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ASYMPTOTIC BEHAVIOR OF
SOLUTIONS TO A CLASS OF DOUBLY 

NONLINEAR EVOLUTION EQUATIONS

S. Aizicovici, J. K. Kim, and Q. Yan

1. Introduction

In this paper, we discuss the asymptotic behavior, as t t oo, of 
solutions to the nonlinear initial value problem

f Au\t) + Bu(t) 9 f(t), t € IR* = [0, oo), ⑴ 
I u(0) = u0,

in a Hilbert space H. Here A and B are maximal monotone (possibly 
multivalued) operators m H (or from V to V*, where V is a reflexive 
Banach space of dual V*, with V C H G V*, densely and contin
uously), f : and uq £ H. Equations of this type arise in
thermodynamics, in the presence of dissipation phenomena (cf., e.g , 
[5])-

The existence of solutions to (1) on a finite interval has recently been 
considered in [1, 5, 6], while continuous dependence results appear in 
[2]. However, we are not aware of any attempt to develop an asymptotic 
theory for such equations.

The plan of the paper is as follows In Section 2 we extend the 
existence results of [1] to the case of and we study the asymptotic 
properties of solutions to Equation (1) Two theorems are included. 
Section 3 contains two examples that illustrate the abstract theory.

We assume the familiarity of the reader with maximal monotone 
ope호ators, Banach space valued functions, and Sobolev spaces. See [3, 
4] for background material on these topics.
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2. Main results

Throughout this paper H denotes a real Hilbert space of norm | * | 
and inner product (•, •). Let (V, || • ||) be a reflexive Banach space, of 
dual (V*, I] • II*) such that V C C V*, densely and continuously.

The duality pairing between v* g V* and v G V, also denoted 
(v*, v), coincides with the scalar product in H whenever v* € H, 
Without loss of generality we will assume that both V and V* are 
strictly convex.

Let A be a (possibly multivalued) operator from V to V* with 
P(A) = V, satisfying

(Hl) A is maximal monotone and the호e exist 0 < ci < C2, and 
p € [2, +oo) such that

(g, z) > 에께七 Ih/ll* < cJI께 1 (2)

for all x G V and y E Ax.
Next let B : V V* satisfy
(H2) B = d(p (d = subdifferential), where t V (—00, +00] is 

proper, convex and lower semicontinuous, and such that for 
any r > 0, the set {x EV : < r} is compact in

(H3) BTO 球。.

In what follows, p denotes the constant appearing in (Hl), and q is 
its conjugate, i.e., p-1 + q~x = 1. We also need the condition

(H4) f e 邛(哩+; V*).

DEFINITION 1. Let UQ EV be given. A solution of (1) is a function 
u G V) with u(0) = uq^ such that there exist measurable
v)w : [0, T] V* satisfying

u(t) e Au'(t), w(t) e Bu(t),
応)+ w(t) = f(t),

for almost all t 6 R+・
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THEOREM 2. Let (丑”1)-(H4) hold. Then for each uq E Q(S):= 
{x E V :V +。。} the problem (1) has a solution u with the 
following properties:

u G L°°(R+; V) n L7C(R+; V), W € LP(R+; V), (4)

where V) stands for the set of all uniformly continuous func
tions on R+ with values in V,

v?weZg(R+; V*), (5)

where v, w satisfy (3),

1 血 9(叩))=nun<^(x), (6)I—>oo xG v

uj(u) C B-10, (7)

where uj(u) —{x € V ； u(tn) —> a: in T, for some tn t oo}.
If also is a singleton, then

Jim u(t) = in V. (8)

Proof. Let T € (0, 8)be arbitrarily fixed. By [1, Theorem 2], Eq. 
(1) has a solution on [0, T] in the sense that 处 € W1,p(0,T; V) 
and there exist 如,皿 E Zg(0, T; V*) satisfying ⑶(with u = ui,v = 
vi,w = wi) for almost all t in (0, T). Also remark (cf., e.g., [5, Lemma 
4.1]) that the function t t (/>(ui(t)) is absolutely continuous on [0, T], 
so that in particular, uj(T) G Consider the problem

f 4/(Z) + Bz(t) 9 f(t + T), 0 < i < T,
I £(0) = ui(T).

Applying Theorem 2 of [1] again, we conclude that (9) has a solution 
a; : [0, T] V such that x € iyljP(0, T; V) and there are functions 
饥z € £?(0, T; V*) satisfying (3) on (0, T) (with in place of 
u, v,uj, respectively). Define u2 : [T, 2T] —> V, v2) W2 : [T, 2T]—> 
V* by

u2(t) == x(t - T), v2(t) = y(t - T), w2(f) = - T) (7 < £ < 2꼬), 
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and subsequently let u : [0, 2T] V, v, w : [0, 2T] t V* be given by

= un(t), v(t) — vn(i), w(f) = wn(t) if (n 一 1)T < i < n꼬, (10) 

for n = 1,2. It is easily seen that u, v, w, as given by (10) satisfy 
Definition 1 on [0, Applying this procedure repeatedly we extend 
u, v and w on R+, such that u G 叫*'：(耿+； V), V*)
and (3) holds.

