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HYPERBOLIC CURVATURE AND CONVEX CURVES

Tai Sung Song

1. Introduction

We begin with a brief introduction to hyperbolic regions in the com
plex plane C. For a general discussion of hyperbolic regions we refer 
the reader to [1], [5]? and [7]. A region Q in C is called hyperbolic if 
the complement of Q with respect to C contains at least two points. 
Let D be the open unit disk in C. If a region Q is hyperbolic, then, by 
the uniformization theorem [3, p.39], there is a holomorphic universal 
covering projection 9? of Z) onto Q. The collection of all holomorphic 
universal covering projections of D onto Q consists of the functions 
9? o T, where T G Aut(D)y the group of conformal automorphisms of 
D. The hyperbolic metric on in C is defined by

入 D(z)|d 끼 = if岬 .
1 一 |z|

The density 人q (z) of the hyperbolic metric Ap (z) \dz\ on a hyperbolic 
region Q is obtained from

人Q (9 (z)) lb (z)| = XD (z),

where 甲、is any holomorphic universal covering projection of D onto 
Q. We note that the density of the hyperbolic metric is independent 
of the choice of the holomorphic universal covering projection. The 
hyperbolic metric is invariant under holomorphic covering projections: 
If / : Q —> A is a holomorphic covering projection, then

M (/ ⑵)If(2；)| \dz\ = (z) \dz\.

In particular, the hyperbolic metric is a conformal invariant.
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Let us recall the definition of hyperbolic curvature. For more details, 
see [4], [8], and [9]. If 7 is a C2 curve in a hyperbolic region Q with 
parametrization z = z (i), then the hyperbolic curvature of 7 at the 
point 2 = z (£) is given by

乩(2点)=点 Ke (z, 7) + 21m ( 앗竺쓰QW处 I
l 一瓦

where

",，) = 侏产 B뿨

denotes the euclidean curvature of 7 at z = z (t). Since Ao (2) = 
2/ (1 - I히2)? we have

Kd (z, 7)= I (1 - |z|2)Ke (z, 7) + Im z
for a C2 curve 7 : z — z (f) in D. Because the hyperbolic metric 
is invariant under holomorphic covering projections, the same is true 
of the hyperbolic curvature: For a holomorphic covering projection 
/ : Q —> A and a C2 curve in Q, we have

Kq (z, 7) = Kq (/(2T), / O 7).

In particular, hyperbolic curvature is a conformal invariant. A C2 
curve with parametrization z = z(Z), t E [a, &] is said to be convex 
provided that

狀爵1) = 비§溫］"
t G [a, 6].

Note that 7 is convex if and only if Ke (z,7)> 0 for all 2 € 7.
In this paper, we investigate relationships between the convexity of 

all images of a curve under conformal mappings of the open unit disk 
D and the hyperbolic curvature of that curve.
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2. Main results

Suppose f is holomorphic and univalent in the open unit disk D and 
normalized by /(0) = /f(0) = 1; say

oo .

f(z) = z + y~^anzn.
n=2

Then deBranges5 Theorem [2] asserts that (an| < n for n = 2,3, • • * 
with equality if and only if

oo

f(z)=——-一§ = Z + 尸 ne«(n-l)^n 0 € r
("F 느

It is well known that if f (z) = z + £鶯/ an^n is convex, then \an\ < 1 
for n = 2,3,- - - with equality if and only if

oo

M == z + £ e"T)W, 0 e R.
n=2

The following result is well known (see [6] and [이). We include a proof 
for the convenience of the reader

THEOREM 1. Let Q be a hyperbolic region in C.
(i) If Q is simply connected, then for z € Q

잇으票判 Gq"

(ii) IfQis convex, then for z € Q

잇쯔迫 <、(z).
dz - 2 v 7

Proof. We begin by establishing a general formula. Fix a C Q and 
let z = cp (w) be a holomorphic universal covering projection of (P, 0) 
onto (Q, a). From the identity

f 2
M(华(如)g'("I = -一—2, weD

1 - \w\
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we obtain

log Afi 3 (後))+ I log ¥>' (w) + I log (s) = log2 -log(l - ww).

