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ATTAINABLE SETS FOR SEMILINEAR 
EVOLUTION EQUATIONS

Dong-Hwa Kim

1. Introduction

Let H and V be complex Hilbert spaces such that the imbedding 
V C H is compact. The inner product and norm in H are denoted 
by (•, •) and | - and those in V are by ((•, •)) and \\ - ||, respectively. 
Let —Ao be the operator associated with a bounded sesquilinear form 
u(u,r) defined inVxV and satisfying Gaiding inequality

> c°||씨]2 一 ci|u|2, Cq > 0, Ci > 0

fbr any u E V. It is known that Aq generates an analytic semigroup 
in both of H and V*, where V* stands fbr the dual space of V. The 
object of this paper is to investigate the quality of reachable set of the 
following semilmear retarded parabolic type equation

(1.1) = Aox(i) + /(t), t G (0, T], at

where

(1.2) /(t) = A^x(t — h) + f a(s)A2X(t + s)ds + /(t,^(i)) + Bou(t).
J~h

Then the initial condition of system (1.1) is given as follows:

(1.3) x(0) = g°, x(5)= g」(s), for 5 G [—

The existence and uniqueness of solution of the above system are 
proved in [6]. The condition fbr equivalence between the reachable
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set of the semilinear system and that of its corresponding linear sys- 
tem( i.e.? the case where /(•, •) = 0 in (1.2)) was established in [6, 1 이. 
This paper is dealt with another applicable condition for controller of 
approximate control problem. Thus the main result in this paper will 
show that the system(Ll) with some conditions for the operator Ao 
satisfies a sufficient condition for approximate controllability obtained 
in [6].

2. Main results

Let Aq be the self adjoint operator associated with a sesquilinear 
form defined on V x V such that

(j40u, v) = —a(u, v), u, v €

where a(-, •) is bounded sesquilinear form satisfying Garding inequality. 
It is known that 4&geiier쳐心 an analytic seniigro^ip m V*.
Let us assume that i = 1, 2, are bounded linear operators from V 
to V* and AtA^ are also bounded in H, The real valued function 
a(s) is assumed to be Holder continuous in [—/、이 where A is a fixed 
positive number. The controller Bo is a bounded linear operator from 
a subspace [7 of /T to H. Let / be a nonlinear mapping from TZxV 
into H. Hence, we assume more general Lipschitz condition: for any 
Xi, X2 E V the호e exists a constant L > 0 such that

(2-1) I시, 中) 一 < 기|九 一 3시|,

(2-2) /(^,0)=0.

Then as is seen in [6] we can obtain the following result.

PROPOSITION 2.1. Under the assumptions (2,1) and (2.2), there 
exists a unique solution of (1.1) and (L3) such that

X e Z2(05 T; V) n 协그，2(0,T；，*)u C([o, T]; H)

for 히ay g = (g气 g') £ Z 三 H x Z2(—A,0; V). Moreover, there exists a 
constant C such that

II 이1乙2（0,7如）「明1，2（（）,幻 u*） W C（|g°l + Ilg'llz2（f（w）+ II이 I 乙2（q,7®））,
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where

II • lk2(0,T,v)nivi.2(0,T；v*) = max{|| • ||l2(0,t,v), II - ||wi，2(o,T,】，*)}•

Let g C Z and x(T\g^ /, u) be a solution of the system (1.1) and
(1.3) associated with nonlinear term f and control u at time T. We 
define reachable sets for the system (1.1) and (1.3) as follows:

乙T(g) = {z(T; g, 0, u) : u e i2(0,T; U)},

Rr(g) = {x(T；^,/,u) : u 6 L2(0,T； U)}.

In virtue of the Riesz-Schauder theorem, if the imbedding V C H is 
compact then the operator Ao has discrete spectrum

b(4()) — {/妇：n = 1, 2, ... }

which has no point of accumulation except possibly 卩 = oo^ Let /zn be 
a pole of the resolvent of Aq of order kn and Pn the spectral projection 
associated with

Pn = £ Lp—A沪如,

where Fn is a small circle centered at /zn such that it surrounds no point 
of a(Ao) except /zn. Then the generalized eigenspace corresponding to 
卩，n is given by

Hn = PnH = {Pnu : u G H},

and we have that from P% = Pn and Hn G V it follows that

PnV = {Pnu : u EV} = Hn.

Let us set
Qn = （M —卩，n）（卩—厶。）1叩・

Then we remark that dim Hn < oo and

Qn = 1说 L (卩L - 厶— 戶

It is also well known that Qp =0( nilpotent) and (Ao —四)R = Qn-
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DEFINITION 2.1. The system of the generalized eigenspaces of Aq is 
complete in H if Cl(span(-H'n : n = 1, 2, ...}} = where Cl denotes 
the closure in H.

