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NOTES ON HADAMARD PRODUCT OF
CERTAIN MEROMORPHIC FUNCTIONS

SANG KEUN LEE AND SHIGEYOSHI OWA

1. Introduction

Let > be the class of functions of the form
(1.1) F(z) = % +3 @ (a0 > 0,a, > 0)
n=1

which are meromorphic in the punctured disk D = {z: 0 < |z} < 1}.
A function f(z) € 3 is said to be meromorphic starlike of order « in
D if 1t satisfies

(1.2) Re (zﬂg)) <—a (z€D)

for some a(0 < a < 1). We denote by >_ Si(a) the subclass of )
consisting of all such functions. A functions f(z) in 3, is said to be
meromorphic convex of order « in D 1if it satisfies

zf"(z)
f'(2)
for some a0 < « < 1). We also denote by 3 Ko(«) the subclass of )|

consisting of functions which are meromorphic convex of order « in D.
For functions f,(z)(7 =1, 2) defined by

(1.3) Re (1 + ) < -a (z€D)

a oo
(1'4) f](z) - -—ZL" + Z anajzn (aulf > 0’ a'"']] 2 0)1
n=1
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we define the Hadamard product f; * f2(2) by

o0
a a
(1.5) fi * fo2) = &Zﬂ + Zan,lau,gz“.

n=1]1

In view of the previous definitions by Owa [4, 5, 6] and Kumar(1,
2], Mogra {3] has introduced the following class.

DEFINITION. A function f(z) € ¥, is said to be a member of the
class 3 ;(«) if and only if

(1.6) i n*(n + a)a, < (1 - a)ag

n=1
for some (0 < & < 1) and k(k > 0).

REMARK 1. Note that Y g(e) = 3 Sg(e), and that Y ;(e) C
Lk—a(@) C--- € F3(e) € 3 Kola) C X S3(a).
For the above class }_; (@), Mogra [3] has proved

THEOREM A. For each j = 1,2,--- ,m, leé the functions f;(z) be-
long to the class ) S§(a,), respectively. Then, the Hadamard prod-
uct fi * fa % -+ * fr(z) belongs to the class 3. _,(a*), where a* =

max {a,}.
1<j<m

THEOREM B. For each j = 1,2,--- ,m, let the functions f,(z) be-
long to the class ) Ky(a;), respectively. Then, the Hadamard prod-
uct fi * fo %+ * fm(z) belongs to the class y , . _,(a*), where a* =

max {a,}.
1<€m

THEOREM C. For eacht = 1,2,.-- ,m, let the functions f,(z) be-
long to the class Y S§(a.), respectively; and for each j = 1,2,-+- , ¢, let
the functions g,(z) belong to the class 3 Ko(8,), respectively. Then,
the Hadamard product fy * fp % - % fo, ¥ g1 % g ¥+ - - * g,(2) belongs to
the class E:n+2q+1('y), where v = 11511.%};1{%’@}'

1<1<¢

In this present paper, we prove the generalization theorems of the

results by Mogra {3].
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2. Generalization of theorems

We begin with the statement and the proof of our main result.
THEOREM 1. If f,(z) € E;,(O‘j) for each 3 = 1,2,-.- ,m, then
fix fox o fro(z) € Soi(a@), where k = (E;’;l k) + m —1 and

a= lg}ag{m{aj}.

Proof. 1t is sufficient to prove that

oo m m
(2.1) Z nk('n-{—o:):[-‘[a,M <(l—a) Hao,j.
n=1 =1 =1

Note that for f,(z) € Z;} (a;),

(2.2) an: (n+a))an, <(L —a;)a,; (j=12,---,m)

n=1
or

(1 —a;)ag, 1 )
(23) Gny < nk; (nfl-oz:; = k130 (G =12 ,m).

Further, we may assume that o« =  Jax {a;} = ap. Then we see that
<j<m

%) m
Z n¥(n + a)Han,J
n=1 =1
o m—1
< Z nk(n—l—am)(H a‘%ao,))an.m
n=1 =1
m—1 oo
(24) = ( H ag’,) (Z nk”‘(n + am)an,m)
=1 n=1
m
< (1 — am) H aq,;
=1

= (1 —a) [ a0,
1=1

This completes the proof of theorem.
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REMARK 2. Since 3 g(a) = 3 S3(a), letting k, = 0(7 = 1,2,---,
m) in Theorem 1, we have Theorem A by Mogra [3].

REMARK 3. If we take k, = 1{(; = 1,2,--- ,m) in Theorem 1, then
k= (i1 k) +m—1 = 2m — 1. Therefore, taking k; = 1(j =
1,2,--- ,m), Theorem 1 leads to Theorem B by Mogra (3].

COROLLARY 1. If f,(2) € Z;,(a,) foreacht = 1,2,--- ,m, and if
9,(z) € o1 (B;) for each j =1,2,--- ,q, then f1 % fa* - % frm * g1 %
g2%- % gq(2) € Lx(7), where k= 3710 b+ 375 by +m+g—1 and

v = @Z"m{a”ﬁ’}'

1<5<¢

The proof of the corollary is clear from Theorem 1.

REMARK 4. If we take k, = 0(z = 1,2,--- ,m) and k} = 1(j =
1,2, ,q) in Corollary 1, then we have Theorem C by Mogra [3].

Next, we prove

THEOREM 2. If f;(2) € Y i(a) forallj = 1,2,--- ,m, then fi* fa *
ok fn(2) € Fpym—1(8), where

(2.5) 6§ =6(ma,B)=(1+a)" -8, 0Sa<l, 1< (1+a)”
and

(2.6) (1—a)" +(1+ )" <1+,

Proof. Tt follows from f,(z) € S_;(a)(7 = 1,2,--- ,m), that

27 > nfn+a)an, <(1-a)a, (G=1,2,---,m).

n=1
From (2.7), we get

(2‘8) nk(n + a)an,g < (1 — oz)ao" (} =1,2,--- ’m)
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for all n. From (2.8), we obtain

f: (nk-!-m—l(n + 5) ﬁ an’J)

=1

Z ( k+m-—1(n+(1 + o)™ _ﬁ)Haﬂ,j)
n=1 =1

Z ( k-l-m—l(n_'_a)m Han,3)

J=1

=1

o0 m—1
S Z 11 ( m—l(n + a)m_l H an,j) (n + a)an,m

@9 il o (nm—l (1 ;ka>"‘—1 iﬁ: aw) (n + @)anm
< i nk ((1 —a)™ ! ﬁ ao,,) (n + &)an,m
- -
<(1- a)mﬁao,J
<A ((+a) ﬂ))f[l
_(1-5) Jlj @,
where

I-a)"+(1+a)" <1+8, 0<a<land 1<8<(1+a)m.

This implies that fi * fo - % fm(2) € Y51 (6).
Taking ¥ = 0 in Theorem 2, we have
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COROLLARY 2. K fi(z) € > 5§(a) for all j = 1,2,.-- ,m, then
fixfaxo- % fm(2) € Y, _((6), where é is given by (2.5), and a and
B satisfy the condition in Theorem 2.

Further, letting k = 1 in Theorem 2, we have

COROLLARY 3. If f,(2) € > Ko(a) for all § = 1,2,--- ,m, then
fix fa koo x fm(z) € Yo (8), where § is given by (2.5), and o and f
satisfy the condition in Theorem 2.
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