We apply the operator d/dw to both sides of this identity and obtain

31ogM(9(m)) , . 19” (u，) _ 莅
dz W 2(w) 1 — ww

For m = 0, this gives

aiogM (a)
「―瓦:

so that

码入金（a） 
dz =w術"

since Aq (a) = 2/ (0)|. If Q is simply connected, then 夕:(P,0)
(Q,a) is a conformal mapping. The function

⑴

Z = W (u)) = g (復)—夕(0)] /*' (0) = S + 02 w2 + ■ ■- 

is a normalized univalent function in D, so 시 < 2, or

"(0) = O) 
夕(0) — #(0)

This inequality in conjunction with (1) establishes the inequality in (i). 
If Q is convex, then the function. [y?(w) —(# (0)]]甲'(0) = w + 鬼以 + 

* • • is a normalized convex univalent function in P, so |如 | < 1, or 
|(p"(0)/yJ(0)| < 2. This inequality in. conjunction with (1) establishes 
the inequality in (ii).

THEOREM 2. Let y be a curve in a hyperbolic region fi. (i) If Q is 
simply connected and Kq (z, 7) > 2 £冗 all z E y, then the curve 7 is 
convex. The constant 2 is sharp, (ii) If Q is convex and Kq (z, 7) > 1 
for all z E y, then the curve 7 is convex. The constant 1 is sharp.

Proof, (i) From the definition of hyperbolic curvature, we obtain
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Ke (z, 7)= S，7)Aft (z) - 2Im( 잇쯔으光쁘} ⑵

dz 
log Aq (z) 

dz> (Z)- 2

Since Q is simply connected and K요 (⑶ 了) > 2, it follows from Theorem 
1 that

Ke (^,7)> 2Aq (z) - 2Aq (z) = 0

Thus, the curve 7 is convex. For the sharpness of the constant 2, let 
Q = C — (—8, — 1/쉬 히紀 7 : z(f) = 一it、i G R. Clearly, Ke (0,7) = 0. 
We shall show that Kq (0,7) = 2. The function

W c
z =甲(w) = --------- 2 =初 + 2a产 + . . .

(1 一復)

is a conformal mapping of D onto Q. In particular, Aq(0) = (0)=
2. We have

OlogM (0) = 1 1 yn(0) = 一2 
dz ~~ ~2^(0) ^(0)

Consequently,

阳(SI니Ke (0,7)+ 21m { 잇写光쁘}

= "비方쁘卜

(zz) If Q is convex and Kq(z“)> 1, then, from (2) and Theorem 
1, we obtain Ke (z, 7) > 0. We note that if Q = {z : Im(z) > 0) and 
7 : 2 (t) = zy0 +t, yo > 0, then Kq (z (i) ,7) = 1 and Ke (z (t) ”)= 0. 
This completes the proof of (22).

Flinn and Osgood [4] established the condition on the hyperbolic 
metric Kq (z, 7) insures that /07 is convex for any conformal mapping 
f of Q. We give a new proof of their result in the case Q = D.
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THEOREM 3. Let y be a curve in the open unit disk D. (i) Kd (z, 7) 
> 2 for all z € 丁 if and only if the curve o y is convex for every 
conformal mapping cp of D. (ii) Kd (z： 7) > 1 for all z E 7 if and only 
if the curve 9 o 7 is convex for every convex conformal mapping 屮 of 
P.

Proof, (i) Suppose > 2 for all z C g. Let 夕：Z) —+ Q
be a conformal mapping. Then by conformal invariance of hyperbolic 
curvature

Kq (夕(z),夕。g) = Kd (2“ 7) > 2.

Because Q is simply connected, Theorem 2 yields(^07 is convex. Con
versely, suppose o 7 is convex for every conformal mapping of D. 
Because of the invariance of hyperbolic curvature under Aut (P), there 
is no harm in assuming that z = 0. Because hyperbolic curvature is 
i표砲兩址 u蓍hW mi®&也 of Z), there4s no term in assuming that —i 
is the unit tangent to 7 at the origin, that is, —1 = (io) / (^o)l)
where z (io) = 0. Let

f 、 z 2W =(z) = ---------2 = Z + 2z + •…
(1-z)

as in Theorem 2. Then is a conformal mapping of D onto Q = 
C 一(—8, —1/4] and wf (t0) = (0) z9 (<o) = 伉).Therefore,

K zn x 1 IL m 、丄刃 J31ogM(0) w'(to) I
腿(0,9叮)=爲© 忏(0, ^o7) + 2Im| 如 …由函J

> 2 Tm /히。gM(0) 迎‘㈤ I = 9
f (0) 1 ―瓦) ■

Because hyperbolic curvature is a conformal invariant,

Kd (0,7) = K요 (0? o 7) > 2.

