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INTERPOLATION SPACES GENERATED BY
Co—SEMIGROUP OPERATOR

Doo-HoAN JEONG, DONG-HwA KiM AND JIN-MUN JEONG

1. Introduction

In this paper we deal with an interpolation method between the
initial Banach space and the domain of the infinitesimal generator A
of the Cp-semigroup T(t) and the fundamental results of the corre-
sponding theorems in the new setting. The objects are obtained by
the development of an interpolation theory between Banach spaces X
and Y, which is denoted by (X,Y ), in particular by the J- and K-
methods as in Butzer and Berens [1] and [2]. We will make easier some
proofs of the fact that

(D(A), X)pp ={r e X: /0 @[T (t)e — :z:||)"i;E < oo}

It is mainly on the role of interolation spaces in the study of Cp-
semigroup of operators. In forth coming paper, we will deal with in-
terpolation spaces between the initial Banach spaces and the domain
of the infinitesimal generator of an analytic semigroup.

2. Preliminaries

Let X and Y be two Banach spaces contained in a locally convex
linear Hausdorff space X such that the embedding mapping of both X'
and Y in X is continuous. Let X NY be a dense subspace in both X
and Y. For 1 < p < oo, we denote by L{(X) the Banach space of all
functions ¢ — u(t}, ¢ € (0,00) and u(¢) € X, for which the mapping
t — u(t) is strongly measurable with respect to the measure dt/t and
the norm |ju||z2(x) is finite, where

* dt. L
lollzzoo =4 @ik
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For0 <8 <1, set
Fulluzco = Iu@E T,
3tz = 1% IR 3%
We now introduce a Banach space

V={u: ||t0u||Lg(X) < 00, ||t0u’[[Lg(y) < oo}

with norm
lullv = [1ullzecxy + it ] ize vy

DEFINITION 2.1. We define (X,Y ), 0 <8< 1,1 <p < o0, to be
the space of all elements u(0) where u € V, that is,

(X, Y)gp={u(0):ueV}

LEMMA 2.1. Let 0 < 8§ < 1,1 < p < oo and ¢(t) > 0 almost
everywhere. Then

([T [ asarti < 2 [T @serty.

Proof. Let 0 < ¢ < N" < 00. Then

[ @ [ saor

N t
= f A e / #(s))ds)?dt
tﬂ p N t(e p

(9 1)p (/ ({’(S)dS)P]N = pqﬁ(t)(/ #(s)ds)?~ 1

6(8—1)3’

< T / ¢(s)ds)”+-— f $O-D2 g(1)( / #(s)ds)? L dt.
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Since

) = 631_039 3 d_s
|| #teras = [ o1st90)%
<{ [ 0o Sy [ aar Ty

1-9)p

={( 9)p'}7{/ (39‘?5(3))”—}P

we see that
8 p_____ s
([ o) < (g [ (s TP

tends to zero as ¢ tends to zero. If € — 0 and N — oo, then we have

[Tw [ ard

< gl [ e gt [ oy ar
-1—%;(; [ o-0e-0v0g00y [ popasy4
=5 [ s [ s g
<5 [ @sor Sy [T [Cawardy

Hence the proof 1s complete.

LEMMA 2.2, Let 8 < 2,1 < p < oo and ¢(¢) > 0 almost everywhere.
Then

Tw [ oraoasr Sy < oo [ ser T,
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Proof. Let 0 < e < N < 0o. Then

N oo [t dt
/6 (92 fo S0 p(s)ds)P
N t
- / A / s'704(s))ds)?P dt

t(9 —2)p

1-6 1N
o R Oy

_/ t;9-2; - "d)(t)(/ 1— ogé(s)ds)p_ldt
P
< G g)p( [ s oy

t
(#—-2)p+1-9 1-¢ ds)?—1ds.
= j ’ B(t)( / $1~0g(s)ds)P~ de

< 1-8 _fF a—e 8
/Os ¢(s)ds—fo s q‘)(s)s
<(f 3@_0),'9};» ([ ser
6(2—9
=e=or

Since

P ey,

we also see that
o-2, [ 1-0 1 r [ ds,1
2[5 t0(eas) < (=) ([ #er S

tends to zero as € tends to zero. If ¢ = 0 and N — oo, then we have
/ T [ staear s
< g e [t sooy
=50 [ e [ o tsoasyd
[ sy [ opoardyy

I/\

-
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and hence the proof is complete.