To obtain the stronger conclusions of Theorem 2, multiply (32)by 
and integrate the result over 0 < t < oo. Using (Hl), (H2) 

and Lemma 4.1 of [5], we obtain

(ci/2) [ ||u(s)||pds + 9?(u(t))
jQ ft CH)

< 9(四)+ 2"PgT(cip)—g/P 丄 ds.

In view of (H3),甲 is bounded below on V. This, (H4) and (11) yield 
ul G U(k*; V). Moreover it also follows that 3(u(t)) : t € I段+} 

is bounded, so that by (H2), (u(t) : t € R+} is compact in V. In 
particular (4) and (7i) have been established. Relation (5) is a direct 
consequence of (3), (4) and (Hl). To prove (6), note first that

4<p«-)) € 乙 1(0, OO). (12)
at

Indeed, 으〈p(u(t)) = (w(t), u'(t)) with u1 € LP(R.+; V) and w £ 
邛(k+; V) (cf. (4), (5)). Since

W(u(t)) = v?(u0) + [(9(讥s)))'ds
Jo

we infer, by (12), that

lim 9(u(t)) = (13)
t—>oo

exists. Next, by the definition of a sub differential and (3),

夕(z) > 彳(也(£)) + (w(i), x — u(t)), a.e. on Va: 6 K (14) 
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Taking into account that w € L9(R+; V*) and u g 丄8(职+；卩)one 

can find a sequence tn —> oo, such that (w(tn), x 一 u(tn)) —> 0.
Letting t =： —> exo in (14) yields by virtue of (13)

9(w)> 長、Vx eV.

This in conjunction with (H3) shows that as desired.
xG V

Finally, let xq £ u;(u) ; that is u(tn) To in V for some tn t oo. The 
lower semi continuity of y?, together with (6), implies

9(cq) = mis«(z), 
xEV

which is equivalent to xq € B-i0, so that (7?) holds. In particular, 
when B~x0 is a singleton, (8) follows from (7). This completes the 
proof of Theorem 2 □

Our second results complements Theorem 3 in [1]. In place of (H2) 
we are now using the following conditions :

(H5) B = 8如 whe호e 放 : H t (—oo, +oo] is proper, convex and 
lower semicontinuous, and such that the set {x E H : 倒M) < 

r} is compact in H for any r > 0
(H6) V C and B° maps bounded subsets of V into bounded 

subsets of H. (Here BQx = Projsx0, Vx G P(B), where 'Proj' 
designates the nearest point projection in H.)

THEOREM 3. Assume (Hl), (H3)-(H6). Then for every uq E V,
there exists a solution u of (1) satisfying

u e L°°(R+; H) A J7C(R+; V), v! e £P(R+; V), (15)

V e z9(R+； v*), w € 乙胃c(ir+; H) n l9(r+； v*), (16)

lim p(u(t、)、)=少8 exist禹 (17)

3h(W + 0, (18)

where 3)h(") = {z £ H : u(tn) x in H for some tn t oo}. If also

u e 妒°(R+; V) (19)
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then
也R = min©(以 3反(队)U 矿t(J. (20)

x^H •

In particular, when B-10 is a singleton, then

u(t) —> B-10 in Hj as t —> oo. (21)

The proof of Theorem 3 is essentially similar to that of Theorem 2, 
and is therefore omitted. (One makes use of [1, Theorem 3] to obtain 
a solution to (1) on a finite interval [0, T], and then extends it to

Relations (15)-(17) and (20), (21) are derived by 난ic technique 
employed in the proof of Theorem 2.)

An interesting question is when does (19) hold. A partial answer is 
given below.

REMARK 4. Let A : V —* V* be a linear bounded self-adjoint oper- 
砒ar燄etd雕拄建

{Ax^x} > c||x||2, Vx € V (c > 0).

This impEes (Hl) with p = 2. In particular, x —> (Ax, x) defines an 
equivalent norm to \]x\\ for x EV.

Let f £ £'(0, oo; V*)n£2(0, oo; V*), and 0 € BO. If is a solution 
to (1), one has, for almost all t G R+

(4W(Z), u(t))=(血(t), uz(t))=拦(Au(t),u(t)).
Z at

As a consequence, multiplying ⑶)by u(t) and integrating over (0, t), 
0 V £ V 8, yields

II”(圳 IWC(||uo||+ /8||/(s)||*ds)
Jo

for some C > 0, so that u € Z°°(R+, V), as desired.
It is also worth noting that in this case u is uniquely determined.



