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THE STRONG CONSISTENCY OF THE
L,-NORM ESTIMATORS IN CENSORED
NONLINEAR REGRESSION MODELS

SEUNG Hoe Cuo! AND HAE KyYunG KiMm

ABSTRACT. This paper is concerned with the strong consistency of
the Lj-norm estimators for the nonlinear regression models when
dependent variables are subject to censoring, and provides the suf-
ficient conditions which ensure the strong consistency of Li-norm
estimators of the censored regression models.

1. Introduction

We consider in this paper the following censored nonlinear regression
models

(1.1) ye = min{cy, f(z4,60,) + &}, t=1,...,n

where z; € @ C R™ denotes the t-th fixed input value, the true param-
eter vector §, is an interior point of parameter space © C RP, f is a
real valued function on R™ x ©, ¢; are independent unobservable errors
with finite second moment and y, is the t-th dependent value which are
censored from left at fixed censoring time ¢;. Unlike general regression
model, in censored regression we observe (y;, x:,0;), where

v _ { f(z¢,00) + €, ify, <c, (uncensored)
r =

e, if y; > ¢; (censored),
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for some censoring ¢, and the indicator variable S,

O, if Y < ¢t
5t = . .
1, ify > ¢

Censored regression model, which contain only partial information
about the random variable of interest, occurs frequently in medicine,
biology, engineering, etc. In experiment to investigate resistance of rat
for a tubercle bacillus, survival time of rats infected with a tubercle
bacillus may be longer than the observation time of investigator (cen-
soring time). In this case, the resistance of rats for a tubercle bacillus
can be considered as a missing value in standard regression model. Un-
like this, in censored regression analysis the researcher observation time
deal with the effect of rats for a tubercle bacillus in place of the survival
time of rats.

The L;-norm estimator of the true parameter 6, based on (yf, xe,0),
denoted by Hn, 1s a parameter which minimizes the objective function

(1.2) Do (6) = % " lye — min{e, f(ze.6)}].
t=1

Modifying (1.2), we get another objective function of the L;-norm es-
timator

(1.3) Qu(6 Z{lyt min{cz, fi(0)} — lye -- min{c,, f:(60) }},

where f,(0) = f(x,,0).

Asymptotic results for censored linear regression models, response
function f(z,9) is linear about the parameter 6, are given various au-
thors; Amemiya(1973), Powell(1984, 1986) and Chen and Wu(1994).

The consistency and asymptotic normality of maximun likelihood
estimation (MLE) were proved by Amemiya(1973). Powell(1984, 1986)
introduced the censored least absolute deviation (LAD) and censored
regression quantile estimators, and discussed asymptotic properties of
the proposed censored estimators under some regularity conditions. In
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a recent paper, Chen and Wu(1994) given somewhat different sufficient
conditions which employed in powell(1984) for the strong consistency
of the Li-norm estimator 6,,.

The main purpose of this paper is to provide simple and practical
sufficient conditions for the strong consistency of the L;-norm estima-
tors in the censored nonlinear regression model (1.1). For this, we give
preliminary lemmas needed in the proof of the main theorem in section
2. We present the main result which have given sufficient conditions
for the strong consistency of the Li-norm estimators in section 3.

2. Preliminaries

Let (2, .A, P) be probability space on R™, and G; and H; denote
the distribution function of error term €; and input variable X}, respec-
tively. Suppose that X; is independent random variable and H; is not
degenerate. To simply the notations, we denote

9 9

Vi) = (g @0 gy @)
62

V2f(6) = [mf(%g)} ;

(pxp)

Vi(et,0,0,) = lys — min{c, fi(0)}] — |y — min{ecy, f:(6,)}}.

Throuhgout this paper, we will use the following assumptions;

ASSUMPTOIN A.
The parameter space © is a compact subspace of RP.

ASSUMPTION B.
Bj : f(z4,60) and f(0) are continuous on 2 x © for each t.
B> : x; and ¢; are independent and ¢, has a unique median at zero.

