
Pusan Kyongnam Math. J. 13(1997), No. 1, pp. 99-108

APPLICATIONS OF RUSCHEWEYH DERIVATIVES

S. K. Lee, O. S. Kwon and N. E. Cho

1. Introduction

Let -4(n) denote the class of the functions of the form

oo
(LI) f(z) = z + £ akzk (n = 1,2,3,...)

which are analytic in the unit disk U ■= {z : \z\ < 1)[8,9].
An univalent function f(z) belonging to A(n) is said to be star like 

of order % 0 < 7 < 1, if it satisfies

(L2) R。(為)> 丁

for all 2 € U. We denote this class by <S*(n,7).
An univalent function f(z) belonging to «l(n) is called convex of 

order 7, 0 < 7 < 1, if it satisfies

(L3) 吼고 + 静) 八

for all z E U. We denote this class by C(n,7).
Let f E 4(门)and g € 0 < 7 < 1. Then we define f G

if and only if

(L4) 碧)>0,
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where 0 < ^ < 1 and 0 < 7 < 1. Such functions are called close-to- 
convex functions of order g type 7.

Let f E A(n) and g 6 C(n,7), 0 < 7 < 1. Then we define f E 
C*(n, ^,7) if and gly if 
网 吼带)"， 

where 0 < < 1.
Let f(z) = z + £攜=서-1 a矽* and g(z) = z + £當心1 心 in A(n). 

Then the Hadamard product(or convolution) f * g(z) of f(z) and g(z) 
is defined by

00
(1.6) f * g(z) = z+ £ akbkzk (n = 1,2,3,- • •)•

A:=n+1
By using the Hadamard product； we define, for a > —1,

(1.7) 矿任 )=(1 二)나a* (?)

for f € >l(n), is called the Ruscheweyh derivative and was
introduced by Ruscheweyh[l 1].

We easily note that, for a > —1, 
(L8) 矿(消”(z)) = z(Daf{z)y.

2. Main results
In proving our results, we shall need the following lemmas due to 

Miller and Mocanu [5,6], and Fukui and Sakaguchi [2].

LEMMA 2.1 [5, 6]. Let v) be a complex function, 
p : D —> G D C C x C , where C is & complex plane, 

and let u = +iu2 and v =处 +如小 Suppose that the function 寸(％ v) 
satisfies the following conditions :

i) i/^(UyV)is continuous in P,
ii) (1,0) E D and i?e{^(l,0)) > 0,
iii) < 0 for all (m2, vi) £ D with v\ < —n(l + u|)/2. 

Let p(z) = 1 + pnzn + p서」나1 + ・... ・ be analytic in the unit disk 
U such that (p(z),z'p(z)) E D for all z E U. 표*e{噸p(z),zp'(z))}，> 
0 (z G 17), then Re{p(z)} > 0 (z € U).
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LEMMA 2.2 [2]. For a real number a(a > —1), we have 

z(Qa/(z))' = (a + 1)D어- 辺*⑵.

Now we consider the new classes:

S：(n,T)= {/ € A(n) : Daf e 5*(n,7), a > T}.

C«(n,7)= {/ € A(n) : Daf G C(n,y), a > -1).

/Ca(n,/?,7)= {f E -4(n): Daf G a > -1}.

C：(n,^7) = {fe A(n) : Daf e C*(n,^,7), a > -1}.

Above all classes is equal to the classes of Noor[7] when n — 1, respec
tively.

We study some properties of these classes and an integral operator 
for these classes.

Applying the above Lemma 2.1 and Lemma 2.2, we have the follow
ing theorem.

Theorem 2.3. Fora > 0, we get uS£(n,g).

Proof. Ltei us define the function K(z) by

(2-1) 當 W + D雄)，

where h(z) = l + cnzn +cn-^izn+1 +........is analytic in U. Hence, from
Lemma 2.2, we get

。“1六2)=丄 )

£)af(z) ~ a + 1 V Daf(z) 丿

=—二((1 - 7)h(z) + y + a) 
a + 1

or

(2.2) D어 1 f(z) = 冬 ((1 - 了)狀2)+ 7 + a) Daf(z).
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Differentiating both sides of (2.2) logarithmically and multiplying z to 
both sides of that equation, we have

z(Da+1f(z)y _ z(z尸六z)y (1 一 t)出(z)
」D 어"了 (z) Docf(z) (1 — y)h(z) + 7 + a

느群* •
If / 6 <S*+1(n,7), then we have

(2-3)

"ma综告告느

=瑙(等带-沪。・
Defining the function by

(2.4)
心;) = D” + 領븤譜衣

where u = h{z) and v = zh\z\ we have
i) v) is continuous in D =(C — {《兰号}) x C,

ii) (1,0) 6 2? and 0) = 1 — 7 > 0,
iii) for all (油很丿고) such that Vi < —n(l + 诡)/2)

(1 -7)vi(7+a)
K 이如 " )=(" 汙 Hl”) 嘔

V 1 (1 一 g)n(l + Z段)(g + q) 

-2 (7 + a)2 + (1 -7)2«2 '

Therefore, the function 顿妃八)、)satisfies the conditions in Lemma 2.1.
This implies that Re{h{z}) > 0 (z C f7), which is equivalent to

(") Re C 當探)>7 (-€ U).

Hence f e S淇n,，y).
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COROLLARY 2.4. For a > 0, we get Ca-f-i(n,7)C Ca(n,7).

Proof. We easily note that

(2.6) f E C(n,7)if and only if zf1 G 5*(n,7).

By Theorem 2.3 and (2.6), we have that

Da+\zf(z^ = z(D 어”。)y e <S*(n,7)

if / G Ca+1(n,7). Thus

zf G S：+1(%7)c «?X(n,7).

