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EIGENVALUE PROBLEM FOR PIECEWISE
HERMITE QUADRATIC SPLINE COLLOCATION

GYUNGSOO W00 AND HYUN-SILL KIM

1. Introduction

The Hermite polynomials approximation for a given function f ag-
rees with f at some finite number of points in the domain and their
first derivatives also agree with those of f.

Let N be a positive integer and let {z{®)}I_ be a uniform partition
of the interval [a,b], that is, (¥ = a4+ kh, &k =0,1,---, N, where
the stepsize h = (b—a)/N. Let M3 be the space of piecewise Hermite
quadratics on {a, b] defined by

My = {U € Cl{a, b] . Ui[z(k}’z(k-l-l)] € Py, k=0,1,---,N — 1}:

and let M3 = {v € My : v(a) = v(b) = 0}, where P; denotes the set
of all polynomials of degree < 2. Note that the dimension of M is V.
Let the Gaussian point {¢(F}Y 1 on [a, 5] be defined by
h

f(k):§+m(k) k-:-_—-O’l"‘.)jv__]_.

Note that the linear tramsformation ¢ = (2 — a) translates the
interval [a, b] into [0, 1] (See [2, 3, 5]).
Consider the following eigenvalue problem.

(1.1a) —U"(E®Y = 2U(E®)Y, k=0,1,--- ,N -1, U € M,.

(1.1b) U(0) = U(1) = 0.

In this paper, following the ideas appeared in [1, 4], we will show the
following theorems.
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THEOREM 1. The eigenvalue problem (1.1) has N distinct positive
eigenvalues given by

8
(1.2&) A0=§,
and
8"‘87}3 -2 .
1.2b A= p=2 5219 N1,

where 57, = cos It

THEOREM 2. For z € [(%),z(¥t)]  k =0,1,.---,N — 1, the cor-
responding eigenfunctions are given by

(130) Us(z) = Co(4p}(z) ~ 1),
and
Uy(z) = Cx [{B + 1)/ T =1, +4(1 +1,)/T = m;04(2)
— 4(1 ~ 1,)\/T= 75/ (2)} cos *2T

1.3b
(1.3b) + {3+ 1,)VT + 71, +4(1 — 7,)/T + 1;p4()
. kgm
—4(1 = 1,)y/T+ 7,(2)} sim 2 |

. - _ (z-&%*) kv
where j = 1,2, N =1, pi(z) = A Ck = 8(1—my )\ /1—my and

2
Cy = ""lg“'}’k-

2. Proofs of main results

Let A and U denote a real nonzero eigenvalue and the correspond-
ing eigenfunction of (1.1), respectively, and for z € [z(¥) z(+V)] k =
0,1,--- ,N —1i. Let

£ g2
(2.1a) H(z) = ar + Br(z — €M) + ’Yk%'
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Then we have

(21b) Uy() = Bx + mlz —€)
and
(2.1¢) Uy (z) = 1.
From (1.1a) with (2.1a) and (2.1¢), we have
(2.2) ~vg = Aag, for k=0,1,--- ,N -1
Note that
(k412
(238)  Ukpa(x) = s + Brga(z — €5y + ’Yk+1££*§2—)
on {z(k+1) 2(k+2)] Then
(2:3b) Uig1(2) = Bt + 1 (e — E4F7)
and
(2.3¢) Ukr(e) = Yers.

We will use the C! -condition at z(**1) to get some informations about
ok, By and v, k=0,1,--- ,N —2.
By the continuity of U at z(*tV), we get

Ur(zHD) = Uiya (25,

. h? h h?
ie, ar+ ﬁk’z" + 9= = ak+1 — Pet17 + Vet =

8 2 8
With (2.2), this implies that
R? 1 h R? 1 h
(2.4) (*8* - '/\-) T+ Brg = (? - X) Vit1 = B+15
Moreover, by the continuity of U’ at z(*¥1), we have

U;(x(k+1)) = U;H-I (x(k+1) )s

. h h
(2.5) ie, pBr+ Ty = Br41 = Te+15-

Thus we can express {2.4) and (2.5) as follows.