B3 : z; is bounded in probability, i.e.,for every n > 0 there exists M,
such that P{|z;| > M.} < e.

First we consider the limit of the objective function @, ().
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LEMMA 2.1. Suppose that Assumption A and B satisfied on the
model (1.1), for any 8 we have

Qn(0) — E[Qn(8)] = op(1),
where o,(1) denotes convergence in probability.
Proof. Enough to show that V;(e, 8, 8,) is bounded by virtue of Cheby-
shev’s inequality, which gives
max Var[Vi(e,0,0,)]
P{IQn(0) — E[Qu(6)]] > ¢} < ==~

Meanwhile, we can derive V;(e, 0, 6,) into four part for each ¢.
(2.1)

1€2

0, on O ={zx€Q:c < fe(B),cr < fi(Bo) }

Vi(e,0,6,) < 4 10 = fel6o)l, on Q2 ={z € Q:ce > fu(6),c0 > fr(00)}
| fi(6s) —c, on Q3 ={z € Q: fi(f) <ct < f1(6)}
et — fi(6o), on Q= {x € Q: fi(f) < ct < fe(o)}).

According to Hélder’s inequality and (2.1), we get
%(679780) < !ft(g) - ft(eo)l < ”Vf(é)“”g - 00”)

where||.|| denote Euclidian norm and 8 = M, + (1 — \)8,0 < X < 1.
Hence, the boundness of V;(e,8,6,) follows from Assumption A and
B;. O

To discuss uniform convergence in probability of @ (8) over param-
eter space © it is necessary to define stochastic equicontinuity given in
Newey(1991). As mensioned in Newey, the stochastic equicontinuity i~
generalization of the ordinary equicontinuity to random variable.

The sequence {Q,(0)} is stochastic equicontinuity means for any
€,1 > 0 there exists random A(e,7) and constant n,(e, ) such that for
n = no(e,n), P(JA(€e,n)] > €) < n and for each 6 there is an open set
N(8,¢,n) containing § with

o sup [Qu(8) — Qu(0)] S Ale,m), 7> nole,n).
0N (8.¢,1)

We also need the following lemma which gives the sufficient and neces-
sary condition for uniform convergence. For proof, see Newey(1991).
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LEMMA 2.2. Suppose Assumption A holds. Then sup|Q,(8) -E[Q,
0co

(0)]l = 0p(1) if and only if {Q,(0) : 6 € ©} is stochastic equicontinuity
and Qn(0) — E[Qr(0)] = 0,(1) for any 8 € ©.

The following lemma states uniform convergence of Qn(0).

LEMMA 2.3. Under the same condition of Lemma 2.1, we get

SupIQn(g) - E[Qn(a)]‘ = Op(1>
vco

Proof. It suffices to show that {Q,,(0) : @ € ©} is stochastic equicon-
tinuity in accordance to the Lemma 2.2. Let N5(8*) = {0 : |0—0*| < 6}.
By means of Heine-Borel theorem, for each # we can choose some open
ball Ns(6x) containing 6. Moreover, |Q,,(6,) — @,.(62)| is less than or
equal to
(2.2)

1 n
~ Z{I{x;xem}fftwl) = fe(62)|+ Izzengyles — fr(00)| + Iaizeayy e *fz(92)i},
t=1

where [ denotes indicator function. Let A,, (6, 0) = max |V f.(6%)]], 6"

=M+ (1-N0,0< <1, By virtue to (2.2), we obtain

sup  [Qn(0) — Qu(0)] < AL(6,0)]10 — 6]

0EN;s(0%)

Therefore, An(é, f) is bounded in probability from Assumptions B. The
proof is completed. O

3. Strong consistency

For strong consistency of the L;-norm estimators, we need the addi-
tional assumption

AssumMmpTION C.

Cy:P{lz e Q: f(x,01) # f(x,02)} > 0 for each 0,0, € ©,0, # 6,.

