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RANDOM GENERALIZED SET-VALUED
COMPLEMENTARITY PROBLEMS*

BYUNG-S00 LEE AND NAN-JING HUANG

1. Introduction

Complementaity problem theory developed by Lemke [10], Cottle
and Dantzig [8] and others in the early 1960s and thereafter, has nu-
merous applications in diverse fields of mathematical and engineering
sciences. And it is closely related to variational inequality theory and
fixed point theory. Recently, fixed point methods for the solving of non-
linear complementarity problems were considered by Noor et al. {11,
12]. Also complementarity problems related to variational inequality
problems were investigated by Chang [1] , Cottle [7] and others.

The study of random complementarity problem theory is lying at
the intersection of complementarity problem theory and probabilistic
theory. Random complementarity problem theory and random vari-
ational inequality theory are probabilistic generalizations of classical
complementarity problem theory and classical variational inequality
theory respectively. A far-reaching interest in the domain and a vast
amount of mathematical activity have led to many remarkable new re-
sults and viewpoints yielding insights even into traditional questions.
Some problems for random variational inequalities have been consid-
ered by Chang et al. [1, 4, 5] and Tan [13]. Especially, Lee et al. [9]
investigated random vector variational inequalities and random nonco-
operative vector equilibrium as random generalizations of vector vari-
ational inequalities studied by Chen and Yang [6]. Recently, a class of
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random set-valued quasi-complementarity problems was discussed by
Chang and Huang (2, 3].

Inspired and motivated by the recent researches in this field. we in-
troduce new classes of random generalized set-valued complementarity
problems and construct new random algorithms.

This paper is concerned with the convergence of random iterative
sequences obtained by the new random iterative algorithms for the fol-
lowing random set-valued complenmentarity proble:ns, called a random
generalized strongly set-vlaued complementarity problems (RGSSCP),
and others.

Find measurable mappingsf, g and h : @ — R™ such that for t € Q)
f(t) =0,

g(t) € F(, f(1)),

(L.1) ht) € G(t. £ (1)),

g(t) + h(t) > 0 and

(f(1),g(t) + h(h)) =0,

where F' and G : Q@ x R" — 2% are random set-valued mappings.

2. Preliminaries and formulations

Throughout this paper let (2, 4) be a measurable space. By B(R")
we denote a Borel o-field in R™, (-, ) and || - || denote an inner product
and a norm on R™ respectively. In the sequel we will use the following
notations :

oR" — A ACR"}.
C(R") ={A C R": nonempty, compact }.
H(-,-) will denote the Hausdorfl metric on C(R™).

Forany @ = (xy, 20, - ,n), 4= (y1,¥2, -, yn) € R", we denote
ol = (bl )

and define an order ">" on R™ as « > y if and only if z; > y;, i =
1,2,--- ,n.
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DEFINITION 2.1. A mapping f : @ — R"™ is called measurable, if for
any B € B(R"), the set {t € Q: f(t) € B} € A.

DEFINITION 2.2. A mapping T : {} x R™ — R" is called a random
operator, if for any given z € R™, T(-,z) : @ — R"™ is measurable. A
random operator T is called continuous, if for any given t € 0, the
mapping T(t,-) : R® — R™ is continuous.

DEFINITION 2.3. A set-valued mapping V :  — 2R” is called mea-
surable, if for any B € B(R"), theset V"Y(B) = {t € Q: V(t)N B #
¢} € A.

DEFINITION 2.4. A mapping f : Q@ — R" is called a measurable
selection of a set-valued measurable mapping V : @ — 28" if f is
measurable and for any t € 0, f(t) € V().

DEFINITION 2.5. A mapping F : Q x R™ — 2R" is called a random
set-valued mapping, if for any x € R™, F(-, z) is a set-valued measurable
mapping, A random set-valued mapping F': @ x R®™ — C(R") is called
H-continuous, if for any ¢t € (2, F(¢,-) is continuous in the Hausdorff
metric H.

REMARK 2.1. If T : Q@ x R — R” is a random operator, then
problem (1.1) is equivalent to find measurable mappings f,g :  — R"
such that for any t € Q, g¢(t) € G(¢, f(t)) and

(21) f(t) =20, T f(t)+g() 20, (f(t), T f(t))+g(t) =0,
which is called a random generalized set-valued complementarity prob-

lem.

REMARK 2.2. If TS : 1 x R® — R"™ are two random operators,
then problem (1.1) is equivalent to find a measurable mapping f : Q —
R™ such that for any ¢ € ,

(2.2) f) =0, T(t (1) + S, f(t) =0
(F@®). T f(1)+ S, f(1))) = 0

which is called a random generalized complementarity problem.
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REMARK 2.3. In the determinate case, the problem (1.1) is equiv-
alent to find z,y and z € R™ such that y € F'(z), 2z € G(z) and

(2.3) >0, y+2>0, (x,y+2z):=0,

where F, G : R® — 28" are set-valued mappings, which is called 2
generalized strongly set-valued complementarity problem.

