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AN ERROR OF THE METHOD OF
VANISHING VISCOSITY OF THE
FIRST-ORDER HAMILTON-JACOBI EQUATIONS

BuM IL HONG, SUNG NaM HA AND JEGNGWHAN CHOI

1. Introduction

In this paper, we study an error of vanishing viscosity method for
the first-order Hamilton-Jacobi equations.

(H-J) u(z) + f(Vu(z)) =0, ze RV,

It is well known that (H-J) does not have a classical solution even
though the Hamiltonian f is smooth. However Crandall and Lions [1]
introduced the class of viscosity solutions, which turns out to be the
correct class of generalized solutions for such type of equations. They
also showed the uniqueness of generalized solutions under a viscosity
condition. The book by Lions [3] and a paper by Souganidis [4] provided
a view of the scope of the references to much of the recent literature.
Hong [2] showed some regularity result for Hamilton-Jacobi equations.

2. Viscosity solutions of (H-J)

The general reference for this section is [3].
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DEFINITION 2.1 (EXISTENCE AND UNIQUENESS). A viscosity sub-
solution (respectively, supersolution) of (H-J) with f € C(RM) is a
bounded function u € C(RY) such that for every ¢ € C'1(RV):

If 2 is a local maximum point of u - ¢ on RY

(2.1.1)

then u(zo) + f(V(zg)) < 0.
(respectively,

If z¢ is a local minimum point of % -- ¢ on R,
(2.1.2)

then u(xo) + f(Vo(zo)) > 0.)

DEFINITION 2.2. A wiscosity solution of (H-J) is a bounded function
u € C(RM) for which both (2.1.1) and (2.1.2) hold (i.e. u is both a
viscosity subsolution and a viscosity supersolution).

Remark. If u is a bounded classical solution of (H-J), then it is a
viscosity solution, and if u is a viscosity solution of (H-J), then u(zg) +
f(Vu(zo)) = 0 at any point o where u is differentiable.

3. The vanishing viscosity method and viscosity solutions
of (H-J)

If we consider the problem
(V-V) u® + fY(Vu) —eAu =0 on RY,

then it is well known that this problem has the solution, u¢ € C'2 (R™)
if f¢ € WH°(RV) and this method is referrred to be the method of
vanishing viscosity because of the viscosity term eAuf; see Lions [3].
Moreover Crandall and Lions [1] showed the convergence of the method
of vanishing viscosity.

THEOREM 3.1 (CONVERGENCE). Let u¢ € C?(RM) be a solution
of (V-V) where f* — f ase — 0 in C(RY). Assume u* converges
uniformly to u as € — 0. Then u is the viscosity solution of (H-J).
Moreover if u is bounded, then so is u€.

Proof. See Crandall and Lions [1], and Lions [3].
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4. An error of the method of vanishing viscosity

In this section, we prove an error of the vanishing viscosity that is the
main result of this paper. To prove this, we use the following Lemma.

LEMMA 4.1. Suppose that f is bounded and Lipschitz continuous on
RY. Let u and u¢ be solutions of (H-J) and (V-V) respectively. Assume
that

(A) sup |u(z)] and sup |u‘(z)] — 0 as R — oc.
|z| >R ||z R

Let n(z) be a smooth nonnegative function on R such that n(—z) =

n(z), 0 < n(z) <1, 7(0) =1and n(z) = 0 if 2] > 1, and let M =
max{||u|| goo m~y, [|u|| oo (v~ }. Suppose that

o = ||u(z) ~ u ()| poo wN-

For any 6 > 0, if we define
. o
$(@,3) = u(@) —w(y) + (BM + 2)35(z — )

where (35(z) is defined on RY by Bs(z) = Hf_]:l (%), then there exists
a point (zo,y0) € RN x RN such that (2o, v0) > ¥(z,y) on RN x RV,

Proof. Fix § > 0. Let a sequence {(z;,¥:)}i>1 in RY x RV be such
that

w'riayi — sup ¢7
(4.1.1) (@) = sup

then (z;,y;) remains bounded by the following arguments.
First,

sup ¥ > u(z) —u(z)+ (3M + %)ﬁ(vg(m —x)
RN xRN

=u(z) — u(z) + 3M + % for all z € RV,

45



Bum Il Hong, Sung Nam Ha and Jeongwhar: Choi

Therefore,
sup ¢ > sup(u(z) — u(x)) + 3M + z
RN xRN RN 2
(4.1.2) :a+3M+%
3

If Bs(z —y) = 0, then

»(z,y) = u(z) ~ u(y)
< 2M.

