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EIGENVALUE PROBLEM FOR PIECEWISE
HERMITE QUADRATIC SPLINE COLLOCATION

Gyungsoo Woo and Hyun-Sill Kim

1. Introduction

The Hermite polynomials approximation for a given function f ag­

rees with f at some finite number of points in the domain and their 

first derivatives also agree with those of /.

Let TV be a positive integer and let be a uniform partition

of the interval [a, 6], that is, z애') = a + kh^ k = 0,1, , TV, where

the stepsize h = (b — a)/N. Let M2 be the space of piecewise Hermite 

quadratics on [a, b] defined by

人＜2 = R C 이 : 이枉(%*卜1)] C 珞 A; — 0,1, ••- , TV — 1}, 

and let 人堤—{v G 人＜2 : v(a) = v(5) = 0), where P2 denotes the set 

of all polynomials of degree ＜ 2. Note that the dimension of is N.

Let the Gaussian point {$*)}終言]on [a, b\ be defined by

空)=車+呻 fe =0,l,--- ,N-1. 

乙

Note that the linear traifefbrmation t — 日/(w — a) translates the 

interval [a, into [0,1] (See [2, 3, 5]).

Consider the following eigenvalue problem.

(1.1a) -U"^k)) = At/(C(fc)), =0,1,••- ,7V-1, Z7 e M2-

(1.1b) 17(0) = U ⑴=0.

In this paper, following the ideas appeared in [1, 4], we will show the 

following theorems.
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THEOREM 1. 꼬he eigenvalue problem (1.1) has N distinct positive 

eigenvalues given by

8

(L2a) 入o =汐

and

(1.2b) 入j = 与二으나L, j = 1,2,- • - ,7V - 1,

J十％

where r(3 = cos 뜨.

Theorem 2. For X e [弑紂，弑妇口)], fc = 0,1,-AT - 1, the cor­

responding eigenfunctions are given by

(1.3a) Uq(x) = C0(4p|(x) 一 1),

and

Uj(x) = Ck [((3 + 7]J + 4(1 + ?7j)\/l 二福仞:(z)

-4(1 - %)、/l 一 展S)} cos 等
(1.3b) ,_______ \_______

+ {(3 + + % + 4(1 —幻)、/1 + 心所：(c)

~4(1 - 0)\/l + 2&)} sin 罕],

where j = 1,2, - • • , TV — 1, =

G)=咯*

-^27o
8(1—

2. Proofe of main results

Let A and U denote a real nonzero eigenvalue and the correspond­

ing eigenfunction of (1.1), respectively, and for x € 幻,：/*k =

0,1, , , , , N 1. Let

(2.1a) Uk(x) := at + 0k(x - «*)) + 7*；
(:Z；  半))2
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Then we have

(2.1b) 度3)=位+;繪一巴幻)

and

(2.1c) Uk (x) = 7fc.

From (1.1a) with (2.1a) and (2.1c), we have

(2.2) 一丁左=for A: = 0,1, ••- , TV — 1.

Note that

(2.3a) Uk+1(x) = 款+1 + 伉+母 - e(fc+1)) + 冲+i(으二岑空

on 極아끼. Then

(2.3b) Uk+1(x)=位+1 + 六+1S - e(fe+1))

and

(2.3c) ^k±i(x) = 7fc+i-

We will use the C1 -condition at z사+】)to get some informations about 

(보kJ丸 and 7^, k = 0,1，… ,7V - 2.

By the continuity of U at w아우⑴, we get

，心;*+i)) = %中 S(5),

q h h? h h?

ie> + Pk^ +^k~ =四：+i — Pfc+i 2 +7fc+i"^--

With (2.2), this implies that

小八 3? 1\ 。h (h? 1\ 。 h
(2.4) 7fc + ^-= 7fc+1 -位+i 亍

Moreover, by the continuity of Uf at x^k+1\ we have

以(/*))=駅+心(山))，

(2.5) ie, Bk + Y" = /策+1 ~ 7fc+i x•
厶 厶

Thas we can express (2.4) and (2.5) as follows.

㈣(7 二)(比:)=(；3(幻
fo 호 A; — 0,1? , • , 摂V — 2)where 尸 = 歸 $=쁠--
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LEMMA 1. The coefficients熾 and 栄 of (2.1a) satisfy the fol­

lowing relations.

(a) ak = — x7fc-

(b) r/30 = s*.

(c) s-)w-i = -r^N-i-

⑷忠)=(古n「遠繹广綽)，

= 0,1, ■ • • , — 2.

Proof, (a): First note that (a) follows from (2.2).

(b) : Since U(0) = 0( 人; = 0, w = z(°)), we have 17(0) = a。一 &)블 + 

条)普 = 0 From (a), 村0 - &)3 + 的普 = 0, i.e., (普 一 f) Jo = 블編 

Therefore, we have (b).

(c) : Since U⑴=0 (k — N — l^x =件「)\ we have

*.、 z, h h? c
U(l) = Qn-i + On-技 + iN-'w = 0.

Z o

From (고nt = — we have

+ g*+ 心.뽈 = o, i.e„ 性 - 1) g = 办¥

Hence, we have (c).

(d):  From (2.6), we have (

\7fc+i

Note that the determinant D of is as follows.

n 2 fh 2 h? 1 h? 1

i f =板)T百—膻=百+商囲
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So,

Proof of Theorem 1. Case (i): Assume that 5 < 0.

Then it is easy to verify that

We multiply on both sides.

