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INTERPOLATION SPACES GENERATED BY 
Co-SEMIGROUP OPERATOR

Doo-Hoan Jeong, Dong-Hwa Kim and Jin-Mun Jeong

1. Introduction

In this paper we deal with an interpolation method between the 
initial Banach space and the domain of the infinitesimal generator A 
of the Co-semigroup T(t) and the fundamental 호 esults of the corre
sponding theorems in the new setting. The objects are obtained by 
the development of an interpolation theory between Banach spaces X 
and y, which is denoted by in particular by the J- and K-
methods as in Butzer and Berens [1] and [2]. We will make easier some 
proofs of the fact that

("),X)°,p = {点 X ：，(£倾加 - 씨I)咪 < oo}.

It is mainly on the role of interolation spaces in the study of Co
semigroup of operators. In forth coming paper, we will deal with in
terpolation spaces between the initial Banach spaces and the domain 
of the infinitesimal generator of an analytic semigroup.

2・ Preliminaries

Let X and Y be two Banach spaces contained in a locally convex 
linear Hausdorff space X such that the embedding mapping of both X 
and y in A" is continuous. Let X D V be a dense subspace in both X 
and Y. For 1 < p < exo, we denote by I无(X) the Banach space of all 
functions t —> u(f), t € (0, oo) and 6 X)for which the mapping 
t —> u(t) is strongly measurable with respect to the measure dt/t and 
the norm ||u||£P(x)is finite, where

llw
oo lg(圳&?}*
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For 0 < 0 < 1, set

II四収 (XL"'%(이 g} 十, 

1»OO Jj.
II 也却四 Y) = {/ II&(圳

We now introduce a Banach space

U = {u ： II疚이|z，£(X) < 8, \\teu'\\LP(Y) <。아

with norm
II 이 I】，= II ㈣ Il£(X) + 11疚5以(丫)・

Definition 2.1. We define (X, Y)e,p, 0 < 0 < 1, 1 < p < oo, to be 
the space of all elements u(0) where u € V, that is,

(X,Y)eiP^{u(0):ueV}.

LEMMA 2.1. Let 0<^<l?l<p<oo and> 0 almost 
everywhere. Then

｛「Qi「就牍 < 己｛厂（财））哼｝二 

Jo Jo t L — U Jq t

Proof. Let 0 < e < 2V^< oo. Then

Ms)ds、)P

j： t(I)PT( j： ©(s))ds)W

£(o—i)p ft fN ft
=〔70—F(/ "d* - &—奇M以 伸)如)1出

(0 — l)p Jq J€ (0 — 1)P JO
< 谷爲(j： Ms)ds)p + 洁为 /N t(i)p 照)(,Mdsy-^dt.
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Since

[ M$、）ds = [ s조7s^Ms、）'으
Jo Jo S

< ｝ W（s%（s）y勺十

=4專｝皿;峪]

we see that

*T（「用）妁 < （石-％）十｛广（S%（£））咚* 

Jo （1 - 8）p Jo s

tends to zero as € tends to zero. If e —0 and N -스 沖 then we have

「S八机s）ds）哼
Jo Jo t

< 土｛广物T）如）（/如）ds）l出

= 法% j： t（이）+"）（/' 机分（"T 牛

= 土「FL E*-쓰

勺与｛"（皿衅伐妁哼｝'느，

Hence the proof is complete.

LEMMA 2.2. Let 0<2；l<p<oo and 机 £） > 0 almost everywhere. 
Then

牛｝* <我｛广照吟代
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Proof. Let 0 < e < N oo. Then 
r *

=/ 护-明一1(丿"1一％(£))厶)，出

s】％(s)ds)P]£

卩一％(1)(j湛一％(时而)叶1出

(妇 2)p
J方一祯시 s】—3(s)ds)P

(2 — $)P Jo
+ 我 j： ggz的"此3(s)ds)P』.

