
East Asian Math. J 13 (1997), No. 2, pp 149-157

WEAK TYPE (饱 ©) INEQUALITY FOR 
GENERALIZED MAXIMAL OPERATORS 
ON SPACES OF HOMOGENEOUS TYPE

Byung-Oh Park

1. Introduction

Let / be a locally integrable function on Rn. We define the maximal 
operator

人侦wj) = sgp 法j/ |/(x)|dx, X e Rn, t > 0,

where the supremum is taken over the cubes Q in Bn, containing x 
and having side length at least t. It is well known that this maximal 
operator M controls Poisson integral. Several authors was studied this 
maximal operators ([3],[8],[9]).

For given positive measure v on R머」= ((z,i) : x € Rn^t > 
0}, Carleson [1] showed that 人4 is bounded from 气血)into 

if and only if v satisfies the “Carleson condition” supl€Q
< G where Q denotes the cubes in R^1 with the cube Q as 

its base. Later, Fefferman-Stein [이 proved that 人M is bounded from 
w(r)dx) into U(R꺼if sup^Q j善〉< Cw(3?) a.e. x, 

where w is a weight in BJ1. Also, Ruiz[6] found the condition

普扃小f "七c

to be necessary and sufficient for the boundedness of the operator 
M from Lp(Rn}v(x)dx) into weak 一 ZJ(码서In 1993, Jie-Cheng 
Chen. [2] found the conditions on (/i, v) for M to be bounded from
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v(x)Jx) to weak —玖(欣+\ 如).On the other hand, Sueiro 
[9] studied a certain maximal operator defined on space of homogeneous 
type X.

In this paper, we extend the result of Jie-Cheng Chen in [2]. So we 
can get the conditions for the maximal operator A4njy to be bounded 
from v(x)Jx) to weak — 即(X x [0,oo),J/z).

2. Preliminaries

DEFINITION 2.1. Let X be a topological space and let d : X x X -송 
[0, oo) be a map satisfying;

(i) d(x, x) = 0; d(x, y) >0 if x y;
(ii) =涉(0双)；
(iii) d(知 z) < K\d(xyy) + J(y,z)], where K is some fixed constant. 

Assume further that
(iv) the balls = {y : < r} form a basis of open

neighborhood at w £ X and that is a Borel measure on X such that
(v) 0 < /i(B(x,2r)) < A^(B(x,r)) < oo, where A is some fixed 

constant. Then the triple (X, is called a space of homogeneous 
type ([9]).

REMARK 2.2. Properties (iii) and (v) will be referred to as the 
^triangle inequality11 and the "doubling property", respectively. Note 
that the condition (v) is equivalent with the fact that for every c > 0, 
there exists Ac < oo such that cr)) < Ac/z(B(x,r)) for all x G X 
and r > 0.

DEFINITION 2.3. Assume for each x C X)we are given a set Qx C 
X x [0, exo). Let Q denote the family : x G X}. For each f > 0 and 
a > 0, set

Q(")= n (X x [i, oo))

and

77g(勺 t) = ((?/, r) e X x [0, oo) : Q(g,r)(t) n B(x, at) + <f>}, 

where Q(y)r)(t) = {z £ X : (z,£) £ Q(y r)} is the cross-section of Q(们r) 
at height t. A nonnegative and locally integrable function s on X is 
called a weight.
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Now, we recall the basic terminology and results concerning N- 
function which will be used in this paper.

An N — function is a continuous and convex function : [0, oo) t 
R with ,(s) > 0,s > 0, —> 0 for s 0 and —* oo
for s —> oo. An 2V-function (/> has the representation ©(s) = Jq 
where : [0, oo) —is continuous from the right, nondecresing such 
that <p(s) > 0,s > 0,(p(0) = 0 and 夕(s) —> oo for s —> oo. This 

will be called the density function of 奴 Associated to(f> we have 
the function p : [0,cx>) —> R defined by p(t) = sup{s : S(s) < Z}. 
We will call p the generalized inverse of 奴 Also, the JV-function p 
defined by 少(Z) = J； p is called the complementary N 一 function 
of 0 An N- functi。교(j> is said to satisfy the △2-condition in [0? 00) if 
sups>0 鴛J < oo. If is the density function of 如 then 0 satisfies A2 if 
and only if there exists a constant a > 1 such that s©(s) < s > 0.