3. Main result

Let X be a Banach space with norm {}|| and T'(#) be a Cp-semigroup
with infinitesimal generator A. Then its domain D(A) is a Banach
space with the graph norm ||z} pc4y = ||Az]| + |{z]l.

The following result is the variaus possible approach to the theory of

interpolation spaces and some of its many applications to mathematical
analysis.

THEOREM 3.1. Let 0 <6< 1,1 < p < oo. Then

(D(A), X)op = {z € X : fo (1|7 () — arH)p% < oo},

Proof. Let z € (D(A),X)g,p. Then there exists © € V such that
z = u(0),

[t¥u]lze(peay < 0o, [Pulzx) < oo

Put u'(t) - Au(t) = f(t) Then ||tof”Lg(X) < oo and

u(t) = T(t)z + A Tt = $)f(s)ds.
Since
T(t)r — z = u(f) - fo Tt - ) f(s)ds — @
- [ " (s)ds — / Tt - )f(s)ds,
it holds

Tty — 2] < f 1w’ (s)l}ds + M [ 1£(s)llds.
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From Lemma 2.1 it follows that
GO =t
oo ¢
<{ fo @ fo Hu'(s)llds)?’(i—t}%
s [T [uriasy T3
< —1—9{/0w(t’llu'(t)ll)”%f}% + %{/om t"nf(t)n)ﬂft}}%

1 P M
—1_ 9“t u ”Lf(X) + m”tgf”L’.’(X} < o0.

On the other hand, let

! dt
[ @ r@e - elyp g < .
0

Put L
v(t) = 7 ‘/0 T(s)zds.
Then
v () = %T(t)a: - -;3 i T(s)xds
= %(T(t)x ~z)— tiz/;(T(s)x — z)ds
and

Av(t) = T(T(t)e - 2).

Here, we remark that since A is closed we have

Aft T(s)zds =T(t)x — z

for every ¢ € X. Thus it holds

v (1) = Av(t) —w(t), w(t)= tiz /0 (T(s) — z)ds
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and
/ I|t9Av(t)l|”% = /0 (ta_lllT(i)x - xH)"%é < 00.

0
From Lemma 2.2 and

[ Iewir sy
= e [(@@e - sl Gy
<T@ [tz -y T

1 e dt. 1
< -1 . plhy =
<5—{ @R —aly T < oo,
it follows that
(3.1) lIt% Hrzexy < ”toAv”Lf(X) + [[tw]iex) < o0.

Choose ¢ € C}({0,00)) such that ¢(0) = 1, 0 < ¢(¢) < 1 and we can
put u(t) = ¢g(f)v(t) safisfying u(0) = z. Then

u(z) = q(t)v () + g (t)(2)
and we can estimate that
(3.2) Wt |2y < ||t0¢1’-"“L£(X) + 1% vll Lz xy
< % Nz o + (189 vllzcx)

Here, the eatimate of the second term of mentioned above is
i * ) dt . 1
e vllzzon = {146 @ooIP
0 | 1
= ([ g OF b

‘ g i
< max I (O / 1971 |o(t)][Pdt)

< max g )|l[t%]| 2 (x
g' (1)#0 ( (%)

< 0.
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It is easily known that
[[£%l] 2z (x) < oo
Hence we have that from (3.1)

(3.3) |18 [| 2 (x) < 0o
It also holds that

HePull 2 peayy < 1% Aulizexy + |[t%ull L2 cx)
(3.4) < {it® Avl|zzcxy + ol e oxy
< 0.

From (3.3) and (3.4) we conclude that
2 € (D(A), X)op-
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