Since
/ s고-%(s)ds = f s고i%(s)U으

Jo Jo s
勺「(2一饥勺勺"(s)P打

={編电E)为，

we also see that

/-2( I sf(s)ds) < ( '"，)*{ [ ©(s)P 쯔*Jo (N — D)P Jq 5
tends to zero as € tends to zero. If e 0 and N oo, then we have

("fj J-%(s)ds)哼

一 2),(0 - 2)p'jZ

N 护一2”
6-2

r(te~2「广姒网쓰
Jo Jq 1

[ rOO ft
弓与/ (处岫—的)(/ s」％(s)ds)Idt

=£切广照）。二“预弘广哼

V 我;「州쓰归仕2 £决"浊当T,
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and hence the proof is complete.

3. Main result

Let X be a Banach space with norm ||*|| and T(t) be a Co-semigroup 
with infinitesimal generator A. Then its domain P(A) is a Banach 
space with the graph norm ||씨”(4)= ||4씨| + ||씨|.

The following result is the various possible approach to the theory of 
interpolation spaces and some of its many applications to mathematical 
analysis.

Theorem 3.1. Let 0 < 0 < 1,1 < p < 00. Then

产 d十
(QQ4),x)8,p = 槌 e x ： L - 씨|)p亍 <。아.

Proof. Let x G (Q(4),X)0? Then there exists u E. V such that 
x = a(0),

II尹씨成(Z")) < 8, 诉M||乙“X) V CQ・

Put u(t) 一 Au(t) = y(i). Then \\te< 8 and

u(t) = T(t)x + [ T(t — 5)/(5)ds.
Jo

Since

T(t)x — x = u(f) — / T(t — s)f(s)ds — x
Jo

= I u(3)ds — I 끄(t — s、)f(s)ds・}
Jo Jo

it holds

||T(t> 一 씨I < f "(s)|後 + M f ||/(3)||^.
Jo Jo
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From Lemma 2.1 it follows that

｛/8广1叩（加一 끼 I） 哼｝*

f "（s）l"?｝十

+ 疚一顼I顷对）||如哼｝子

< 如时（이）哼户 + 吾｛ 广旳 *）||）P 河

丄一# 丿0 * 丄 — 너 丿 Q E

On the other hand, let

= 〒■丄有世細，心（X）+「쓰切肘刊£"X） < 8.
1 — <7 1 — （7

f （疚~卅「（贝 - 찌 1）呼 <。。.
Jo 1

Put
v(t) = ： / T{s)xds.

Then

J(t) = |r(i)x - § J T(s)xds

= -x)-~ / (끄(s)z - 游必

and
Av(i) = i(T(t)x _ x).

Here, we remark that since A is closed we have

for every x E X. Thus it holds

v (i) = Av(t) — w(t), w(i)= (T(s) — x)ds
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and
II尹&(圳P? = £8(衬_1|据(小 一 씨I),? V 8.

From Lemma 2.2 and

{/8||烦圳|哼}5

={广加-2广即

Jo -Jo 1
< {/°°(£2 g sf I ||Z(s)c - 이)哼}十

< £{/8(疚T|仔(加 - 이)，牛X < 8’

it follows that

(3.1) \\tev II孩(X)M II衬4이以(X)+ I錦이lu(x)V 8.

Choose q G Co([O, oo)) such that g(0) = 1, 0 < q(t) < 1 and we can 
put w(t) = q(t)v(t) safisfying u(0) = x. Then

u (z) = q(t)v (i) + q

and we can estimate that

(3.2) \\teu ||lj(x)< \\teqv ||s(x)+ \ \t°q 이陳x)

< II* II伝(X)+ II必q 이心(X)

Here, the eatimate of the second term of mentioned above is
/»OO 7 J.

lit%'메心 x)= {/ ||布(祠圳1七咨
Jo 1

rOO

={/ 由 Tg'(圳叩(t)||W*
Jo

< max 
矿(g。

< fnax |q'(圳I疚이旧(X)
矿(go

< oo.

广8 1
|g'(圳{ /由T||u(圳I，我抒 

Jo
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It is easily known that

將이lu(x)< 8.

Hence we have that from (3.1)

(3.3) ll%'||z“x)v 8.

It also holds that
絳(D(A)) < II衬4이lz，£(X) + II疚씨lz，：(X)

(3・4) < IK七4•히lu(x)+ 將이I피E(x)

V oo.

From (3.3) and (3.4) we conclude that
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