Asymptotic behavior of solutions 289

3. Examples

Throughout this section, p € [2, oo) and q = p/(p — 1).
First, let Q be a bounded open subset of (N > 1) with smooth 

boundary「and let r. 5 G [2, oo) satisfy r'1 + s~r = 1 ; if r < 
N)we also assume that p < rN/(N — r). Set V = (LP(Q))M, H — 
02(Q)严，w =(成，「(Q))M (M > 1), so that V* = 0W))M, •甲* = 

and W C V C H C V* C W* with dense and continuous 
injections ; moreover W is compactly imbedded into V.

Let a be a maximal monotone graph in x satisfying
M MM M
D任 w£|에p, (22)

J=1 J=1 J=1

for all z =(2i, , zm) € and y = (yi, ••-,取)G a(^), and fixed
positive constants ci,仔

D曲任丄4 : V —* by

v G Au if v(x) € a(u(x)), a.e. on. Q. (23)

In view of (22) it is readily seen that A, as given by (23), satisfies (Hl). 
Next, introduce ip :V (—oo, +oo] by

$ 广7 郭니知)|" 迂5 (24)

、+oo, if u E V \

where bl} E L°°(Q) (z = 1, , • • JV;顶=L M) are such that

0 < 6i < 如 J*) < b) a.e. on Q, (25)

for some 缶代〃 > 0, and we have set x — (rri, - - -u =(勺,

Observe that ip is proper, convex and lower semicontinuous on V, 
and that its subdifferential (denoted by B) is given by

Bu =(岛(?妇),…

P(B) = {uew :现"Lg J =

쁘、쁪)，旳 E扩(。)・
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On account of (24)-(26) one verifies (H2) and (H3) ; in particular, 
= 0. Finally let u0, f be such that

UO 6 (Wjr(Q))M, f e "(】R+; ("(Q))M) (27)

and consider the initial-boundary value problem (j = 1, * • • , M)

wj - Eii 읊「(妬 3) 으/ fe) = L on k+ x °， 

仔， 4 w E Q (을号) on R+ x

u(0, x) = uo(x) on Q, u = 0 on (0, T) x「

where u = (iz15 • - - ,um), m = f = (/i< , • This
can be rewritten in the abstract form (1), with A and B given by (23) 
and (26) respectively. As remarked earlier conditions (H1)-(H3) a호e 
satisfied in this setup, while (H4) and the restriction on uq in Theorem 
2 are consequences of (27). A direct application of Theorem 2 leads to

THEOREM 5. Let the assumptions (22), (25) and (27) be fulfilled. 
Then the problem (Pi) has a solution u satisfying

u e L°°(R+;(乙P(Q))M) n UC(R+;(乙P(Q))M), 

(R+;0P(Q))M),

幻 s C"(IR+;0g(Q))M),

lim u(t, •) = 0 in (协曹~。2))“.
t—t-OO U

The last conclusion of Theorem 5 follows from (6) and (8), by virtue 
of (24) and B-10 = 0.

Our second example is related to Theorem 3. We now take V = 
Wo,2(0,1), H = L2(Q), V* = VF-^2(0,1), and define A : V V* by

Au = -r—니u £ V (28)
血4
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Obviously A satisfies the conditions in Remark 4. Next, let g :脫 t IB. 
satisfy

gCC*瞳)，g(0) = 0, 0 < m < < M, (29)
for some myM > 0. Define © : H —> (—00, +00] by

[(、 / (/ g(s)ds)血，ifu e Wj,2(o,i),
ip(u) = < Jo Jo (30)

、+00, if u C 乙2(o, 1)、Wj,2(0,1).
Note that p is proper, convex and lower semicontinuous on H、with 
subdifFerential B = g given by

Bu =
Q(B) = {ue W^2(0,1) : (g(ux))x G L2(0,1)).

Taking into account (29)-(31), one can easily show that (H5) and (H6) 
hold ; moreover B~10 = 0.

We ars H^erested huthe 2m궈汹点r pTfTbtan

(
UtT3DXX —(戒电峋)"=ft on IR* X (0,1),
u(0,w) = on (0,1),
응法(權) = 을조을(£」), t E (k = 0,1),

where uq and f are such that
«o€<2(0,1),

f eL^R4-； W~2j2(0,l))nL2(R+; W"，2(o,i)).
In view of (28), (31) and (32) it is clear that (3) is of the abstract 
form (1) m H = £2(0, 1). By applying Theorem 3 i그 conjunction with 
Remark 4, we obtain

THEOREM 6. Let conditions (29) and (32) be satisfied. Then the 
problem (3) has a unique solution u such that

u G L°°(R+;卩曆2(0,1))n uc(r+,成，2(0,1)),

ut e z2(r+, W'12(O,1)),
(gg))M £制职+; L2(0,l))QL2(R+; ^~2'2(0,1)),

Jim u(t, -) = 0 in W^,2(0,1).

The convergence of u on Wq'2(Q, 1) (as compared to Z2(0, 1), only) 
is a consequence of (20), (21) and (30).
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