Taking fc-th power, we have
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Therefore,

(2-7)(

qN二 
s—r2 
己+s 
s—r2

8 -1

Note that \s + r2| < |-s — r2|.

Let 0 be such that

(2-8) COSg= 으+「2 

s
8 e (o,7r),

then

It follows from Lemma 1 (d), (2.7) and (2.8) that

Ik

— si 교。 
cos 6

所

7o

where

s=9，w=仁” 2sr 

厂2 + s

Since

cos 0 — sin 0 

sin 0 cos 0

cos kO 

sinkO

—sin kO 

cos k0

we have

(2-9)
0k = cos kO — 7o、/=M sin k0

Ik = 的 cos kO + •与으sin k0^ = 0,1, • • • , N — 1.
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From (2.9),

(3n—\ = & cos(2V 一 1)0 一 ％八/島 sin(iV — 1)0,

7n-i = 7o cos(7V 一 1)0 + sin(】V — 1)0.

Then we have

(2.10) r0N-k = cos(7V — 1)0 — ryQy/^s sin(N — 1)0,

and

(2.11) = 570 cos(7V — 1)0 + s一答二 sin(iV — 1)0.

y—5

(2.10) and (2.11) imply that

(2.12) 0 = 2質/?0 cos(N — 1)0 — (「的、/二M+ &八/二M) sin(7V — 1)们

since r/30 = 570, &7(N—i)= 一用(nt)・
From Lemma 1, (2.8) and (2.12), we have

cot3 - 1)0 = 쯔冬¥ 二 썟 = 顷宀 摆y
sm(7V 一 1)。 2厂&)

=侖 W二 + 际/二8 = J二j .(S成 +/籍) 

2s7o 伉2s为

that yields

NO — J7T, j — 1,2, ••- , TV — 1.

Set

J7T 
t}3 = cos 3 = cos —=

s + r2

s — r2

___________________ __  哉2 - *
(¥-x)~(D2
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With AA2 = a, we have % = 헝싸，% = 으으흥 • 

This implies that (—a — 8)^ = 3a — 8, i.e. a = 읗^2■. 

Therefore, Aft2 = %普 ; hence, Xj = 을晋나厂% Moreover, 

because of rf3 = cos 号， 一1 v 饥 V 1, we have 0 < ^-h2 < 1.

Case (ii): Assume that s = 0.

Then we have 与 一 = = 0. Thus Ao = 으.

Proof of Theorem 2. Case (i): Assume that s V 0.

Note that

h2 1 h? (3 + a)疽 ( 3 3八
8 A 8 8 — 8?7j 8 \ 1 一 衍丿

=41 —2(1 + TJj) _ A2 1 + 仍

8 1 —刀 4 1一化

Hence、「或= 벌 J辛瓦

Recall that 아 = — 支乂、r/?o = 370, 8 = ；뜨、项 = 1,2, … ,]V - 1.

Then from (2.1a),

协 3)= 躲 + 8*： - e(fe))+外企二¥브
厶

=〈仆+位(，_廿))+为企二

= 一"号三쁘*m + hpk(a사3k + 知(心邳*

= (3 + sin k0 + 7o cos + hp*c、)(、&)cos kO

8 — 80 )

一 7o\/~5sinkS) + 罗p£(£) sink。+ 70 cos

= 一冬흔쁻(3 + % + 4(1 - Vj)pk(x) - 4(1 - 化)尿(R)) 

아[丄 一叮J丿

sin —話 对° )(3 + 气? + 4(1 + 心四伐) 一 소(1 一 7?)

尻(z)) cos 号I
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_______ _______

―厂 [\/1 +们｛3 + 1] j + 4（1 — rjj）pi-（x）.

~ 4（1 -打）尻（*）｝ sin 顶一 + y/1 - rjj｛3 + %

+ 4（1 + 心이"）. -4（1 - 幻 ）尻（*）｝ cos 冷].

Therefore, we have

Uj（x） = Cfc[｛（3 + 时、/1 - 幻 + 4（1 + 命）、八 一 ％

-4（1 - ^y/l-rjjp^x）｝ cos 岑

+ ｛（3 + + 们 + 4（1 —化）\/1 + 7,仞:愆）

一 4（1 一 幻）、/1 + ，을3）｝ sin 岑],

where

.（z- 泸） 
이*:） = 一一r~

J c —h2yoand 6 = 8（r）Z・

Case （ii）: Assume that s = 0.

From （2.6）,

（7 ；）（*；；） = （： ：）©，fOT J。，…I,

i-e., -r^k+i =邙k and 0* 一 m+i =炕:+ t" Hence 炕:=0.

So S70 = r0Q = 0. Therefore 一顷+i = r*, i.e., jk+i = -7fc-

Thus
”、 （x - c（k）\2

（j（x） =ak + /3k（x — g（幻）+ 7fc---- -----

（t —《（저））2
=。僵 + 7*---- -----

h2 （X - g*））2

=—■如％ + 7k---- 2----

h2 A 43 — （廿））2、\
=-1------- 房--- .
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Let =("艾and C° = 벌』" Then we have 

LoS) = C0(4p|(x) — 1).

REMARK. Assume that s > 0. From Lemma 1, r/3()= s的：= 
—邙nt and

J
]fr2 + s 2st \ (Pk 

s -r2 \ 2r * + $ 丿 I

Since r > 0 and s〉0 and s —产=—(普 _卜=)尹 0,织 and * must 

have the same sign. But $ynt = 一尸Sv—i, hence 炕；and % have 

different signs.

This is a contradiction. Therefore this case cannot happen.
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