Let G(t) be an analytic semigroup generated by Aq. We now define 
산le fundamental solution W(f) of (1.1) and (1.3) by

TO) = p(i；(/，0),0,0), t>0 
U - I 0 t<0.

According to the above definition W(t) is a unique solution of

W(t) = G(t) + [ G(£ — s){4lW”(s —/" + f a(r)A2W(5 + r)dr}ds 
Jo J-h

for t >0 (cf. Nakagiri [5]). We denote the bounded linear operator W 
from L2(0,T; H) to H by

fT
Wp= W(끄 一 S)P(S)J5

Jo

forpe£2(0,T; H).

DEFINITION 2.2. The system (1.1) and (1.3) is approximately con
trollable on [0, T] if Rt(9) = H、that is, for any e > 0 and x £ 
H there exists a control u G L2(Q^T; U) such that \x — W{T}gQ — 
flh 5r(s)gi(s)ds — Wf(； xa(-)) - 帝Bo이 < €, where %，(s) = W(T - 
s — h)Ai + W(T — s —(T)a(tT)A2c/<7 and xu(-) = z(・；g： a).

We need the following hypotheses:
(A) The system of the generalized eigenspaces of Ao is complete. 
(Bl) For any e > 0 and p 6 L2(0, T; H) there exists a u € Z2(0, T; U) 
such that

I i G(t — s)p(s)ds — [ G(t 一 s)Bw(s)ds| < e, 0 < i < T.
Jo Jo 

(B2) BQPnH C PnH for n = 1, 2,....
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REMARK 1. We know that the condition (B2) is equivalent to the 
fact that PnBoPn = BoPn)thus by the definition of Qn it is also held 
that if / € PnH then QnB^f = B0Qnf.

PROPOSITION 2.2. Under the assumption (Bl), we have 3「(°)= 
H.

THEOREM 2.1. Let us assume the hypotheses (A), (Bl) and (B2). 
Then we have 】侦(9)^or 公頌 g C H x L2(-A,0; V).

In virtue of Proposition 2.2 and Theorem 2.1 we have known that 
the system (1.1) and (1.3) is approximately controllable in conclusion.

REMARK 2 For the semilinear equation without delay terms in case 
where Ai = A2 = 0 we may assume 난ic condition (Bl) at only time 
7, that is, we can rewite the condition (Bl) as follows.

卫& any € > 0 球d p £2(0, 와！曰aq&t&a u G U)
such that

I / G(t — s)p(s)ds — i G(t — s)B()u(s)ds\ < e, 
Jo Jo

REMARK 3. In. [4] Naito proved Theorem 2.2 under assumptions 
(Bl) and compact operator G(t) and also Zhou in [10] showed it under 
assumtion (Bl) and another condition of range of controller.

3. Proof of main results

First of all, for the meaning of assumption. (Bl) we need to show the 
existence of controller satisfying CI{Bqu : u E L2(0, T; Z7))^£2(0, T; H). 
In fact, consider about the controler Bq defined by

00
Bg(£) = Un(t), 

n=l

where
(0, 0<i< ?
I PnU(t\ < t < T.
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Hence we see that ui(t) = 0 and un(t) E ImR. By completion of 
generalized eigenspaces of Ao we may write that /(t) = 巴出£) 
for f GZI 2(0?T; if). Let us choose f €Z2(0,T; H) satisfying

I / G(t — s)p(s)ds — / G(t — s)3g(s)ds| < e, 0 < t < 7,
Jo Jo

|田0씨kx(o0,H) < q||끼k호(0,幻H)

T
IIR•冷)||2也 >0.

Then since
T oo
£||Pn(/(i)-Bo«(t))||2^ 
n=l

> /T|IPiW)--Bou(t))||2rft= [T\\Pif(t)\\2dt>Q, 
Jo Jo

the statement mentioned above is reasonable.
Proof of Proposition 22 Let xq E P(Ao), Then putting /(s)= 

(瓦 砲) / 匕主3曲皿&솨函

xo = / G(t — s)f(s)ds.
Jo

Thus by 난虻 condition (Bl) there exists u E L2(0,T; U) such that

\\xq — J G(t 一 s)&u(s)ds|| V 6.

Therefore, the density of the domain D(Aq) in H implies approximate 
controllablity of (1.1) and (1.3), the proof of Proposition 2.2 is com
plete.

