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ON CERTAIN ANALYTIC FUNCTIONS
WITH POSITIVE REAL PART

EUGEN DRAGHICI

1. Introduction

Let U = {2z € C : |z| < 1} be the open unit disc in the complex plane
and let A be the class of all analytic functions p in U with p(0) = 1.
A function p € N is called a Carathéodory function if Rep(z) > 0 in
U. Let now denote by A the class of all analytic functions f in U with
f(0)=f'(0)—1=0, A function f € A is said to be starlike in U if:

zf'(2)
02) >0, zel.

A function f € A is said to be with bounded argument rotation in
U if:

Re

Ref'(z) >0, z € U.

Let 5* be the class of starlike functions in U and R the class of functions
with bounded argument rotation in U. It is well--known (cf. Duren [1])
that all the functions in $* and in R are univalent and R is not a
subclass of §* (cf. Krzys [2]). Also, R is a subclass of the class of
close-to—convex functions in U.

In [6] Nunokawa showed that p € N is a Carathéodory—function if:

zp'(2)

p(2)

This result was improved in 7] by S.Owa and J.Kang. They showed
that:

(1.1) ‘Im <1l, zeU
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THEOREM 1.1. Ifp € N satisfies:
Z'(z)

p(2)

then Rep(z) > 0, z € U, where a is real and |a| > 1

# i, z2€1

DEFINITION 1. 1 [1]. if f and g are analytic functions in U and g
is univalent, then we say that f is subordinate to g, written f < g or

f(z) < g(2) if f(0) = g(0) and f(U) C g(U).
DEFINITION 1.2 [5]. Let A be a complex number such that Rex > 0

and let
_ IAlv1+ 2ReA + ImA
o Rel

If h is the univalent function defined by h(z) = 2N2z/(1 — 2?) and
b= h~1()\), then we define the “open door” function @, as:

Qx(z) =h[(z +b)/(1 +b2)], z€U

N =N

It is clear that @ is univalent, @x(0) = A and @ (U) = h(U) is
the complex plane slit along the half-lines Rew = 0,Imw > N and
Rew = 0, Imw < —N.

The reason for the title “open door” will become apparent in the
following theorem:

THEOREM 1.2 [5]. Let Q) be the function given by (2.3) and let
B(z) be an analytic function in U satisfying:

B(z) < Qx(2), z €U

If p is analytic in U, p(0) = 1/X, and p satisfies the differential
equation:
zp'(2) + B(2)p(2) = 1
then Rep(z) >0in U.

This lemma was first proved by P.T.Mocanu in [5]. More details can
be found in ([4], Definition 7.1, Lemma 7.2 and Theorem 7.3). The
purpose of this paper is to generalize Theorem 1.1 and Theorem 1.2
by using a differential-subordination technique.
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2. Preliminaries

In order to prove our main results we will need the following defini-
tion and lemma.

DEFINITION 2.1 [3]. Let Q be a set in C. We define ¥[Q)] to be
the class of all functions ¢ : C? x U — C that satisfy the following
condition:

. 1+ 2°?
Y (iz,y;2)¢Q forall 2z€eU and z,ye R,y< - .

¥[Q)] is called the class of admissible functions. More details can be
found in ([4] Definition 3.1).

LEMMA 2.1 [3]. Let p(z) = 1+ p1z + --- be analytic in U. If
Y € ¥[Q], then the following implication holds:

Y[p(2),2p'(2);2] € 2 ==> Rep(2) >0, z€ U
More general forms of this lemma can be found in [4].

3. Principal result

THEOREM 3.1. Let b,c,d be real numbers, b > —1/2,¢ > 0,d > 0
and let

A2+ c2(2b+1)

K =2
If p € N satisfies:
b—2p'(z) .
(31) m #Fia, z€e U

for all real o with |a — —c%| > K, then Rep(2) >0in U.
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Proof. Let 1 : C? x U — C, 9(u,v; 2) = (b — v)/(cu + di). Then:

y—2>b
cx+d

Y(ix,y;2) = 4

If we let z € R and y < —(1 + z?)/2 we immediately obtain:

Rey(iz,y;2) =0 and Imy(iz, y; 2) = - :rl;
CT

If cx +d > 0 then:

_1lt2®
Imy( iz, y;2) < —=——

cr+d

The maximum of the right-hand side of this inequality is d/c® — K,
and thus, Imi(iz, y; z) has the upper bound d/c? — K. Using a similar
argument, we finally obtain that:

Imy(iz, y; 2) — c%— >K

for all real z and y < —(1 + z2)/2.

Let © be the complex plane slit along the half-lines
Rew = a,Imw > C%+K>0and Rew = 0, Imw < %—K < 0. From
(3.1) we have:

1+ 22
2

Y(iz,y;2) ¢Q forall z€eU and y< -

From Definition 2.2 we have that ¢ € ¥[Q].
Suppose now that ¢p(z) + di has a zero of order n € N at 2 = §.
Then:

cp(z) + di = (z — 8)"q(2)

where g(z) # 0 in a neighbourhood V of §. A simple computation
shows that:

b— zp'(2) _ b _nz z2d'(?)
ep(z) +di  (z—B)"q(z) clz=B) cq(z)’
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Because the right-hand side of (3.3) can take any values when z tends
to 3, we contradict condition (3.1) and obtain that cp(z) +di # 0in U.
Thus, we can write:

oy o] = b )
vIp(a), 29! ()2 = S

From (3.1} we deduce that ¥[p(z), zp'(2); z] € §. Because ¢ € ¥[Q),
by applying Lemma 2.1 we conclude that Repiz) > 0 in U and the
theorem is completely proved.

4. Some particular cases

1. If we let in Theorem 3.1 b = d = 0 and ¢ = 1, we obtain
Theorem 1.1 by S.Owa and J.Kang [7] which improves the result of
M.Nunokawa in[6] cited in (1.1).

2. If we let in Theorem 3.1 b = ¢ = 1 and d = 0 we obtain
Theorem 1.2 of P.T.Mocanu [5], for A = 1.

3. If we let in Theorem 3.1 p(z) = zf'(z)/f(2) for a function f € A
and ¢ = 1,d = 0 we obtain the following result:

COROLLARY 4.1. If f€ A, b> —1/2 and:

y ) L ) =)

2fi(z)  flz)  f'(2)

for all real o with |a| > v/2b+ 1, then f € S*.

4. If we let in Theorem 3.1 p(z) = f'(z) for f € Aandc=1,d=0
we obtain the following result:

COROLLARY 4.1. If f€ A, b> —1/2 and:

#1l+ia, zeU

Pﬂ# i, ze U

f(z)
for all real o with o > +/2b+ 1, then f € R.
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