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FOURIER TRANSFORMATIONS OF W®-SPACES

SunG K1 KiM AND DoHAN KIM

ABSTRACT. The W®-spaces generalizing the WP-spaces due to Pa-
thak and Upadhyay are investigated and the Fourier transformations
on these spaces are continuous.

0. Introduction

Let u be a real valued function defined on [0, oc) with the properties:

(1) p(0) =0, pu(t) >0if t > 0, lim; o p(t) == oo.
(2) p is nondecreasing.
(3) u is right continuous.

Then the real valued function M defined on (—oco, 00) by

|z|
M(z) = / u(t)dt
0
is called an N-function. We know M is continuous, convex and

lim M

|z|—-»0 X

=0.

We define v(s) = sup,<st, s > 0 and Qy) = 0“" v(s)ds. Then Q
is an N-function and Q(y) = sup, {z|y| — M(z)}. We call (M,) is a
complementary pair of N-functions. In the sequel, let M, Q and ® be

N-functions.
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Now the class Ky, is defined as the set of all infinitely differentiable
functions ¢(z) satisfying

(e 0]
. 1 tries |
lpll%r,q = inf{A > 0] / @(X,QM( )o@ (z)|)dz < 1} < 00

for each nonnegative integer ¢ where the positive constant a depends
upon the function ¢. In general, K jﬁ is not a vector space.

The space W5, is defined to be the linear convex hull of the class
K3, Wy is a Banach space with respect to the norm || - ||¢ Mg The

space W§ can be regarded as the union of countably normed spaces
WM’a of all infinitely differentiable functions ¢, which for any § > 0
satisfy

lol12 o = inf{A| / M9 5 ()] )dz < 1},
g=01,2....

The class K»? is defined to be the set of all entire functions w(z),
z =z + iy satisfying

Jol™=® = supin{A| / 2(Le 20 4p(2) 1o < 1) < o,
k=01,2... .
The space W2 is defined to be the linear convex hull of the class K%

with the norm | - [|**®. The space W?*? is the set of all function ¢
in W%% with the norm

o102 = supinf(a| [~ 8(5 e IHp(a) iz < 1),
k=0,1,2,... .
By the monotone convergence theorem we have ffcoo P(eMlla—0)z] (@)
(z )V”SO”M ge)dz < 1 and f e~ UG+ 2k oo ()| /|| o] | 202 ) d

<1
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Fourier transformations of W®-spaces
REMARK. In particular, if ®(z) = zP, 1 < p <. 0o, we have

W =W, W, =Wl ,, W = WP and W = WP [cf. 2]

LEMMA 1. Let ®;, i = 1,2,3 be N-functions such that &7 (z)®; ' (z)
< ®7Nx), fr € Wbt and f, € WEEP2, Then fif, € Whbothds
and we have

L1 fo| HEP0TEBs < 2 |00 || £y R

Proof. We may assume ||f;||#0%®1 = || fo]#**%2 = 1. By the
convexity of ®3 and ®3(zy) < ®1(z) + ®2(y) in (3], we have

./oo ‘I)a(';""3“9[@0“’”)3’]Zkfl(Z)fz("v’)\)ﬂlﬂc

1 oo
g 5/ By (e Mo £, (2)] - | ATV fy (2)])de

1 [ 1 [
< 5/ &1 (| Mot DV 1 (2)]) + 5/ By (|e~ACTOUk £, (2)|)da
oo .
1 1
<s+5=1
=3%3
Thus || fy fo|H60+0:%s < 9] ][ 2000 Pr|| |2k b2, 0

THEOREM 2. Let ®;, 1 = 1,2,3 be N-functicns such that
o7 (2)®3 ' (2) < D57 (2)
and f(z) be an entire function satisfying
(1 + |z*) 7 f ()| = Dy, < c0.

Then (Pf = Wﬂ,kyb0+b,q>3 for al] (p € WQ,k,b,q>2.
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Proof. By the Lemma 1, we have

[ [P00+02s < 2|(1+ [2]7) 7 () [BO0 1| (1+ [z Yo 2) | 0
< 2Dg, (||| Qrb®z || ]| BhThib2)

< 0Q.
g

We denote by K f\}’q’ the set of all entire functions p(z), z = = + iy
with the norm

o 1
Il = supinf(a] [ B(5JeM -2 o) )i < 1} < oo

The space Wﬁ’@ is the convex hull of K 5\14,«» with the norm || - H?f’.
The space Wﬁ"p can also be represented as a union of countably normed
linear spaces. We denote by Wﬁ’f;’@ the set of all functions belonging
to the space Wi},’q) with the norm

(o o]
1
”(p”?l’f)a’(b = supinf{A [/ ‘P(X|eM[(a_5)x]_Q[(b+")yl(p(z)])d:c <1}
Yy -~ 00

REMARK. In particular, if ®(z) = zP, 1 < p < 00, we have

2,9 _ nQp 2.6, _ pbp g
WM —_ M and WM,(I - WM,G [Lf. 2].