Obviously, problems (1.1) and (2.3) include many complementarity
problems as special cases.
Problem (1.1) can be written as

(2.4) f) =0, k(t)=g(t)+h(t) >0, (F(t),k{t) =0,

;7

where k : 1 —» R™ is a measurable mapping. We now consider th
following change of variables :

(25)  f() = %(lh(f)l +h(t). k(1) = (At)p(t) " (JR(E)] = h(1)).

where A : 2 — (0,1) and p : Q — (0, c0) are both 1neasurable function:
and h : 2 — R" is a measurable mapping. Clearly, f(t) > 0 an
k(t) > 0. From (2.5) we know that problem (2.4) is equivalent to fin
measurable mappings f,g and h : @ — R"™ such that for any t € {2,
F(t) € F(t, LA+ A1), g(t) € GIt, L(h(t)] + h(1))) and

(26) Al = LRI+ )~  NDAOFC) +gl0).

3. Random algorithm

We first introduce the following lemmas in [2 . 3].

LEMMA 3.1. Let F': Q@ x R® -» C(R™) be a H-continuous randc
set-valued mapping. Then for any measurable mapping f : Q — R™.
mapping F(-, f(-)) : @ — C(R") is set-valued measurable.

LEMMA 3.2. Let V.W : Q — (R") be two set-valued measural
mappings and f : @& — R™ a measurable selection of V. Then the
exists a measurable selection g : () — R™ of W such that

1£(t) — g < H(V (1), W (1)) for all t € Q.

Based on the formulations in section 2, we now construct a n
random algorithm for the random generalized strongly set-valued co
plementarity problem (RGSSCP) (1.1).
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ALGORITHM 3.1. Let F.G : Q@ x R" — C(R"™) be two H-continuous
random set-valued mappings. For any given measurable mapping Ao :
Q — R", two set-valued mappings F(-, 3(|ho(-)| + ho())) and G(-, %
(Jho(:)]+ho())) : 2 — C(R™) are measurable by Lemma 3.1. It follows
that there exist measurable selections fo(:) : @ — R™ of F (¢, 1 (|ho(t)|+

ho(t))) and go(-) : @ — R™ of G(t, (Jho(t)] + ko(t))) respectlvely.
Letting

() = 5= AD)Iho(t)] + ho(1)

S IRo(B)] + holt) — p(t)(o(r) + g0 (1))

where A(t) and p(t) are the same as in (2.5), it is easy to see that

1 : © — R is measurable. Since fo(t) € F(t, 3(|ho(t)] + ho(t))) and
go(t) € G(t, 5(|ho(t)] + ho(t))), by Lemma 3.2, there exist measurable
selections f : @ — R™ of F(t, 3(|h1(t)| + h1(#))) and g1 : Q@ — R™ of
G(t, 3(Jh1(t)| + h1(t))) such that

1 fo(t) — fr()l| <H(F(, —(Iho(f)l + ho(t))), F(t, —(Ihl( N+ hi(t))))
forallt € Q,

loo(®) ~ g1(8)] <H(G(t, 5 (1ho(t)| + ho(8))), Glt, 5 (Im )] + ha (1))
forall t € Q.

Letting

halt) = 5 (1= A (Aa ()] + P (1)

SO O+ halt) — oA + 01(1)))

then hy : 2 — R™ is measurable.
Inductively, we can obtain three sequences {fn}, {gn} and {hn} of
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measurable mappings as follows :

Fult) € F(t 5 () + ha(0)

gu(1) € GUL 3 ([hn(B]) + (1)),

1£006) = Funs (0] € HOPU S (haD]) -+ b))
(b, 3 (s (0] + A (1)),

(3.1) 1
9n (8) = gnsr (D] < HIG(E S (1ha(B)]) -+ An (1)),

(;’(f, %(lhn+l(f)l -+ hn«}—l(ﬂ)))’

B 1{1) = (1= N (] + B (1)

£SO+ (11 = PO () + g0 ()

forallt € Qand n =0,1,2,---, where A(t) and p(7) are the same as in
(2.5).