Hence
Z(Qaf(Z)y =Z)a(zf(z))CS*(n,7).

Therefore f £ Ca(n,7).

Theorem 2.5. 此호 a > 0, we have

(2.7) /Ca+i(n, 0,7)C /Ca(n,们 g).

Proof. Assume that / W Then there exists a function
k E S*(%g) such that

听5V
Letting 机z) = 力허為⑵, we have g E 尖+i(n,7)C <S*(n,7), by 
Theorem 2.3. Hence we have

（是） 霄淬=
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where Re(K(z)) > 0 (z £ U). Now we set

Z(Qaf(z))， 

Qag(z) =(1 - 8)p(z) + 6

(2.10) z(Daf(z)Y = DF(z){(l 一 &)p(z) + 0},

where p(z) = 1 + pnzn + • • •. From lemma 2.2, (1.8) and (2.10), we
have

Z0)a+lf(z))， 
ZK+lg(z)

_ 刀아 pr(z))

~ W+M(z)

(2-11)
_ 由2仞a(可，(z)))，+諱2气寸0))
- 杰z(Q%(z))，+詳涉侦幻 

z(DW(z)))' , Da(zf'(z))
_ D。" 1 a d%(z)
— z(Dag(z))',

D^g(z)十 Q
즈%%罕))'+a((「")P(z)+8)

(1 — 7)/i(2)+ 7 + a '

Differentiati그g both sides of (2.10), we have

伝0严六z)yy =(1 — 勺(z) +(D^(z)y((i -。)妇 + 们

Hence, from (1.8) we get

z(d 雄尸(z))y
Dag(z)

(M2) =(1-0W(z) + ((1 - /3)p(z) + 8)岑薯■

=(1 一 8)zp'(z) + ((1 一 ^)p(z) + 0)((1 - 7)h(z) + 7)

From (2.11) and(2.12), we have

z（Da+1f（z）y 
Q 아 勺⑵

=(1 - 4)p(z) + /3 +
(1 —幻昨)

(1 - T)丘(z) +7 + «
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or

(2.13)

(1 一，8)깃，'(Z) )
(1 — y)h(z') + g + a丿

Re
\ W+g

>0.

K이 (1 一 们p(z) +

Define the function 讽、아,, v、) by

(2.14) 虾u) = (1 -伽+石一睛霄 丄-.(1 一 7)h{z) + y + a

It is clear that the function ^(u,u) defined in」D = C x C by (2.14) 
satisfies conditions (i) and (ii) of Lemma 2.1. To verify condition (iii),

ReWQfh)=
(1 一 幻如{(1 一 t)饥 + 了 + a)} 

{(1 一 T)4l + 丁 + a)}2 + {(1 一 y)h2}2

where h(z) = hi + 汤2 and Reh(z) = hi > 0. By putting v < 二흐(筋으호)、

•R湖刼2,如）＜
(1 _ 0)狀1 + 拔){(1 一 了)力1 + 了 + q} 

2{(1 — 7)^1 +7 + 如工 + {(1 - T)切}2
<0.

Therefore, the function satisfies the conditions in Lemma 2.1.
This implies that Rep(z) > 0 {z E U\ which is equivalent to

찌"” (2 € U).

Hence f € /Ca(n,/?,7).

From Theorem 2.5, (1.8) and the deR교ition of C*(n,^,7), we have

COROLLARY 2.6. For a > 0, we have c*+1(n, 13,7) C C*(n?J5,7)

Proof. We note that

(2.15) f € C*(n,^,7)if and only if zf G
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By Theorem 2.5 and (2.15), we have that

아】(zf (z)) = 아lf(z))' e

if / e C：+13,0,g). Hence

zf € 尤아i(n,0,7)C /Ca(n,j0,7).

Therefore
^Daf(z)y = Da(Zf(z)) € /C(n,^7).

It follows that

Next we define the integral operator Zn)c(/) as

(2.16) In,c(f) = 쁲 J] 片打(tg

for f € A(n). The operator Zi)c was studied by Noor{7], Owa and 
Chen[10]. The operator Zi)Tn(when m is positive integers) was studied 
by Bernardi[l] and Iij was investigated by Libera[3] and Livingston[4].

Lemma 2.7. If f E A(n), then for a > —1, Da+1Zn)a(/) = Daf.

Proof. By simple calulating of (2.16), we get

oo
知")=2+ E 

fc=n4-l

Q + 1 k 
~이w .a 4- fc

From (1.7), we have

如)…壬 H耳언詳*프아/ 

fc=n+l ' 7

= z+ £ .. z 아z =d f・
A:=n+1 ' ’

Wjth the aid of Theorem 2.3 and Lemma 2.7, we have
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Theorem 2.8. If f E <S*(n,7)with a>0,0<^<l and 0 < 7 < 
1, then In,01(f) also belongs to

Proof. If / € <S*(n,7), then Daf G 5*(n,7). By Lemma 2.7, we 
have

Pa+1/n,«(/) e <S*(n,7).

From Theorem 2.3,

In,a(/)e5：+1(n,7)c5：(n,7).

Using Theorem 2.5 and Lemma 2.7, we have the following.

THEOREM 2.9. If f E ZCa(n,/?,7)with 01 > 0,0 < /? < 1 and 
0 < 7 < 1, then In)a(f) also belongs to /Ca(n, a, /?).

Finally, we state the similar results for the classes C^(n,7)and 
C*(n,^,7)from Theorem 2.8 and Theorem 2.9.

CORLLARY 2.10. If f E C*(n,7)with a > 0,0 < 1 and 0 <
7 < 1, then In)a(/) also belongs to (艾(n,g).

COROLLARY 2.11. If f E C*(n,/?,7)with a > 0,0 < < 1 and
0 < 7 < 1, then also belongs to C*(n,a,/3).
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