THEOREM 3. Let ®;, ¢ = 1,2,3 be N-functions such that

and f(z) be an entire function satisfying
& 1
supinf{\ \/ <I>1(X]e_M<“°$)‘Q(b°y)f(z)])dx <1} =Dy, < .
y —00

Then ¢f € Wiyht'o®® for all o € Wiph™.
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Fourier transformations of W2 -spaces

Proof. By the similar argument as the proof of Lemma 1, we have
Q,b+bg,® Q, b ®
lofMa—ap = < 2Dall@llpre * < oo
Let A denote the Fourier transform in the sequel. O

THEOREM 4. Let (M,Q)) be a complementary pair of N-functions.
Then W;&fa C W%a:®2 for any N-functions ®; and ®-.

Proof. Let ¢ € Wﬁl’ .- Then the Fourier transform ¢ of ¢ exists in
the L!-sense and ¢ is an entire function of s = o + ¢7 [1]. We have

|k a

supmf{A[/ <I>2( e~ (2 +e)7] sk3(s))do < 1}

= RAE+T] (o424 (5]*)(s) )do < 1}

IA

supmf{)\|/ @2()‘( 2+1)

1
)\(02 + 1)

+sup1nf{)\]/ ml —Q[(l+p)T]/ (p(k)(z)le|1”7‘|dz)da< 1}

mf{)\I/ ¢>2( 1) / RS yrery |2 (2)|dz)de < 1}

IA

supmf{)\|/ le -l +p)‘r]/ |+ (2)|el*17 dz)do < 1}

H

+mf{,\|/ ®2(5; 1)/ M 7875 o) (2)|de)do < 1}
Since

00 o0
[ Mm@l < [ @ T @) da
—00

—00

o0
= [7 a0 @ is =<0 (G +p= ),

— o0

oo
o1 <int(A] [ @t o <1)

_a
(2+ 1)
+mf{,\|/ ®a(ry o < 1) < o0
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because [ @, —7)do < oo by an easy calculation.
o] o<+1

Let (®,®) be a complementary pair of N-functions. Then a gen-
eralized version of Hélder’s inequality is |luv||,, < 2||ulls]jv|ls where
lulle = inf{)| ffooo <I>(;1\—|u(a:)|)dx <1} O

THEOREM 5. Let (M, Q) be a complementary pair of N-functions.
Then W:b:21 W;}?; for any N-functions ®; and ®,.
b

Proof.

I
Iz, .

> 1
lnf{/\’/ @2(_)\_leM[(%—ts)U]@(Q)(o-)l)dU < 1}

a1 Loyol-ay [ (272 +]2]7)
< inf{A / Dy (= |eMli(z—0)e] Uy/ ~———p(2)|dz|)do < 1}
(A oo A oo z? +1
. 2 L M{(2=6)o]—oy+Q((b 1
< ity [ @alleMIG -t evsa o2l g, %

(lplHEF202 4 |

oo 1 2
= mfw/ <1>2(X1ce—M<£%a>|)da <1} <oo

RO do < 1)

2 2
because [ <I>2(|ce"M(€§U)’)do < f_oooo @2(08_%'C[)d0 < oo by an
easy calculation. M

—— 1 ——
CorOLLARY. W§ & =W%a® Wabe - WE’%.

THEOREM 6. Let (M, 1) and (M1, 92) be two complementary pairs
of N-functions. Then

Wﬁ,b,cpl c Wﬂl,i,%
,a

1
M],‘i)‘

for any N-functions ®, and ®.
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Fourier transformations of W¥-spaces

Proof. Let ¢ € WQ %®1 Then we have

Qv%)q)Z

T

oo
]. 1 1
_ supinf{/\I/ @2(X|EM1[(3—6)0}—91{(;+p)r]¢(a+i7)|)da <1}
T — 00

o0 1 2
< inf{/\|/ @2(—)\—|ce_M1(£TU)[)da <1} < x. 0
COROLLARY. WQ“’ Wﬁ““’
LYy
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