only if, for all n € N, each element of U, is
a poor M-cosequence.

(4) If M is Matlis reflexive, then Hom(C(U, R), M) is exact if and only
if, for all n € N, each element of U, is a poor M-cosequence.

Proof. (1) The ‘if’ part is clear. Hence we shall prove the ‘only if’
half. Since the functor * is exact as we have remarked earlier, the com-
plex C(U, M)* is also exact. Note that, for alln € N, (U;"R@x M)* =
Hompg(U; "R, M™) under the natural map. Hence, by 1.2(iii), the com-
plex Hom(C(U, R), M*) is exact. Now the claim immediatley follows
from 2.2 and 1.1(1).

(2) By 2.2, we only need to prove the ‘if’ part. We use the notation
established before Proposition 2.1. Consider the corresponding set 7 of
sequence {z;,: i € N}. Since each element of U, is a poor M-cosequence,
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for all n € N, it is easy to see that the complex B(:r, M) is exact for all
z € T. Also we can deduced from (2, 2.2], for z,y € T with < y, that
the morphism 65 : B(y, M) — B(z, M) is surjective for all H € Dy (R)
such that Hz! = y”. The claim now follows from [3, p-391] and 2.1.
(3) This holds, because, by [1, 10.2] insteed of Lemma 1 of {3, p.391],
the same arguments in (2) still work for any R-module M.

(4) By 2.2, we only need to prove the ‘if’ part. By 1.1(2), each element of
U, is a poor M *-sequence. Hence by (1) the complex C'(U, M*) is exact.
Therefore the complex C(U, M*)* is exact. Note that, for all n € N,
(U;"R ®p M*)* = Hompg(U; "R, M**) under the natural map. Thus
the complex Hom(C(U, R), M) is exact, since M is Matlis reflexive. O
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