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NOTES ON HADAMARD PRODUCT OF 
CERTAIN MEROMORPHIC FUNCTIONS

Sang Keun Lee and Shigeyoshi Owa

1. Introduction

Let E be the class of functions of the form

oo
(1-1) 了(2)= 으 +aqK (do > o,an > 0)

Z n=l

which are meromorphic in the punctured disk D = {z : G < \z\ < 1}. 
A function J(z) G 52 is said to be meromorphic st ar like of order a in 
D if it satisfies

(1.2) 찌帶） J （心）

for some a(0 < a < 1). We denote by the subclass of £
consisting of all such functions. A functions f(z) in £ is said to be 
meromorphic convex of order a in Z) if it satisfies

(1・3) Re f1 + *쓰) V -Q (z c D)
\ J \^J /

for some a(0 < a < 1). We also denote by EKo(a) the subclass of £ 
consisting of functions which are meromorphic convex of order a in D.

For functions — 1,2) defined by

oo
(1.4) fj(z) = 으으乏 + Y2 an,jZn (a% > 0,an)J > 0), 

n=l
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we define the Hadamard product fi * 了2(z) by
oo

(L5) fi * f2(z) = 의丄으으 + V 如旳,2宀
Z J一'

n=l

In view of the previous definitions by Owa [4, 5, 6] and Kumax[l, 
2], Mogra [3] has introduced the following class.

DEFINITION. A function y(z) e £ is said to be a member of 난ic 
class (a) if and only if

8
(1.6) nk(n + a)an < (1 — a)ao

n=l

for some a(0 < a < 1) and k(k > 0).

REMARK 1. Note that and that C
妥-1(Q)c ••• C £；(@) c £Ko(q) u

For the above cla-ss (사以 Mogra [3] has proved

THEOREM A. For each j = 1,2, ••- , m, let the functions f) be- 
long to the class £咒(。勺))respectively. Then, the Hadamard prod­
uct /i *『2 * • • • * fm(z) belongs to the class wbere。产=
팟罗: {%}.

l<j<m

THEOREM B. For each J = 1,2, • • • ,m, le< the functions f?(z) be­
long to the class £；Ko(aj))respectively. Then, the Hadamard prod­
uct 方 * J板 * …* fm(z) belongs to the class £；心1(。产)，w^ere a* = 
max {%}.

THEOREM C. For each « = 1,2,• • • ,m, Jet the functions ft(z) be­
long to the class Sj(a) respectively; and for each j = 1,2, •• - , g, let 
the functions g°(z) belong to the class »如(附> respectively. Then, 
the Hadamard product fi * 走 * …* * gi *9g(.z) belongs to 
the class Em+2?+i(7)? where 7 = max {%,&}.

* 1 l<i<m

In this present paper, we prove the generalization theorems of the 
results by Mogra [3].
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2. Generalization of theorems

*・

We begin with the statement and the proof of our main result.
THEOREM 1. If € ££(%) for each j = 1,2, — • ,m, then 

fi * f2 * G £M(a), where k = (£* + m - 1 and
a = ■，꼿.芝 {%}.

Proof. It is sufficient to prove that
oo / m \ m

(21) £ I nk(n + a) JJ an,j j V (1 - a) JJ
n=고 \ j=l j j=l

Note that for fjz) G £烏(％),
8

(2-2) ，:门 3(72 + %)以彳3 (1 —。勺)a。J (J = 1? 2, • • , , m)
n=l

or
(23) 如,尺 愕湍쁜仲 느尊a。,j (j = 1,2, • • • , m).

Further, we may assume that a — max {a7} = am. Then we see that

oo / m \
£ (护(n + a)[[an,j I
71=1 \ J —1 /

oo / m —1 ]
[n^ + «m)(n 舟声ao°)如，까 

n=l \ j=l

牛) =(育 ao,j)(尸护m 3 + am)如,m)

j=l \n—1 /
m

《(1 - %) JJ aoj3
J=1

m
= (l-a)JJaoj.

j=i
This completes the proof of theorem.
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Remark 2. Since £篇(@) = £：Sj(Q), letting k3 =0。= 1,2, - , 
m) in Theorem 1, we have Theorem A by Mogra [3].

Remark 3. If we take fcj = l(j = 1,2, • • • , m) in Theorem 1, then 
k = (2套=i k3) + m — 1 = 2m — 1. Therefore, taking k3 = 1(j = 
1,2, ••- , m), Theorem 1 leads to Theorem B by Mogra [3].

Corollary 1. If £(z) e £%,(%) for each i = 1,2, - • • ,m, and if 
幻(Z)G £烏(8j) for each j = 1,2, ••- ,q, then fi * M * …* fm * gi * 
92 * …* e where k = k, + £*=i k'^+m + q-1 and
7 = max {a!5j0,}.

!<»<m J
I<i<g

The proof of the corollary is clear from Theorem 1.

Remark 4. If we take 歸=0(z = 1,2, ••- ,m) and k； = 1(j = 
1,2, , g) in Corollary 1, then we have Theorem C by Mogra [3].

Next, we prove

Theorem 2. Iffj(z) e £7(。)foraJl; == - ,m, then
…* jfm(z) G £%+m-i(5)，where

(2.5) 心=#(m,a,/8) = (l + @)m 一 戶，0 < a < 1, 1 </? < (1 + a)m 

and

(2.6) (1 一 a)m + (l + a)m <1+^

Proof, It follows from f?(z) € = L 2,…,m), that

oo

(2.7) nk(.n + a)an,j < (1 - a)ao,3 (j = 1,2，…，m).
n=l

From (2.7), we get

(2.8) nk(n + a)아勺 < (1 -。)。喝 (项 = 1,2, … ,m)
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for all n. From (2.8), we obtain

8 / m \

£ 护+f+m니
n=l \ J=1 )

8 / m
=£ ( nk+m 1(n + (1 + Q)"，- 0) [[ an,j

”=1 \ 3=1

<

<

8 / m \
£系+心("时叩％
n=l \ j=l /
8 / m-1 \
22 n>! I + JJ an>j j (n + a)an>m
71 = 1 \ j=i /

(2-9)

8 ( m —1 \

V £ 护 I (1 - a)""T JJ aOtJ ) (n + 
n=l \ 7=1 /

<

m
< (1 •- ot)m

项=1
m

<(1 -((1+«r -/?))n «0)J
J=1

m
= (1-#)11이队

J=1

where

(l-a)m + (l + a)m <1 + ^, 0<a<landl<^<(l + a)m.

This implies that fm(z) G
Taking k = 0 in Theorem 2, we have
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Corollary 2. If fjz) £ for all j = 1,2, •• • ,m, then
龙 * 走 * ... * fm(z) e £京_](分，where 8 is given by (2.5), and a and 
B satisfy the condition in Theorem 2

Further, letting fc = 1 in Theorem 2, we have

Corollary 3. If f3(z) e £"Ko(a) for all j = 1,2,••- then 
f 1 * f2 * • • • * € £京($), where 8 is given by (25)； and a and g
satisfy the condition in Theorem 2
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