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APPLICATIONS OF RUSCHEWEYH DERIVATIVES

S. K. LEE, O. 5. KwoN AND N. E. Cuo

1. Introduction

Let A(n) denote the class of the functions of the form

(1.1) f(z)=z+ Z arz* (n=1,2,3,..)

k=n+1

which are analytic in the unit disk U = {z : |2| < 1}[8,9].
An univalent function f(2) belonging to A(n) is said to be starlike
of order v, 0 < v < 1, if it satisfies

zf'(z)
(1.2) Re ) ) >y

for all z € U. We denote this class by $*(n,~).
An univalent function f(z) belonging to A(n) is called convex of
order v, 0 <+ < 1, if it satisfies

(1.3) Re (1 + E:;%?)> v

for all z € U. We denote this class by C(n, ).
Let f € A(n) and g € S*(n,v), 0 € 4 < 1. Then we define f €
K(n,B,7) if and only if

(1.4) Re (zj ('E";)) > B,
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where 0 < § < 1 and 0 € v < 1. Such functions are called close-to-
convex functions of order 8 type 7.

Let f € A(n) and g € C(n,7), 0 < 5 < 1. Then we define f €
C*(n, B,7) if and only if

5 ((zf’(z))') o3

g'(z)
where 0 < 8 < 1.
Let f(z) = 2+ 3 i1 a2" and g(2) =z 4+ 310, 1 be2® in A(n).
‘Then the Hadamard product(or convolution) f * ¢(z) of f(z) and g(z)
is defined by

0
(1'6) f*g(Z)=Z+ Z akbkzk (n=1)2131"')-
k=n+1
By using the Hadamard product, we deﬁne, for a > -1,
a
(1‘7) D f(z) = (1 z)l-I-a f(z)

for f € A(n), D*f(z) is called the Ruscheweyh derivative and was
introduced by Ruscheweyh[11].
We easily note that, for a > —1,

(1.8) D*(zf'(2)) = «(D* f(2)) .
2. Main results

In proving our results, we shall need the following lemmas due to
Miller and Mocanu [5,6], and Fukui and Sakaguchi {2].

LEMMA 2.1 [5, 6]. Let ¢(u,v) be a complex function,
v:D— C, DCC xC ,where C is a complex plane,

and let u = uy +iug and v = vy +1v,. Suppose that the function ¥(u,n)
satisfies the following conditions :

i) ¢¥(u,v) is continuous in D,

ii) (1,0) € D and Re{%(1,0)} > 0,

iil) Re{v(2uz,v1)} < 0 for all (iug, v1) € D with vy < —n{l+u3)/2.
Let p(z) = 1 + pu2z™ + pppr2™t + - be analytic in the unit disk
U such that (p(z),2'p(z)) € D for all z € U. If Re{¥(p(z), zp'(2))} >
0 (z€U), then Re{p(2)} >0 (z€ V).
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LEMMA 2.2 [2]. For a real number a(a > —1), we have
2D f(2)) = (a«+ 1)D** f(2) — aD* f(2).
Now we consider the new classes:
Sa(n,7) ={f € A(n): D°f € §*(n,7), a> -1}
Ca(n,7) ={f € A(n): D*f € C(n,9), a2 -1}
Ka(n,B,7) ={f € A(n): D*f € K(n,B,7), &2 -1}.
Ca(n,B,7) ={f € A(n): D*f € C*(n, B,7), « =z -1}.

Above all classes is equal to the classes of Noor[7] when n = 1, respec-
tively.

We study some properties of these classes and an integral operator
for these classes.

Applying the above Lemma 2.1 and Lemma 2.2, we have the follow-
ing theorem.