If (y, A4,卩)is a a-finite measure space. We denote by M the space 
~of and /z are ^finite functions from y to 7?(or to C). If

(/> is an TV'function, then the Orlicz spaces 三 L(/)(J^, and 
乙；(产)三 are defined by

W)= {f &m：[仰n应<o。} 

Jx
L认而={JY 人4 ： J。€ Li(m) for all g e L^} 

respectively, where p is the complement ary 2V-function of 奴 Then 
the Orlicz space Z；(“)is a Banach space with the norms ||/||^ = 
sup{厶巾g|如:g e &}, where Sp = {g e L申:£网(切|)叩 < 1), 
and ||f||(0)= inf (A > 0 :岳机号)辺 < 1), which are called the 
Orlicz norm and Luxemburg norm^ respectively.

In fact both norms are equivalent, actually j|/||(^)< ||/||^ < 2||f ||(^) 
Holder inequality asserts that for every f E L；(卩)and every g C 
we have 

where © and ' are complementary N-functions. The proof of above 
results can be found in [4],[5].

For a nonnegative measure v on X x [0,oo) and a weight w on X, 
we define the generalized maximal operator on space of homogenous 
type.
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DEFINITION 2.4. Assume that we have a family {Qx : x € X}. For 
f E L]OC(X^ dfi) and x G > 0? set

•/%"(£)= SUp 쓰(흐普) [ I•啊 I引,

where 7 : (0, oo) t (0,00) is essentially nondecresing. i.e., there is a 
positive constant C for which 7(f) < Cy(s) for t < s and

(2.1) lim 7也=0.
t—*oo t

REMARK 2.5. In above, the condition (2.1) is necessary to rule out 
examples such as 7(f) = tmym > 1. In this case, 人4요= 00 for 
all 气 if we consi<fe^/^=-u, j&e jnaas® at

DEFINITION 2.6. Let f E L如(X,dQ and A > 0. An operator 
At요“ is of weak type (知 ©) with respect to (v, w) if there is a constant 
C so that

。{即) C X x [0,8): 归q” > 사 W 顼条 [ 如刃)叫奴

©(시 Jx

DEFINITION 2.7. Let 9 be 났ie density function of 나此 7V-function 
</> and p be the generalized inverse ofA pai호 (v, w) is said to satisfy 
the condition 4©(Q) if there are constants C and a > 0 such that

糸Lw时品山*1辱c

for every ball r) in X and every £ > 0.

In this paper, we shall always assume that 知 toge난ler with its com
plementary JV-function , satisfy △^condition. Also, 나le letter C de
notes a constant which need not be the same at each occurrrence.
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3. Results

LEMMA 3.1 [9]. Let E be a bounded subset of X and for each 
x E X. Let r(x) be a positive number for each x E E. Then there 
is a sequence of disjoint balls B(x^r(xt)),xl € E such that the balls 
B(xt, 4Kr(xt)) cover E, where K is the coas姦m in the triangle inequal
ity^ Futhermore, every x E E is contained in some ball B{xl^Kr(xiy) 
satisfying r(z) < 2r(xt).

LEMMA 3.2 [2]. For any N-function t < yp(p(t)) and < 坪)(£).
If $ satisfies A2-condition, then y?(p(t)) < C^t and ©(£) > **(£)/(爲.

THEOREM 3.3. Assume that Q satisfies the condition that if x E 
A-, (y,r) £ d and k > r, then (y,r) E Qx- Then 人十 is of weak type 
(知 6) with respect to (v, w) if and. only if (v, w)satisfies 4©(Q).

Proof. Suppose that is of weak type (知 with respect to 
(% 初).If (%(") G 7厲(z J), then Q(l0)t)(r) D B(x,ar)丰如 And so we 
can choose y 6 fi(l0jt)(r) R B(z,ar). From the triangle inequality,

(1) B(x, r) C B(s K(q + l)r) C B(x, (K% + Ka + K2)t),

Let / be a nonnegative measurable function on X. Let

了(〃(B(g,r))) f
Jb(w)

Since (y, K(a + l)r) € Q(a：0)t)by the hypothesis, we have

们 K(a+l)r) 广y Y 시如 (f * XB(%K(a+l)r))(*0

Putting A — fB(yj히id E\ = {人“0丁(孑 , XB(饥K(a+l)r)) > 사3 
then the previous argument shows that 7?.a(x, r) C Ex and so

(吗厂))< v(ex)< j s(iJTm即.

例、，시 JB(j,,K(a4-l)r)
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Hence if we invoke (1) and the doubling property of 卩妬

u性(点舟Zs同)

< V(Ra(")M>(-j느一一- j f 岫
p{tf(X,r)) JB(XjK(a4-l)r)

色c [ 氣f|)s职
・典/(어・访)

Replacing f by p(*) • XB(x,r) and using Lemma 3.2,

u(翼a(z,r)泌(一而£一7T / p(\皿、)M C'cJ p(-)dp].