From now on we go to proof of Theorem 2.1. In what follows in this 
section, let us assume that the system of the generalized eigenspaces of 
Ao is complete. Then we will prove that the assumptions (Bl) and (B2) 
are a sufficient condition for the following statement (H) in Theorem 
1,2 as in [6]:
(H) For any e > 0 and p G L2(0,T; H) there exists a u G Z2(0,T; U) 
such that 
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where G(Z) is an analytic semigroup with infinitesimal generator Ao 
and 5 is a constant independent of p.

If E a(Ao) then we have the Laurent expansion for R(/丄—A°)三 
(/I 一 Ao)-1 at 卩,=/知 whose principal part ( the part consisting of all 
the negative power of (p —尹n) ) is a finite series:

旳 - 4o) = 注으厂 + $2 7—°，y+1 + 同，), 

卩一卩n i=l(M-^n)

where J?o(M)is a holomorphic part of R(卩—Ao) at // =
Since the system of generalized eigenspaces of Ao is complete, it 

holds that for any e > 0

oo
(3.1) 顷 > 扌必)|<五為

for f € L2(0,T; JT), where Af is a constant such that |G(圳 < M for 
the sake of simplicity. Here, in what follows we put un = PnBQU.

Since Aq1 is compact we note that there exists an arc Cn which 
joints 卩m and some zq with Re^o < inf(Re /zn : /in E(t(4o)} and 
Cn — {户n} C p(Ao) where p(Ao) is the resolvent set of Aq.

LEMMA 3.1. Let G(t) be the semigroup generated by Aq. Then we 
give an expression of the semigroup that

G(t)f = /湛 £ 物J, t > 0 
1=1 *

for any f E PnH.

Proof. From the well known fact that

AoPn = Aq---7 I (/z —
2混 Jrn

=o- / 卩(卩-
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we have
G(t)Pn = 二 / 사讥(卩 - A)厂 W.

2混 Jrn
If / € PnH then f = Pnf and hence

G(t)f = G(i)Pnf =~/r e，％ —"T物

=e“，七二 / e(“r，，)'(s-A))Tfc也
2混 Jrn

= e""{£，j(&• / (〃一 “n)'(“ 一 A))T"也)} 

1=0 * 丿畠

勺匚1十I
=e“” £沾孫

1=0 *

표迁乌 ^e-usecLthe nilpotent^xniperty of tfae： operator Q# in tibe tet 
equality. The proof of lemma is complete.

REMARK 4. Let f G PnH. Then in virtue of Lemma 3.1 it holds 
that BQG(t)f = G(t)Bqf for every t > 0.

Let f 6 L2(0,t； H)t 모hen by the assumption (Bl) for any e > 0 
there exists a control v 6 L2(0,t; U) such that

(3.2) \ 丄 G(t 一 s)J，(s)ds - £ G(t — s)Bg(s)d이 <|, 0 < t < T, 

and

(3-3)
8

"6 呂W애〈汤

Let us define h E H by

h = G(t — s)Pnv(s)ds

oo
=£ hn.

n=l
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Here, we put hn = G(t — s)Pnv(s)ds. Since Pnv(s) £ Pn£T, in terms 
of Lemma 3.1 we have that

(3.4) hn ~ f G(t 一 s)Pnv(s)ds
Jo

= £「eifE느아- Q\PMs)ds.
l=1丿。 Z.

Define

8 ST 十너T
u(s) = £ Un(s),如(s) = ( £ ——

n=l z=l T 十 '

Then un(5)6 PnH and from Remark 1 it follows

rt 8 仲
J G(t — s)B"《s)ds = £： J G(t — s)B()un(s)ds

= 京 k(i)£ (득으地叽(g

8
=B。〉:方‘n = 一Bo 如

n=l

Thus from (3.2), (3.3) it follows that

I j G(t — s)」B()u(s)ds — [ G(t — s)f(s)ds|
Jo Jo
V I [ G(t 一 s)Bo?z(s)ds — +

Jo
\B()h — [ G(t — s)Bov(s)ds\+

Jo
I j G(t — s)Bqv(s)(1s — i G(t — 5)y(5)ds|
Jo Jo
€ 6< -+ - < 6.2 2
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Moreover, by Holder inequality we also have

