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A NOTE ON SIMPLE PARAMEDIAL GROUPOIDS

Jung R. Cho

1. Introduction

Let G be a groupoid, that is, a non-empty set equipped with a binary 
operation. For a groupoid G, we define a transformation oG of G by 
oG(x) = xx for x E G. An element of G is called idempotent xx ~ x 
and G is called idempotent if every element of G is idempotent. We 
denote the set of all idempotent elements of G by Id(G)・ A mapping 
/ : G —> G is said to be an anhhomomorphism if f(xy) = /(y)/(x) for 
all x, y, E G・ For each x E G, we define transformations Lx and Rx of 
G W Lx(y) = xy and 晶(g) = yx for every y-^G.

A groupoid G is said to be
- cancellative if both Lx and Rx are injective for all x 6 G?
- a quasigroup if both Lx and Rx are bijective for all x E G,
- a LZ-semigroup ii xy = x for all x,y G G,
- a RZ-semtgroup if xy = y for all x〉y E G、
- a band if G is an idempotent semigroup;
- a rectangular band if G is a band and xyx = x for all x, y € G,
- a semilatUce if it is commutative and idempotent.
- umpotent if xx = yy for all 工測 = (구〉
-zeropotent ii xx • y = y • xx = xx for all x, y G G,
- medial if xa by = xb • ay for all a, x, y E G,
-paramedzal if ax • yb = bx ' ya for all £ G,
-simple if G has no nontrivial congruences.

Finally, let △ denote the identical congruence {(x,x)|x G G} of a 
groupoid G. For other terminology, we refer to [1].
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2. Basic properties of simple paramedial groupoids

THEOREM 2.1. Let G be a nontrivial simple paramedial groupoid. 
Then exactly one of the following three cases takes place:

(1) oG is an injective transformation of G.
(2) G is a Gnite unipotent medial quasigroup.
(3) G is zeropotent.

Proof. By [2, 2.1(iii)], r = ker(oG) is a congruence of G, and hence 
either r = A or r = GxG. If r — A then oG is injective, and so 
we assume r = G x G. Then, xx = yy for all x, y G G, and so G 
is unipotent. Note that e = xx is the unique idempotent element of 
G. By [2, 2.9(i)], s = ker(Ze7?e) is a congruence of G. Again, we 
have either 5 = Aors = GxG. If 5 = A then LeRe = ReLe is an 
injective homomorphism of G, and hence both Le and Re are injective

of G. Then, by [2, 2.9(ii)], G is a cancellative medial 
groupoid. However, it is proved in [4] that every simple cancellative 
medial groupoid is a finite quasigroup. Now suppose s = G x G. Then 
e • xe = e • ye for all x^y G G and it follows that e • xe = e • ee = e. It 
also follows that ex • e ~ ey • e for all x^y E G and ex • e = e. By [2, 
2.6(i)], t = ker(Lg) = ker(R') is a congruence of G. If t = △ then, both 
Le and Re are injective transformations of G, and so G is cancellative 
by [2, 2.6(h)] and [2, 2.9(ii)]. However, then, e • xe — e • ye implies 
x — y for all G G, which is a contradiction since G is nontrivial. 
Therefore, t ~ G x G and we have

e • ex = Lg(z)=乙:(e) = e-ee = e = ee-e = 7?g(e)=度(z) = xe • e

for all x € G. Put 1= [a EG\ae = e = ea}. Clearly, e G / and if 
a E I and x E. then e^ax = ee^ax = ze • & = ze • e = e and similarly 
we have ax • e = e,, e • xa = e and xa • e = e. Thus ax, xa 6 Z, and 
so Z is an ideal of G. But then w — (Z x 1) U A is a congruence of G. 
Suppose 3 = △ then I = {e}. For all x G G, since xe • e = e = e - xe, 
we have xe E I and, since ex • e = e = e - ex, we have ex € I. That is, 
xe = e = ex for all x G G, which means G = I)a contradiction. Thus, 
w = G x G and so Z = G, which implies G is zeropotent.
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LEMMA 2.2. Let G be a nontrivial finite idempotent medial group- 
oid and let f be an antiautomorphism of G such that △ and GxG are 
the only congruences of G which are invariant under /. Then exactly 
one of the following three cases takes place:

(1) G is a quasigroup.
(2) G is a semilattice.
(3) G is a rectangular band.