THEOREM 2.3. For a > 0, we get Sk, ,(n,v) C 8%(n,7)
Proof. Let us define the function A(z) by

2(D® f(2))
(2.1) —(ﬁ—;j;(gz—)))— =+ (1 —7)h(z),
where h(2) = 1+ cp2" +epp1 2™ 400 - is analytic in U. Hence, from

Lemma 2.2, we get

DSG) 1 (DY
ety = av1 (o o)
= (1~ () +7+0)

or

(22) D)= — 5 (1- (=) +7+a) D).
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Differentiating both sides of (2.2) logarithmically and multiplying z to
both sides of that equation, we have

D f() _ ADf()) (1= 7)ek'(2)
Det1£(z) Dof(z)  (1-mh(z)+7+a

e (1-7)H'(2)
B R A e TPy

If f € S541(n,7), then we have

(1~ y)zh'(2) )

Re ((1 ~ 71)h(z) + (1-h(z)+7+a

_p. (AP f(2))

(2.3) =Re ( Do f(z) —7) > 0.
Defining the function ¥(u,v) by

(24) Bu,0) = (=t oI

where 4 = h(z) and v = zh'(2), we have
i) ¥(u,v) is continuous in D = (C - {:I,t—‘; ) x C,
i) (1,0) € D and Rey(1,0) =1—v >0,
iii) for all (tug,v1) such that vy < —n(1 + u3)/2,

Q-7mnly+a)
(v +a)? + (1 —7)%u}
1A -yn(i+ud)(y+ )
2 (y+a) +(1- ¥)2ul

Re‘;b(iuz,’?l) =

< 0.

Therefore, the function 1(u,v) satisfies the conditions in Lemma 2.1.
This implies that Re{h(z)) > 0 (z € U), which is equivalent to

(2.5) Re (%) >y (z€l).

Hence f € 83(n,7)-
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COROLLARY 2.4. For a > 0, we get Cati1{n,v) C Caln,).
Proof. We easily note that

(2.6) f €C(n,v) if and only if zf' € S*(n, 7).
By Theorem 2.3 and (2.6), we have that
DT zf'(2)) = o(D°F f(2)) € $*(n,7)
if f € Cay1(n,). Thus
2f' € 8511(n,7) C S5(n, 7).

Hence
2(D* f(2))' = D*(zf'(2)) € §*(n,)-
Therefore f € Co(n, 7).
THEOREM 2.5. For o > 0, we have

(2.7) Kat+1(n, 8,7) C Ka(n, B,7)-

Proof. Assume that f € Ky41(n,8,7)- Then there exists a function
k € S*(n,v) such that

z a+1 t
(2.8) _ Re( (D - (5(")) ) > 8.

Letting k(z) = D*tlg(2), we have ¢ € S, (n,y) C Si(n,7), by
Theorem 2.3. Hence we have

or

z2(DVg(2)) .
(2.9) T Dagle) (1 —7)h(2) +,
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where Re(h(z)) > 0 (z € U). Now we set

DG _ o
D"‘g(z) _(1 ﬂ)p( )+ﬁ

or

(2.10) D f(2))' = D*g(2){(1 - B)p(2) + B},

where p(2) = 1+ ppz™ + - - -. From Lemma 2.2, (1.8) and (2.10), we
have

AD*Pf(z)) _ DM(f'(2))
D""Hg(z) D"‘+1g(z)
(2.11) _ m# (DS @) + 25D (f'(2)
a-ln 2(Deg(2)) + 57 D9(2)

HD*(2f'(2))) D>(zf'(2))
Deg(z) +a D4 g(z)

2(Dog ()
e
_ O + o((1- Bie(z) +B)

(L=7h(z)+7+a
Differentiating both sides of (2.10), we have
(2(D*f(2))') = (1 - B)p'(2)D"g(z) + (D*g(2)) (1 - B)p(2) + B)
Hence, from (1.8) we get

AD(zf'(2)))

Deg(z)
=(1-B)2p'(2) +((1 ~ B)p(2) + B )%

= (1= B)zp'(2) +((1 — B)p(z) + B)(1 — V)A(2z) +7)
From (2.11) and(2.12), we have

z(DH f(z))
D“'f‘lg(z) - (1 - 3)1)(2) + ﬂ +

(2.12)