ft 8
|回)씨호(”,H) W / I y^B0uw(5)|2d3

J。n=l
ft 00 fcn-1 尸+1</ lL^o(£ Q%攻尸户"(1)必一

ft 8

<CJ (扇Rs,

where c is a constant. From Remark 4 we also note that

BQhn = Bq f G(t 一 s)Pnv(s)ds
Jo

=i G(t 一 s)瓦)Fn讽s)ds, 
Jo

and, hence from (3.2) and (3.3) it holds

n=l

8 8 广
I £反如| = \£ G(i- s)BoPnv(5)ds| 
n=l n=l 北

< I / G(t — s)B0 £ Re(s)ds — / G(t 一 s)Bov(s)ds\+

I / G(t — s)Bov(s)d5 — /(구(7 — s)&/(s)ds|+ 
Jo Jo
l/ G(t - s)f(s)ds\

< 云 + ； + I / G(t - s)f(s)ds\

W q\\f\\L2(o,t,H) + c, 

where g is a constant. Thus, from the above equality we can conclude 
that

IIR끼|7,2(mh)< ?||/||z,2(o,t,H)+ e-
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Here, we note the constant q is independent of /. Since e is arbitrary 
we have proof that the assumption of Theorem 2.1 implies the condi
tion (H). In virtue of Theorem 4.2 of [6] the proof of Theorem 2.1 is 
complete.

4. Examples of controller

EXAMPLE 1. Define the controller Bq by
oo

Bou(t) =
n=l

where
, 、 ( 0, 0<t〈으,

모hn as is seen in section 3 we define h〉u by
OO 8

丘 =，: 力m "(s) =〉[ 이

n=l n=l

where hn(s) is defined by as (3.4),

。。 kn 一1 rp
u(s) = £*(s),如(s)= £(/一成)中山5(1(及-％ n, 

n=l t=l

respectively. Then un(s) G PnH and G(T—s)Bou(s)ds = 二】/zn,
and this controller is satisfied the conditions in Thereom 2.1.

EXAMPLE 2. We consider the heat controll system studied by Zhou 
[10, Example 1] and Naito [5 Example 1]. Let H = L2(0,%) and 
Ao = —(P/dx2 H = L2(0, %) and Ao = —cP/dx2 with

-D(Ao) = {y E H t d^y/dx2 G H and g(0) = y(7r) = 0).

Then {en = (2/tt)1/2 sinnx : 0 < x < 7r, n = 1, ... } is orthonomal 
base for H. Define an infinite dimensional space U by

OO OO
u = {£ 如珏：£ < 8}

n=2 n=2
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with norm defined by ||이|u = (»：二2 “，)'”. Define a continuous 
linear operator Bo from U to H as follows:

8 8

Bou = 2u2ei + unen for u = £ unen G U. 
n=2 n=2

It is directly seen that the above controller Bq satisfies the conditions 
(Bl) and (B2). We can also check breifly by using the assumption (H). 
In fact； let f G £2(0,T;iT) and f = /n(5)en. Then we choose
a function u G Z2(0,i; Z7) for 0 < t < T such that u2 = + h and
un = fn for n = 2, 3, .... Hence, choosing a constant in condition 
(H) such that q > 須 not only the system (1.1) and (1.3) with the 
operator Ao mentioned above but also the general semilinear case is 
approximate controllable.

References
L S. Agmon； lions and the of general elhptic bound

ary 시tze problems, Comm Pure Appl Math , 15 (1963), 119-147

2 G Di Blasio, K. Kumsch and E Sinestran, L2-regularity for parabolic partial 

mtegrodm打em出시 equations with delay tn the highest-order derivative^ J Math 

Anal Appl , 102 (1984), 38-57

3. J M. Jeong, Retarded functional differential equations wih L  -valued con

troller, Funkcial. Ekvac 36 (1993), 71-93.

1

4. K Naito, Controllabthty of semihnear control systems dominated by the linear 

part. SIAM J Control Optim 25 (1987), 715-722.

5 S Nakagiri, Structural properties of functional dzgeTenth 이 equations m Banach 

space, Osaka J. Math. 25 (1988), 353-398.

6 J. Y Park, J. M Jeong and Y C Kwun, Reacsable set of semilinear control 

system^ Proceeding of Nonlinear Analysis and Convex Analysis, Koyto Univ, 

Japan (1995), 33-45

7 H Tanabe, Fsctzon시 analysts //, Jikko Suppan Publ Co., Tokyo, 1981 [in 

Japanese].

8 ----- , fundamental $이utwn of differential equation with time delay in Ba

nach spacey Funkcial Ekvac. 35 no. 1 (1992), 149-177

9- K. Yosida, Functional Analysts, 3rd ed.. Springer-Verlag)1980

10. H. X Zhou, Approximate controllability for a class of semilinear abstract equa~ 

tion^ SIAM J Control and Optimization 21 no 4 (1983), 55고一565

Department of Mathematics Education
Kyungnam University
Masan 631-701, Korea