Proof. Let r denote the intersection of all cancellative congruences 
of G. Then r is the smallest cancellative congruence of G. If we define 
a relation r\ on G by (a, &) € 質i if and only if (/(a), f(b)) G r, then r± 
is a cancellative congruence of G so that 質 으 厂i・ This shows that r is 
invariant under f. If r = △ then G is cancellative and, since G is finite, 
it is a quasigroup. Now assume that r = G x G〉that is, no proper 
homomorphic image is cancellative. Let s be the smallest congruence 
of G such that rOTrespondnig fector is a semilattice. Again^'define a 
relation si on G by (a, b) E if and only if (/(ct), /(6)) € s. Then it can 
be checked that 鱼 is a congruence of G and (x, xx) € yx) G 力
and (x • yz^xy • z) £ si for all G G. Thus, G/s\ is a semilattice, 
s 으 si and s is invariant under f. So, s = Z\ors = GxG. If s = A then 
G 스 G/s is a semilattice. Therefore, we assume that s = G x G. Now, 
since G is nontrivial and finite, G has a proper nontrivial simple factor 
groupoid H. By our assumptions that r = G x G and s = G xG, H is 
neither cancellative nor a semilattice. Using the description of simple 
idempotent medial groupoids as is given in [4], we conclude that H is 
either an LZ-semigroup or an RZ-semigroup. In both cases, t 半 GxG、 
whe호e t is the smallest congruence such that G/t is a rectangular band. 
A응 above, t is invariant under f and, therefore, t = △. In other words, 
G is a rectangular band.

The next proposition, classifies the simple paramedial groupoids of 
Theorem 2.1.(1) more in detail.

PROPOSITION 2.3. Let G be a nontrivial finite simple paramedial 
groupoid such that oG is injective. Then exactly one of the following 
three cases takes place:

(1) G is a quasigroup.
(2) G is commutative (hence medial) but not cancellative.
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(3) There exist a rectangular band G(*) and an antiautomorphism 
f of (구(*) such that xy = /(x) * /(?/) for all x,y E G.

P^oof. Clearly, oG is bijective and, by [2, 2.4], there exist an idem- 
potent medial groupoid G(*) and an antiautomorphism f of G(*) such 
that xy = /(x) * /(y) for all € G. Since G is simple, △ and G xG 
are the only congruences of G(*) which are invariant under f. Now, we 
apply Lemma 2.2. If G(*) is a quasigroup then G is also a quasigroup. 
If G(*) is a semilattice then G is commutative and not commutative. 
If G(*) is a rectangular band then G is also a rectacgular band.

LEMMA 2.4. Let G be a simple paramedial groupoid containing at 
most three elements then G is medial.

Proof. Easy to check.

EXAMPLE 2.5. Consider the following four element groupoids Gi,
Gg—a田쇼了

Gi| 0 1 2 3 G2| 0 1 2 3 G3| 0 1 23 이 0 1 2 3
이 0 0 0 0 이 0 0 0 0 이 0 0 0 0 이 00 0 0
1 1 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0
이 0 0 0 3 이 0 00 3 이 0 0 0 3 2 1 0 0 0 3
이 0 2 0 0 이 0 2 0 0 이 0 2 0 0 3 1 0 2 0 0

(1) G\ is a simple zeropotent non-medial paramedial groupoid.
(2) G2 is a simple non-medial paramedial groupoid which is not 

cancellative. oG2 is a permutation and Id(G2)is not a sub- 
groupoid of G小

(3) 지3 is a simple non-medial paramedial quasigroup and Id(G3) 
is not a subgroupoid of G3.

(4) 싱4 is a simple medial paramedial groupoid. Notice that G2 
and 시4 are not isomorphic.

Let G be a nontrivial paramedial groupoid. We shall say G is 
-of type (I) if G is cancellative;
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-of type of type (II) if G is zeropotent;
-of type of type (III) if G is commutative but neither cancella- 

tive nor zeropotent;
-of type of type (IV) there exist a rectangular band G(*) and 

an antiautomorphism f of G(*) such that xy — /(x) * f (y) for 
all x, y G G.

-of type of type (V) if G is not of one of the above types.

Clearly, every simple paramedial groupoid is of just one of the above 
types. Further, by Theorem 2.1 and Proposition 2.3, every simple 
paramedial groupoid of type (V) is infinite.

3・ Simple paramedial groupoids of type (I) - linear repre
sentations

「V為TecMT&ctaFoEzrivial cccncella±ive g호。upoid G is called c-sirrvple 
if △ and GxG are the only cancellative congruences of G. Further, let 
A be the group generated by two elements a, 0 with a relation a2 =俨, 
and let R = ZA be the group ring of A over the ring Z of integers.