(1 - B)zr'(2)
(L=Mh(z) +7+
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or

(1 — B)zp'(2)
Re ((1 — B)p(z) + (1 —=7h(2) +v+ a)

(1)

(2.13)

Define the function ¥(u,v) by

wU,v) = - U (1“ﬁ)v
(2.14) P(u,v) =1~ 5) ""(1_7);1(3«)4.74-0('

It is clear that the function #(u,v) defined in D = C' x C by (2.14)
satisfies conditions (i) and (ii) of Lemma 2.1. To verify condition (iii),

. A= -ty +a))
Rep(iug,v1) = {0 =+ 7+ +{(1 -7k}

where h(z) = h; +thy and Reh(z) = hy > 0. By putting v < :-'i(-—lzi—iﬁ,

(1= B)n(1+ ui}{(1 — VA1 + 7 + o}

Ret/)(iu;i, ‘Ul) < 2{(1 — ’Y)hl + v+ a}2 + {(1 — ’y)hz}Z

< 0.

Therefore, the function ¥(u, v) satisfies the conditions in Lemma 2.1.
This implies that Rep(z) > 0 (z € U), which is equivalent to

Re (22U -y e,

Hence f € Ku(n, 8,7v).
From Theorem 2.5, (1.8) and the definition of C}{n, f,7), we have

COROLLARY 2.6. For a > 0, we have C%,,(n,8,7v) C Ci(n,B,7)
Proof. We note that

(2.15) fe€C*(n,B,v) if and only if zf € K(n,,7v)-
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By Theorem 2.5 and (2.15), we have that
D (zf'(2)) = (D f(2)) € K(n, B,7)
if fel3yy(n,B,7) Hence
2f' € Kat1(n, 8,7) C Ka(n, 8, 7).

Therefore
2(D*f(2)) = D*(2f'(2)) € K(n, B, 7).

It follows that
FeCy(n,B,7)-

Next we define the integral operator I, (f) as
c+1

zc

(2.16) L. Af) = /0 ’ e f(t)dt

for f € A(n). The operator I . was studied by Noor[7}, Owa and
Chen(10]. The operator I n(when m is positive integers) was studied
by Bernardi[1] and I; ; was investigated by Libera[3] and Livingston[4].

LEMMA 2.7. If f € A(n), then for o > —1, D**1 1, (f) = D*f.
Proof. By simple calulating of (2.16), we get

Ino(f) =2+ i @t 1 et
n,o = a+k k< .
k=n-+1

From (1.7), we have

=G totDa+l
(k-1 a+kF

Da+1In,a(f) =z+ Z

k=n+1
= [I321G +a)

=2t 3, Taopr e =D
k=n+1

With the aid of Theorem 2.3 and Lemma 2.7, we have
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THEOREM 2.8. If f € §3(n,v) witha>0,0<f8<1land0 <y <
1, then I, o( f) also belongs to 8 (n,v).

Proof. ¥ f € 8%(n,v), then D*f € §*(n,v). By Lemma 2.7, we
have

DML, o(f) € 8°(n, 7).
From Theorem 2.3,

Iﬂ-a(f) € S:r-l-l(nv 7) C S;(na 7)'

Using Theorem 2.5 and Lemma 2.7, we have the following.

THEOREM 2.9. If f € Kyo(n,B8,7) with a > 0,0 < 8 < 1 and
0 <« <1, then I, o(f) also belongs to K4(n,a, 8).

Finally, we state the similar results for the classes C}(n,¥y) and
Cx(n,B,v) from Theorem 2.8 and Theorem 2.9.

CoRLLARY 2.10. If f € Ci(n,y) witha > 0,0 < <1 and 0 <
v < 1, then I, o(f) also belongs to Ck(n,v).

COROLLARY 2.11. If f € Ci(n,pB,v) with a > 0,0 < f < 1 and

0 <7 <1, then I, o f) also belongs to Ci(n,«a, B).
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