Similarly, we can obtain the following algorithms :

ALGORITHM 3.2. Let T : Q2 x R® — R" be a continuous random
operator and F : Q@ x R" — C(R") a H-continuous random set-valued
mappings. For any given measurable mapping he @ 2 — R", we can
obtain two sequences {g, } and {h, } of measurable mappings as follows:
(3.2)
gn(t) € F(t %(’hﬂ B+ R (1)),

Ign(t) = gnr1 (DIl < HEF(t, 3[R ()] + k() 1),
Pt S o |+hn+1(f))))
B () = 3(1= M) ([ ()] + by (1)) + 5A (B ()] + P (1))
—p()(F(t, 5([ha (1) + h,, (1)) + ga(1))).

forallt € Qand n =0,1.2, -, where A(?) and p(7) are the same as in
(2.5).
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ALGORITHM 3.3. Let 7,5 : OxR™ — R"™ be two continuous random
operators, then for any given measurable mapping /g : {2 — R™ we can

obtain a sequence {h,} of measurable mappings such that
(3.3)

s (8) = (L= M) (0] + hl6)) + AEN (B (5] + (8

1 1
= p((T(t, 5 (B (B)] + hn(8))) + S(E 5 (R (B)] + P (2))))),
forallt € Qand n=0,1,2, -, where A(#) and p(t) are the same as in
(2.5).

ALGORITHM 3.4. Let F,G : R® — C(R") be two H-continuous
set-vlaued mappings, then for any given zp € R™, we can obtain three
sequences {z,}, {yn} and {z,} in R™ as follows :

Tn € F(%uznl) + Zn))’y’n € G(%(lznl) + ’Zn))’
|2n = o]l < HF (|2a]) + 20)), F(3{]2n41] + 2041))),

(3.4) ; ;
“yn - yn-HH < H(G(E(‘an) + zn))aG(§(|Zn+l’ + 2p41)))
Zn41 = %(1 = A)(|zn| + 20) + %)\(‘an + zn — p(Tn + Yn)),
forn=0,1,2,---, where 0 < A < 1 and p > 0 are both constants.

4. Existence and convergence

In this section we shall discuss the existence of random solutions for
the random generalized strongly set-valued complementarity problem
(RGSSCP)(1.1) and the convergence of random sequences constructed
by the random algorithm.

DEFINITION 4.1. A random operator T : 2 x R™ — R" is called
(1) strongly monotone, if there exists a measurable function a : Q—
(0, 00) such that

(T(t,z) = T(t,y),z —y) > alt)|r —y|? forall z. y € R" and t €

(2) Lipschitz continuous, if there exists a measurable function § :
1 — (0, 00) such that

|T(t,z) — T(t,y)|| < B(#)|lx — y| for all z,y € R" and t € €.
It is easy to see that a(t) < 8(t) for all t € Q.
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DEFINITION 4.2. A random set-valued mapping F . Q x R" —
C(R™) is called

(1) strongly monotone, if there exists a measurable function « : 2 —
(0.0c) such that for all t € , =,y € R",

(n—v.m—y) > at)||r —ylf* for all u € F(t.z) and v € F(t,y):

(2) H-Lipschitz continuous, if there exists a measurable function
7)1 €1 — (0, 0c) such that

H(F(t,x), F(t,y)) < n(t)|lz — y| for all t € Q@ and =,y € R".

THEOREM 4.1. Suppose that I': Q x R” — (R") is a strongly
monotone H-Lipschitz continuous random set-valued mapping with
coefficients «(t) and 3(t) respectively and G : {I x R" — C(R") is
a H-Lipschitz continuous-random set-valued mapping with coefficient

n(t), if for all t € Q,

4ol —uit)
B0~ 2 (1)

then there exist measurable mappings f,g.k - © — R", which are
sontions of the random generalized strongly set-valued complementar-

ity problem (RGSSCP) (1.1) and

(4.1) 0<p(t) < ,where p(t)n(t) < 2and p(t) < af(t),

}; [hn (0)] + ho (1)) — E(t)
falt) = f(t), gu(t) —git) (n— o) forallte,

where { f,,},{gn} and {h,, } are three sequences of measnrable mappings
obtained by Algorithmn 3.1.

Proof. By Algorithm 3.1, we have

(4.2)
Hh.,,ﬂ(f) — ha (1]

_H" (1= A (D] + ha (1)) + ( (I ()] + ha(t)

- /)(f)(.f'n(f) +g'n(f),) - %‘] - /\ )) |h7,,1 fﬂ + }7,,_1(”)
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- %A(t)(lhnq(t)l + 1 (t) = p() (fa-1 () + gn—1 ()l

<1 = A0 NAn(t) = Pra (D + - /\( O T An () | +hn(t) = [hn1 (2)]
“h'n—l(t)'“p(t)(fn() fact(8) + ga(t) — gar ()]

(L= M a(t) = huca (D] + SAD(Olgn(t) = gns (D]
Mmﬁlh@N+MﬁD—§HmAﬁﬂ+hmﬂﬂ)
— S O(Falt) = Faa ()L

Since F and G are H-Lipschitz continuous, from (3.1) we know that
(4.3)
| fn-1(t) — fa(t)l| <H(F(2, %(lhn—l(fﬂ + k1 (1)), F(1, %(lhn(t)l + hn(8))))
<BA)hn-1(t) = ha(B)]-

(4.4)
lgn—1(t) — gn (|l <H(G(2, %(lhn—l(f” + hn-1(1))), G(t, —(lhn( )+ Ra(t))))
<n(t)l|hn-1(t) = hn ().
Furthermore, from the strong monotonicity of F and (4.3) we have
(4.5)
1 1
15 (R )] + An(#)) = 5 (hn-1 (B + hna ()

- ",0( )(fn( ) fn—-l(t))Hz
Sﬂ—atMﬂ+if@WWMWmm—hmMMP
It follows from (4.2)-(4.5) that

(4.6)

o (8) = bn (B € 1= ME) + ZAEPE0() + MO - alB)p(?)