—r s Beg1 Y _ [T ﬁk)
(26) ( 1 —?") (%ﬂ) h (1 ) (vk
fork=01,--- ,N—2 wherer =% s=2% _

S
I8
hz
2? 8

1
3
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LEMMA 1. The coefficients ax, Br and vy of (2.1a) satisfy the fol-
lowing relations.

(a) ax = ——}7k.
(b) Tﬂo = $%0-
(¢) syn—1 = —rfBN-1.

Br+1 ) _ KL g 2gr T Bo
(d) (7k+1) “(’__lﬁ) ( 2r ?'2+S) (’}’0)’

k=0,1,--- ,N -2

Proof. (a): First note that (a) follows from (2.2).
(b): Since U(0) =0 (k =0,z = 2(® ), we have U(0) = ap — fo 2 +
Yok = 0 From (a), yo — Bob + vl =0, ie, (-"éi - i) Y0 = 25.
Therefore, we have (b).
(c): Since U(1)=0 (k=N-1,z=2™), we have

h h?
U(l)=an—_1+8n- 135 + v - 1?=0-

From ay_y = -—%*\,’N_l, we have

! + B ﬁ-i— h =0,i.e Bl =-p h
A'YN] N-1 YN — 18 1€ g h IN-1= N—l2~

Hence, we have (c).

(d): From (2.6), we have (f::i) ( ) (’1" ;‘f) ’z:)

Note that the determinant I} of I ) is as follows.

h Rz 1 K 1
D=1 —s=(3) - (5 —y) =5+ 1 #0
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By _ _ L [-r =s\(r s\ /(B
Yk+1 r2—s\—-1 -—r 1 r T
1 r24+s  2sr Bx
Ts—=r2\ 2r rl4s)\m
1 r?+s  2sr
T os—1r2 2r r2 4+ s
) 1 r24s  2sr Br-1
s—r2\ 2r r?+s)\ 1
== (— . — )k r24s 250\ (B
I PR 2r r? Y )

Proof of Theorem 1. Case (i}: Assume that s < 0.
Then it is easy to verify that

-1 0 r?4+s  2sr -s 0
0 \/1:; 2r 2 +s 0 +—s
P 4s =2ry/—s
T\ 2ry/=s r?i4s )

We multiply .—— on both sides.

1 -1 0 r’+s  2sr -s 0
s—r2 0 \/1—_3 2r 24 s 0 +/—s
1 ( r +s ——27"\/—3)

So,

T s—r2 \ 2ry/— r? +s

Taking k-th power, we have

(3 L) (8 )G )
(L )k(r2+s —2r\/—_s>k

§—1r2 2r/—8 r24s

5
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Therefore,
1 kfr24+s 2sr k
(2.7) (3_7.2) ( o r2+3>
(3 YR "(—s 0)”
= 0 \/1—._‘; 2 :_ﬁ;s :ij:rs 0 +—s -
Note that |s + 72| < {s — r2|,
Let @ be such that
(2.8) 6="17 ge(0,n)
’ «o T s—rp2’ T
then
2 /. 2 —_
siné = 1-—(308292\/1_(34_:2)2: - 4?; =ir\/r2‘s‘
v/ P — _

It follows from Lemma 1 (d), (2.7) and (2.8) that
(ﬁk) — (ST)k (ﬁo)
Tk Yo

[ —s 0 cosf —sing\* ‘—% 0 ﬂo)
A0 Vs sinf cos# 0 \/1_—8 Yo}’

where ) y
. _f{r*+s 257
S_s—rz’ T__( 2r r2+3)'
Since \
cosf —sind [ coskf —sink8
sinf cosé " \sinkf coskd /°
we have

- Bt = Bocoskd — yo/=ssink@
29) YV =’70008k9+7'3:°=ssink9,k:(),l‘...’N_.l_
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From (2.9),

Bn-1= Py cos(N — 1) — vg/—ssin{ N — 1)#,

Yn-1 =ypcos{N —1)6 + \f_(i_s sin{ N — 1)4.
Then we have
(2.10) rfn-1 = rfy cos(N —1)8 — rygy/—ssin(N — 1),
and
(2.11) $YN—1 = syocos(N —1)8 + s Bo sin{ V — 1)6.