So (v. w) satisfi® 为(Q) condition with constant aC. Conversely, sup
pose (vyw) satisfies the condition ^(Q). We follow the idea of Sueiro 
[9]. For each 入 그 0)define

Ex = ((x, i) e X x [0, oo) : 人(乌 t) 그 사,

Ex = {xeX ： sup辭，[ Wfi > 사.

And for each x € E；〉if we put

&) = sup{r > 0 : 쁴I L/W > 사, 

fi(B{x,r)) Jb(w)

then there exists a finite positive real number r(x) such that 斜软手芯供 
后(工 了⑴)Z A. Assume for a moment that E； is bounded. Then 
by Lemma 3.1, there exists a sequence of balls rt)}, where

E = r(xt) such that Ex C U“B(£“4Krz) and 捋项？
Lfl如 > a. Now we want to verify E\ C 1人穴@(#混쯩호).

To do this, let (x,f) € E\. Then ?억害(%0 fR/ 、l/ld/z > A for 
some (y,r) G Q(x)t). So y G Ex and t < r < r(y). By Lemma 3.1,
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y G B(x2,41frz) for some i such that r(y) < 2rz. Hence we may as
sume a < 2K. Consequently, t < r < r(y) < 2r2 < 씅方 and so 
(y,冬咎)€ Since y G 3(如，。(辱)r) it follows that

c AKrl.〜 /4K、、
y € Q(")(------ ) A B(xt,a(—)匚)，a a

and thus (x, t) £ TZa{xt,岑生))as so it holds. Now by Holder inequality, 
we have

I Lfl 叩 — 2|LfXB(z,r)||(©),e시 |(5B)的),
Jb (顼

On the other hand, for every 77 > 0, we get

I ©(平XB(、工G、)£3山丄M 1 厂半((弈W)T)C也
J X J

色旷*B)p(C以辟冲偿沪),

whe호e C is constant in the 4©(Q) condition for (v, u;) (B and 
denote r) and 7da(xt,，상丄))〉respectively). Therfore, putting 77 = 
CI此B)(厂'(k]£认卩°》and taking account that s <《厂'(s渺t(s),s > 

0, we have

r 11
"（頌沪XB治心 < 中①或忘万吒eee万）

l/ev(^a)
< aC—"喝泌(

< aC~\

where a > 1 is such that sp(s) < o卧(s\s > 0. We may assume that 
C > a and therefore

11(刼)一七扇|(物,eu, < C/Z(B)^-1(l/EV(^a))-

Now, it follows that

J] L"叩-2C^-1(1/£v(7^q)||/xb||(^),£w
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Then taking e = (fB 机|/|)以也)-',we have IIJMI"),河,=1 and

—"亦 / \f\dn < 2C^-1(——-r / 0(|/|)wd/z).
卩(B) JB v{HQ) JB

So u(Ra) W C Jb 如了1)3叩/机e亩y Jb 山由/). Therefore we have

认Ex)
一——処 4 K" t '< 2牀如,-츠二))

£一』 a

< c W)如阮m(顽土日L心)牌)

2 法认*, 쁭*"岫

V。七次/机l・fl)md〃.
©(시 Jx

Next, E； is unbounded. Fix a E X and r > 0, we consider

E\ = {(x,t) - MnfCxjt) > A and g £ E；「I B(a,r))

for some y € Q(Xjt)(r) and apply the Lemma 3.1 to the balls {B(y, r(x)) 
:y G E’x D B(a,r)}. Letting r t oo, we obtain the same estimate as 
before.

REMARK 3.4. Let dv(z撰)=u(z)dx 0 d6o(t), where is the 
Dirac mass on [0,oo) (i.e., concentrated on X x {0}). Set 5a(x,r)= 
{xo E X : Ql0(r) Cl B(x, ar) / 0), where QXo(r) is the cross section of 
QXo at height r ([9]). Then v(7?.a(x?r)) — //(5a(x, r)). If Q is instead of 
7?.a(x,r) and X = j?n, then /侦(Q) condition reduces to the condition 
4*([2]). So we can get the following:

COROLLARY 3.5 [2]. For an N-function e satisfying the ^-condit
ion, a nonnegative measure 件 on 1간and a weight v on Rny the 
following inequality holds:

: A4(y)(x,Z)> 7?}) < f e(E)u(z)dz
©07)JRn
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every > Q if and only if (u, v) € 4書.ie,

sup 9(@(§))Q)• 학籍 < 8,

Q,e>0 此 \Q\

where
=[职(g)Q = |Q「' [ g{x)dx.

Jq Jq
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