Hence, (4.1.1) implies that Bs(x; — y;) > 0 for large ¢, hence

Ixi - y1| < \/(mh = Yi, )2 + (mig - yi2)2 +ot (xiN - yiN)2 < \/N—d

If |z;| — oo and |y;| — oo, then

lim sup ¥(z;,y:) <3M +% by A.

PTIOORN xRN

This contradicts (4.1.1) and (4.1.2). Therefore, {(z;,¥:)}i>1 is a bounded
sequence and there is a convergent subsequence of {(z;,¥:)}i>1. Let
(x0,yo) be the limit of the above subsequence. This completes the
proof.

THEOREM 4.2 (MAIN RESULT). Let a bounded continuous function
u be the viscosity solution of

u(z) + f(Vu(z)) =0, zeRV.
Suppose that, for any € > 0, u® is the solution of
uf(z) + f(Vu(z)) — eAu‘(z) =0, zeRN.
If v and u® satisfy (A), then
lu = u||Loowmy S NF = fellLoo@mny + CVe
where C' will be specified later.
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Proof. If ¢ = 0, then done. Otherwise, by Lemma 4.1, for any 4 > 0
we can find a point (zg,y0) € RV x RV such that

u(e) - (u'(yo) ~ (8M + 2)85(z — vo) )
attains a local maximum at z = xg, whence
(421 u(eo) + F(~(8M + 2)Vabs(zo - o)) < 0.

On the other hand, since —9(zo,y) = —u(zo)+u*(y)— (3M +%)Bs(zo—
y) attains a local minimum at y = yo and u¢ € C?,

Vu(yo) — (3M + )V, Bs(z0 — o) = 0.
That is, since V3s5(xo — yo) = —V,85(x0 — vo).
(42:2) Va(yo) + (BM + 2)Vabs(zo — o) = 0.
Moreover one can easily see that
(4.2.3) Au(yo) ~ (3M + 2)(A85) (w0 ~ o) = 0.

Now we proceed by u® + f(Vu¢) — eAu = 0, (4.2.2) and (4.2.3) to
deduce that

—u(yo) =f*(Vu'(yo)) — eAu(yo)
(4.2.4) < (~(8M + 5)VaBs(zs — 1))
— e(3M + 3)(A85) (@0 — wo).
Combining (4.2.1) and (4.2.4) gives
u(z0) — u(yo) <f*(~(3M + 3)VaBs (w0 — 30))
~ f(~(3M + 5) V2 Bs(z0 — 0))
— e(3M + 3)(ABs)(o — o).
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Now, for all z € RY,

u(z) —u(z) +3M + % =Y(z, )

<t (2o, Yo)
<u(zrg) — u(yo) + 3M + %.

Hence
u(z) — u(z) <u(zo) — u(yo)
<f(—(BM + %)Vzﬁa(l‘o - %o))
- f(-(3M + %)vxﬂJ(‘TO — %))
— ¢(3M + %)(Aﬂa)(:co — yo)-
Therefore

. o
o < |If = fllpeomny + €(3M + §)|(Aﬁé)(ﬂ'o R
Since o < [Jul|peo@®ny + |uf]| Lo (mvy < 2M, we have

. Ce
= wflpoomny S HF = S llee @) + 5

where C is depending on M and 5. Setting § = €% completes the

proof.

5. Remark

For simplicity, we impose the assumption (A). We will drop (A) in a
later paper. We expect that its proof will be quite different and more

complicated of course.
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