V—s
(2.10) and (2.11) imply that
(2.12) 0 = 2rBs cos(N — 1)8 — (ryovV/—s + fo/—3)sin(N — 1),

since rffp = 8Y0, SYN-1) = —THN-1)-
From Lemma 1, (2.8) and (2.12), we have

cot(N — 1)9 = LN =D ryoy/=s+ fovms

sin(V —~1)8 N 2r o
BNV BT /TS (s 48D
2879 2570 Bo

NS _
—~ -Es—r_(r + ) — cot § = cot(—8)},

that yields
NO = ym, j=12,--- ,N—-1.

Set
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. - _
With Ah? = a, we have m = iyiz_% = ii—%'

This implies that (—a — 8)y, = 3a — 8, 1.e. a= %%L.
Therefore, Ah% = %:_L,:’-; hence, A; = §3,_+—E:‘-h*2. Moreover,
because of 17, = cos &7, —1< n, <1, we have 0 < %Lhz < 1.

Case (ii): Assume that s = 0.

Then we have % — % =0. Thus A\q = 75.

Proof of Theorem 2. Case (i): Assume that s < 0.
Note that

IS S G R ) (1 3+n,)

8 A 8 8&8—8p; 8 1—1,

_— " m—— el T i —— s

1
Hence /—s = %/ T"_-;:i-.
7

Recall that ax = —~ %, rfo = s70, 0 = &, i=12,.-- ,N-1

Then from (2.1a),

(z ~ EWY:
2
(c = ERY?

2
__{(34n,)R? h? 2
=gy, Y hp()Be + 5 pu(2) e
(3+ n,)h? ( Bo
8 — 8, V—s

12
— Yo/ —s sin k) + ?pi(:c) (
— _ \/*"S"Yoh

4(1—n,)

kym Yoh?
N T80 —n,)C Mt n)pu(e) — 41— m))

Ur(z) = ax + Bi(z — EF) + 5

1
= =yt Brle - EX) +

Bo
V—s

sin k8 + 7o cos k@)

sin

kjr
2 ——
Pi(z)) cos —

sin k@ + o cos k9) + hpi(2)(Bo cos kb

(347, +4(1 — n))pr(x) — 41 — n,)pi(x))
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h2

8(1 _,,J)\/l_h[\/l + 7, {3 + 1y + 41—y )pi(z).
—4U—nﬂm&%ﬂn%;+\ﬁizﬁg+m

41+ my)pu(z). — 401~ n,)o}(z)} cos LT
Therefore, we have
Uy(z) = Cl{(3+ my)v/1 =y + 4(1+m))/1 = mype(z)-
kjm

—4(1 = n))y/T=n,p}(a)} cos -

+ {3+ m)/1+m + 41 —ny)\/1+ mp(2)
- 4(1 = n,)\/TFmypi(x))sin 2T,

where
(z — €M) —h%y,
z)=-———= and Ci = .
P (@) h fT8—n)y/1T-m,

Case (i1): Assume that s = 0.
From (2.6),

(vr 0)(ﬂk+1)_(7' )(ﬂk) for £=90,1-.. N-2
1 —=r ) \ s LorJ X\ R |

i.e., =rfr+1 = rfi and Bry1 — r7k+1 = Bi + ryk. Hence fg = 0.
So svp = rfy = 0. Therefore —~rvyr4+1 = 7vk, 1.€., Yh41 = —Vk-

Thus (A2
0(x) =en + fata — €0) 474 ==L

(= =g

=i + 7k

_ ¢(k)y2
=*§’Y +’7k(—x_’i—)

SN
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—g(k)
Let pi(z) = &x—-f—l and Cp = %27;;. Then we have

Uo(z) = Co(4pk(z) - 1).

REMARK. Assume that s > 0. From Lemma 1, rf8 = sy, syv—1 =
—rfn.1 and

Beqr1y 1 245 2sr Br
Ye+1 ) s—12\ 2r ri4s)i\m /)

Since r >0 and s > 0 and s — 7% = — 'g—z-l—%) # 0, B and yx must
have the same sign. But syy_, = —rfy_1, hence f§; and 7 have

different signs.
This is a contradiction. Therefore this case cannot happen.
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