+ 1P OB O a(t) ~ haa (D)
= B (t) — Baa ()]
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where

B(t) =1 A(t) + —é—)\(t)p(t)n(f,) + A (1 — a(t)p(t) + ipz(t),[)’z(f))%.
In view of (4.1) we know that 0 < 8(t) < 1. By (4.6), {h.(t)} is a
Cauchy sequence in R", say h,(t) — h(t)(n — »3). It follows from
(4.3) and (4.4) that {f,(#)} and {g.(t)} are alsoc Cauchy sequences
in R". Let f,(t) — f(#) and g,{t) — g(t). Sirce {f.}. {gn} and
{hn} are sequences of measurable mappings, f,g end h: Q@ — R” are
measurable. Let k(t) = $(|h(t)| + h(t)). then

S0P+ () = KD, fult) = £(1)
gn(t) — g(t) (n — ) forallt e
Now we prove that f(t) € F(t,k(t)). In fact, for ali t € Q,
d(f(t), F(t, k(t))) = inf{|| f(t) — 2|l : z € F(t,k(?))}
< W@ = faDI +dfrtt), F(tk(H))

<) = faDI + H(F 1, (\hn( M+ B (1)), F (4 (1))

<LF) = N+ 8] 4(?hn(f)\ + ha (1)) = K@),

hence d(f(t), F(t ,k( 1)) =0, t
larly, we have g(t) € G(f,k(f))

By (3.1) and hn( ) = h(t),  fult) — f(t). and g, (t) — g(t) we
know that

his implies that f(t) € F'(t,k(t)). Simi-

1 1 . .
hit) = 5 (IMB]+ h(t) = SAOOF() + g(t)).
Therefore, f.g.k : Q — R™ are solutions of the random generalized
strongly set-valued complementarity problem (RGSSCP)(1.1) and
1, - , :
?2'(|}"n(f)‘+hn(t)) — k(1) falt) = f(1),
gn(t) — g(t) (n— o) forallte

where {f,,},{g,} and {h,} are sequences of measurable mappings ob-
tained by Algorithm 3.1. This completes the proof. U

From Theorem 4.1, the following results can be obtained immedi-
ately.
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THEOREM 4.2. Suppose that T :  x R® — R" is a strongly mono-
tone Lipschitz continuous random operator with coefficients a(t) and
B(t) respectively, G : @ x R" — C(R") is a H-Lipschitz continuous
random set-valued mapping with coefficicent n(t), if for any t € {1, the
condition (4.1) in Theorem 4.1 is satisfied, then there exist measurable
mappings f,g : @ — R™, which are solutions of the random generalized
set-valued complementarity problem (2.1) and

L (a1 4 ha(8) = 9(8), falt) = £(8) (n—00) foralte

where { fn} and {h,} are sequences of measurable mappings obtained
by Algorithm 3.2.

THEOREM 4.3. Suppose that T": (t x R™ — R" is a strongly mono-
tone Lipschitz continuous random operator with coefficients «(t) and
B(t) respectively, S :  x R™ — R™ is a Lipschitz continuous random
operator with coefficicent n(t), if for any t € Q, the condition (4.1)
in Theorem 4.1 is satisfied, then there exists a measurable mapping
f: Q — R", which is a solution of the random generalized complemen-

tarity problem (2.2) and
1
§(ih,7,(t)| +hn(t)) = f(t) (n—o00) foralltel,

where {h,} is a sequence of measurable mappings obtained by Algo-
rithm 3.3.

THEOREM 4.4. Suppose that F': R — C(R"] is a strongly mono-
tone H-Lipschitz continuous set-valued mapping with coefficients o
and (8 respectively, G : R®™ — C(R") is a H-Lipschitz continuous set-
valued mapping with a coefficicent n, if

4(a —
0<p< _(__7]_) where pn < 2 and 51 < «,
32 — 2
then there exist x,y,z € R", which are solutions of the generalized
strongly set-valued complementarity problem (2.3) and
1

Lenl 4 2m) =2 wn— . gy (0= 00),

2

where {z,,},{yn} and {2} are three sequences in R™ obtained by Al-
gorithm 3.4.
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