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Abstract The aim of this paper is to prove the boundary behavior be-
tween the Carathéodory and Kobayashi-Royden metrics in a strongly pseu-
doconvex bounded domain with C2-boundary in C* and to show that the
converse does not holds. S. Venturini([Ven]) proved the corresponding result
with distances in place of the infinitesimal metrics.

1. Definitions and preliminaries

We recall at first the definition of the Kobayashi-Royden met-
ric and the Carathéodory metric on a complex manifold. On all
complex manifold we are under consideration we assume the con-
nectedness, Hausdroff and the countably compactness.

By A and dsa, we mean the open unit disc in C and the
Poincaré metric on A, respectively. Also by N(M) we denote
the function space of all holomorphic mappings of M into N.

Let T(M) be the tangent bundle for a complex manifold M.
Then we define the Kobayashi-Royden metric F} : T(M) — R+ U
{0} on M by

Ft (€)= _inf {dsa(0,0):3f € M(A) st. f(0) =2, df(O)v = ¢}
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for all (z,€) € T(M).

The Carathéodory metric FM : T(M) — R U {0} on M is
defined by

F(2,€) = sup{ dsa(0,df (2)€) : f € A(M) with f(2) = 0}

for all (2,¢&) € T(M).

In FY and FY, we mean that the upperscript M depends on
M. F without a subscript C or K refers to either metric unless
specified otherwise.

The proof of the following proposition is an ease result from
definitions and also see [Gra),[Roy], etc.
PROPOSITION 1. Let M and N be complex manifolds. Then

(1) For a holomorphic mapf : M — N, FM(z,£) > FN(f(2), f+(£)).
(2) Fi(2,6) < F{{(2,6).
(3) F&(2,€6) = FR(2,€) = dsa(z,¢).

THEOREM 2. ([Lem]) Let Q C C* be a domain biholomorphic
to a bounded convex domain. Then,

FR(z,€) = F§(2,€)

for all (2,€) € T(Q).

A bounded domain Q@ C R¥ [resp. C*] is said to have C*-
boundary (k > 1) if there is a real—v’alued C* function ¢ defined
on a neighborhood U of the closure €2 of 2 such that

(1) @={zeUlp(z) <0}
(2) Vo = (g;“’?, e ,-‘?—z‘%) # 0 on 9 (the boundary of )

We call the function ¢ a C* defining function for Q.

REMARK 1. It follows from the implicit function theorem that
) has a C* defining function if and only if 99 is a C* manifold.

Let © be a bounded domain with C%-boundary and let p € 99).
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® In case of @ C RV | we say that 99 is strongly convez at p if

(P)ww, >0
921 837]6:1; ’

for all w(# 0) € RN satisfying Z;V:l —gf;(p)wj = 0.

We say that €2 is strongly convezr if 02 is strongly convex at
each boundary point of 2.

® In case of 2 C C", we say that 0% is strongly pseudoconver
at p if the Levi form

Lop(6) = Zaz]a., P);&k > 0

for all £(# 0) € C" satisfying Z;‘___l g—%(p)gj = 0.
We say that Q is strongly pseudoconvez if 052 is strongly pseu-
doconvex at each boundary point of Q.
REMARK 2.
(1) Any strongly convex boundary point of € is extreme point
of Q.
(2) The Levi form does transform canonically under any bi-
holomorphic mapping.

THEOREM 3. ([Gra]) Let Q C C"* be a strongly pseudoconvex
domain with C?-boundary and let p € Q. Then for any neigh-
borhood U of p and for all vector £ € C*,

QI'\U (Z 5)

= 1.
QNU3z-p Fﬂ(z,g)

2. Main theorem

THEOREM. Let 2 C C* be a strongly pseudoconvex bounded
domain with C?-boundary. Then given € > 0, there is a compact
subset K(€) C 2 depending on ¢ such that

FR(2,8) < (1+¢€) F&(2,€)
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for all z € 2\ K(¢) and € € C".

Proof. By Fornaess imbedding theorem ([Kr 2]), there exists
n' (> n) € N, a strongly convex domain ' ¢ C*', a neighborhood
Q of Q@ and a proper holomorphic embedding ¥ : 2 — C such
that

(1) ¥(Q) c¥
(2) ¥(0Q) C oY
(3) YO\ cCV\ Y
(4) ¥(Q) is transversal to €Y.
For any giveri € > 0, we claim that there exist a compact subset

K (e) € Q2 such that
Fi(2,6) < (1+€) F (¥(2), 0. (€))

for all z € 2\ K(¢) and € € C".
Then we get the required result. In fact, since £’ is a convex
domain,

FR (¥(2), 0. (€)) = F§ (¥(2), ¥.(£))
by Theorem 2. And also by the monotonicity of the Carathéodory
metric (Proposition 1),
FE(¥(2), 0. (€)) < F&(2,6).

To prove our claim, suppose that the claim is not hold. Then
there are ¢ > 0 and sequences {z,} C €, {£,} C C" such that
z, = z € 00 and

Fi(2,,6) 2 (1+€) F§ (¥(2), ¥a(8)): (1)
By the transversality assumption and since the domains are strong-
ly pseudoconvex, there are open neighborhoods U of z and V of
U(z) € 0 for which QNU and ' NV are connected, ¥(QNTU) C
NV and a holomorphic retraction ® : ' NV — QN U for V.
Then

FR™(2,6) 2 FE ™V (¥(2), ¥.(8))

> FRY(®(¥(2)), 2. (¥.(8)))

= FR"Y(2,¢).
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Hence FEU(z,€) = FZOV(¥(z), ¥.(€)) and so we have the fol-
lowing equality by Theorem 3

F(2,6) o FRGunE) FROV(E(n), Ya(6) _ |

we

1. ] haa t 1]
V3o FE (U(z), Ua(6)) v FEU(2,,6,) F2 (¥(z), ¥a(E)

which is a contradiction to (t). Thus we complete the proof.

The next example shows that the converse of Theorem does
not holds.

ExaMpLE. Forp > 0, put ﬁ(p) = {(z1,z2) € C? |2+ \zZ\% < 1}‘

If 0 < p < 1, then €(p) is a convex bounded domain with C2-
boundary. Hence by Theorem 2,

FRlP(2,6) = FSP (2,¢)

for all (z,£) € Q(p) x C?. But since the Levi form of the defining

function (z;,2z3) = |z1)® + lzzl% — 1 for Q(p) degenerates along
the curve defined by the equations |z;] = 1 and 2 = 0, Q(p) is
not strongly pseudoconvex.
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