Cs: % S, I{Ct>ft(90)}VTf¢(00)Vft(90) converges to a positive def-
inite matrix as n — oo.
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REMARK. As menticned in Chen and Wu(1994), for the strong con-
sistency of any estimators of true parameter 6, the number of {¢ : ¢; >
f(zt,0,} must be large sufficiently. So the factor I, 1,(s,)} appears in
Assumption C5. If the investigtor prolong the observation time infin-
itely, the number of {t : ¢; > f(z:,0,} is same with the number of the
observation. Assumtion Cy thus convert that = > | V7 £,(0,)V £:(6,)
converges to a positive definite matrix as n — oo, which is regular condi-
tion that is often refered in nonlinear regression model. See, Kim(1995).

The main result of this paper is the following theorem which provides
sufficient conditions for the strong consistency of L;-norm estimators
in the model (1.1).

THEOREM 3.1. Suppose that Assumption A, B, and C are satisfied
on the model (1.1). Then the Li-norm estimators 8,, defined in (1.2) is
strongly consistent for 6,,.

Proof. First we show that Q(6) = hm E[Qn( 1] has a unique mini-
mizer 6, on O. For this, let a; = ¢; — ft( o) and d,(6) = f.(0) — f:(6,).

By simple calculation, we obtain
Ee, [W(Etaga go)l{x:xeﬂg}} = Efn {dt(e)I{IIIGQQ} —+ (lét - ‘lt(g)l - |€i|)l{m:xEQg}}

de(8)
=2 /O (de(8) — Mg (V).

By similar method, E.[@,(8)] becomes to

(3.1)

n dy(8) ag
23 {twwcnn [ @00 N0+ Teacny [ = Vo
0 0
TN [ / oy B oA+ / s A)gt(x)dx] }

Moreover, from (3.1) we have

d.(6)

VS5.(0) = —Z{I{xIEQQ}+1{m renn} / AV ,(0)
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and

VE500) = 23 (imwens) + Tiwenn H 0OV 50)9 10)

t=1
d. (¢)
o[ aavao),
0
where 5,(6) = E.[Qn(0)]. Therefore, we obtain

VS.(6,) =0

and

2 n
(82)  VSu(00) = =3 90 10, VT fe(00)V £:(6o)

t=1

2k
= Mo 10y V0V £(0,),

t=1

Vv

where k = 11<nti£ 9¢(0). Let R,(8) = E.xQn(0). Then, by means of the

Assumption C3 and (3.2) we have that VR, (6,) = 0 and the Hessan
matrix V2R, (6) is positive definite for sufficiently large n. Hence, Q,,(6)
attains a local minimum at 6,.

Next we show that this local minimum is indeed the global minimum.
Let U(#) = Ng§(6,) N ©. By Heine-Borel theorem and compactness of
U(8), there is a finite covering of U(#) by &-ball. For each § € U(f) we
can choose Nj(6;) such that § € N;(6;) C U(#). Since |R.(0) — R,.(8;)]
is less than or equal to

Hn(0) = Qu(0)| + |Qn(0) — Qu(0:)] + |Qn(f:) — Rn(6:)],
from Lemmas in section 2, we have with probability greater than 1 —7,

n\Yi inf n rC.
R,.(6;) <0€]1Vr}s(0i)R (6) + ¢

The fact R, (8;) > 0 follows Theorem 2.1 in Choi(1996).
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Finally we show that the L;-norm estimators 8, belong to Ns(6).

According to above result we get

Ralbo) <, ot Ra(6).

Because

|Rn(6r) = Ru(Bo)] < |Rn(6n) — Qu(Bn)] + 1Qn(6) — Qn(6,)]
+|Qn(8o) = Rn(8,)],

by means of Lemmas in section 2, we obtain with probability greater

than 1 —17
R.(0,) < R,(6,)+ €< inf R,(0)+e
n(0n) < Bu(B) +c < int Ru(0)
The proof is completed. U
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