This completes the proof of («).
(u) Suppose Kn (2^,7) > 1 for all 2 € 7. Let 9? be a convex conformal 

mapping of D onto a convex region Q. Since hyperbolic curvature is a 
conformal invariant,
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Kq 3 (z), 9。g) = Kd (z, 7)> 1.

Because Q is convex, Theorem 2 yields o 7 is convex. Conversely, 
suppose o 7 is convex for every conformal mapping of D. As in 
(i), we may assume that z = 0 and that —1 = z1 (t0) / (^o)|, where
z (to) = 0. We note that 

maps D conformally onto the convex region Q = {iz; : Re(w) > —§}. 
Now Xq (0) = 2/b (0) = 2 and

OlogM (0) = 1 1 y/z(0) = _ 
一说 ~ "2^(0) ^(0)——

Because Ke o 7) 0, we obtain

/n 2 jOlog 人요 (0) 以 (£0) IKq (0,9。睥布叫一瓦厂一j两顽)=Im⑴=1

since w1 (t0) = (0) zf (t0) = (io). This yields Ko (0,7) > 1 since
hyperbolic curvature is a conformal invariant.

Let 7 be a positively oriented cir시e in the open, unit D with center 
0 and radius r G (0,1). A parametrization of g is z = z(£) = relty 
0 < f < 2?r. We have

Kd(z,7)= ： (1 _ I히2) Ke(z点)+ Im %奇卩

1 -r2 1 1 ( 1\
=—5----- + r = - r + - I .2 r 2 \ V j

Note that r + > 2. Since hyperbolic curvature is invariant under
Aut (P), it follows that any circle in D has hyperbolic curvature strictly 
lager than 1.
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The hyperbolic distance between the points a and b on the open 
unit disk D is

dh (<x, 6) = 2tanh-1 -- ---- .
1 — ab

The hyperbolic disk in D with center a E D and hyperbolic radius p, 
0 < p < oo, is defined by

以(% p) = {z E. D : dh (a, 2)< p}.

We note that the hyperbolic disk Dh (% p) is a euclidean disk D (c, r)= 
{z : \z — c\ < r), where

c = ]_(tanh 疔
1 — (tanh ^)2 |a|2，

- p 고 一 lai2 
r = tanh =---------------- x----

2 1 — (tanh 号)\a\

If a = 0, then r = tanh 字.So hyperbolic curvature of any hyperbolic 
circle in D with hyperbolic radius p is | (r + |) = coth p.

THEOREM 4. Let Dh (a, p) denote the hyperbolic disk in D with 
center a and hyperbolic radius p. If is a conformal mapping of D 
and 0 < /> < I log 3, then(p(Dh (a,p)) is convex.

Proof. Let 7 denote the positively oriented boundary of Dh 
The hyperbolic curvature of 7 is

Kd (z, 7) = coth (p) > coth (： log3)= 2.

Theorem 3 gives cp o 7 is a convex closed curve. Therefore, its interior 
ip (Dh (a) />)) is convex.

Let 7 be the positively oriented circle {z : |z — aj = 1 — a}, where 
0 < a < 1. This circle is internally tangent to the unit cir시e at the 
point 1. A parametrization for 7 is

z(t) = a + (1 ~ a)elty 0 <t <
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Note that z(0) = z(2tt) = \ « D. A straightforward calculation yields 
Kd(2r, 7)二二 1. Because hyperbolic curvature is a conformal invariant, 
hyperbolic curvature of any oricycle, that is, a circle internally tangent 
to the unit circle, is always 1.

THEOREM 5. Let △ be any disk in the open unit disk D. If 甲 is a 
conformal mapping of D onto a convex region, then ip (△) is convex.

Proof. Let 7 denote the positively oriented boundary of △. Then 
either 7 is a circle in D and so Kq (2,7) > 1 or 7 is an oricycle in. D 
and Kd (^,7) = 1. Thus, Kd ("y) > 1 in all cases. Theorem 3 yields 
夕 o 了 is convex. This completes the proof.
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