PROPOSITION 3 1. The following conditions ae equivalent for a 
quasigroup Q.

(1) Q is a c-simple paramedial quasigroup.
(2) There exist a simple R-module structure (0 +, R) defined on 

Q and an element w E Q such that ab = aa + /3b + w for all
£ Q.

Proof. The result is an. easy consequence of [2, 6.2].

PROPOSITION 3.2. Let G be a c-simple paramedial cancellative 
groupoid. Then the smallest quasigroup containing G as a subgroupoid 
is a c-simple paramedial quasigroup.

Proof. See [2, 4.11] and [3, 5.1, 5.이.

4. Simple paramedial groupoids of type (II) - linear repre
sentations
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PROPOSITION 4.1. Let G be a simple paramedial groupoid of type 
(II) and put 0 = aa for a E G. Then there exist a commutative semi
group S(+) and automorphisms /, g of S(+) such that the following 
conditions are satisfied:

(1) G C S and ab = f(a) + g(3) for all a, b 6 G.
(2) 0 is an absorbing element of S and /(x) + g(z) = 0 for all 

x G S.
(3) 产二顼.

(4) S(+) is either zeropotent or idempotent.
(5) The algebra (5, is simple and generated by

G.

Proof. By [5], there exist a commutative semigroup S(+) and auto
morphisms /, g of S(+) such that conditions (1), (2) and (3) are satis
fied; obviously, we can assume that the algebra S = (S, +, /,们 广，广 
)蒋宇柬tecbby G. Conadsiigjthe iactor algebra^S*/s, where 5 is a 
congruence of S which is maximal with respect to the property that 
s A (G x G) = △, we can assume that r D (G x G) # △ for every 
non-identical congruence r of S. Now, if r is such a congruence and 
/ = r A (G x G\ 나len t is a non-identical congruence of G, and hence 
t = G x G 匚兀 Consequently, G C A = {x e S j (03x) € r} and 
A — S, since A is evidently a subalgebra of S. Thus r = Sx S and this 
proves (5). Now it remains to show (4), and we assume that S(+) is 
not zeropotent. Then 나le mapping z x + x of S' is not constant and, 
because S is simple, it is an injective endomorphism of S. Using an 
obvious and standard construction we embed S into a (simple) algebra 
耳=($1,+,£9,厂',厂1) for which the mapping x x + x is an 
automorphism. Now, proceed as in [6] and we can show that S](+) is 
idempotent. Then, S(+) is idempotent as a subsemigroup of $.(+]

REMARK 4,2. Let G be a simple paramedial groupoid of type (II). 
Proceeding as in. the above proof, we can show that there exist a com
mutative semigroup S(+) and endomorphisms jf? g of S(+) such that, 
in addition to the conditions (1) - (4) of Proposition 4.2, the following 
holds;

(5‘)The algebra S = (S, +, /, g) is simple and generated by G.

In this case, f2 = is an endomorphism of S, and hence either 
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ker(/2) = G x G or ker(/2) = A. In the former case, we have \G\ = 2, 
and so ker(/2) = △ provided that |G| > 3. However, then f and g are 
injective endomorphisms of S(+).

5・ Single paramedial groupoids of type (III)

Let n > 1, let Yn == , an} and let a multiplication be
defined on Yn by ata} = ao for z 7^ j, aoQo — and atat =务+1 
fo호 z / 0, subscript modulo n. Then, it can be checked that 玲 is a 
simple paramedial groupoid of type (III). Further, IS is a two-element 
semilattice and, for n > 2y Yn contains only one idempotent element, 
namely <zq； in both cases, ao is an absorbing element of 5^. Notice that 
Yn contains no proper subgroupoids except {<&)} for n > 2.

PROPOSITION 5 1. (1) The groupoids Yn, n > 1 are pairwise non- 
isomorphic simple paramedial groupoids of type (HI).

(2)=Everyq皿tHixiaLsimplapa皿皿diaLgmupoid of type CIII) is finite 
and isomorphic to one of the groupoids Yn

Proof. Every commutative paramedial groupoid is medial, and hen
ce our result follows from the classification of simple commutative me- 
dial groupoids given in [3].

For a complete classification of simple paramedial groupoids, we 
need to determine the groupoids of type (V). For the groupoids of type 
(IV), we also need more concrete detailed study
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