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1. Introduction

From the Jones’index theory[3] for II;-factors, many researchers
developed index theory for general factors in [3,4,5]. In [2], H.
Kosaki extended the notion of an index to any normal faithful
conditional expectation from a factor onto a subfactor. Specially,
Kosaki’s definition of the index of an expectation relies on the
notion of spatial derivatives due to A. Connes[6] as well as the
theory of operator-valued weights due to U. Haagerup(7].

In § 2, we define the index for a pair of factors and we have an
example. Also we show the relations of each index and the some
properties of the index in the case of type Il factor pairs.

In § 3, we construct the group von Neumann algebras W*(Rg)
on the Hilbert space L?(Rg) and also we study the relation be-
tween L?(X) ® I2(G) and W*(Rg).

Finially, we calculate the index for the pair of type 111 factors
W*(Rg).

2. The Index for Factors W*(Rg)

If M is a finite factor acting on a Hilbert space H with finite
commutant M’, the coupling constant dimps(H) of M is defined
as trM(Ey')/trM:(Eg[) where w is a non-zero vector in M, ir4
denotes the normalized trace and EZ is the projection onto the
closure of the subspace Aw.
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DEFINITION 2.1. If N is a subfactor of M, the number
dimy (M) /dimp (H) is called the (global) Index of N in M and
is written [M : N]. Note that [M : N] = oo means that N’ is
infinite for any normal representation of M.

Since (M : N| = dimp(L3(M,tr)),[M : N] is a conjugacy
invariant for N as a subfactor of M.

Let M be a finite von Neumann algebra with faithful normal
normalized trace tr and let V be a von Neumann subalgebra. By
(8] there is a conditional expectation Ex : M — N defined by the
relation tr(En(z)y) = tr(zy) for z € M,y € N. The map Ey is
normal and has the following properties:

En(azb) = aEN(z)b for z € M, a,b € N (the bimodule property)

En(z*) = En(z)* for all zeM
En(z")En(z) < En(z*z) and En(z*z)=0 implies z =0.

Let w be the canonical cyclic trace vector in L?(M,tr). Iden-
tify M with the algebra of the left multiplication operators on
L?*(M,tr). The conditional expectation En extends to a orthog-
onal projection ey on H via ey(zw) = En(z)w. We denote by
< M,en > the von Neumann algebra on L%(M, tr) generated by
M and ey. Let J be the conjugate linear isometry of L2(M, tr)
extending the map z — z* on M.

ProposITION 2.2 [1,3].
(i) N'= {M"U{en}}".
(i) < M,exy >= JN'J.

DEFINITION 2.3. If L is a subalgebra of < M,en >, a trace
Tr on < M,eny > is called a (7, L)trace if T'r extends tr and
Tr(enz) = rtr(z) for z € L.

PROPOSITION 2.4 [3]. If M and N are factors then [M : N] <
o0 iff < M, en > is finite and in this case the canonical trace Tr on
< M,en > is a (1, M) trace where T = [M : N|~!. In particular
Tr(en) =[M : N7 Also [< M,eny >: M]=[M : N].

Let N be a proper von Neumann subalgebra of the finite von
Neumann algebra M with faithful normal normalized trace ir.
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Suppose there is a faithful normal (7, M) trace Tr on < M,en >.
Then we may form the extension << M,en >, e > .

THEOREM 2.5 [1,3]. Let M be a von Neumann algebra with
faithful normal normalized trace tr. Let {e;|[i =1,2,---} be pro-
jections in M satisfying

a) e;e;41€; = 1€ for some T <1

b) €€ = €5€; for "l. —*]‘ > 2

. ¢) tr(we;) = Ttr(w) if w is a word on 1,ey,ea, - ,€;_1

Then if P denotes the von Neumann algebra generated by the
e:s,

(i) P = R(the hyperfinite 11, factor),

(ii) Pr = {eq, €3, -+ }” is a subfactor of P with [P : P,| = v~}

(i)r<jorr= %secz;’;«,n:&él,---.

LEMMA 2.6. If N is a subfactor of the 11, factor M then either
[M:N]>4or
[M : N]=4cos®Z for some n > 3.

Proof. If [M : N] < oo, define the increasing sequence M;,i =
0,1,2,--- of II; factors by the relations My = M, M, =< M,en >
yMiy, =< M;,en,_, > for 2 > 1. The inductive limit becomes
a II, factor with faithful normal normalized unique trace tr. If
7= [M : N7 and e; = ey, then the e]s satisfy the conditions
of theorem 2.5 by proposition 2.4. Thus, by theorem 2.5, either
[M:N}>4or [M:N]=4cos’n/n,n=23,4---.

ExaMPLE 2.7. If M is a II; factor and G is a finite group of

outer automorphisms of M with fixed point algebra MC, [M :
MC] = |G|

Proof. Let M act on L?(M,tr) and let u, be the unitaries
extending the action of G on M. Then the uys act on M and

it is that (M)’ is isomorphic in the obvious way to M' x G. The
projection onto M€ is |G|™! >_gec Ug by the isomorphism with
the cross product its trace is |[G|~!. Hence [M : M%] = |G|.

The H.Kosaki’s index based on Haagerup’s theory on the operator-
valued weights [7] and Connes’ spatial theory [6]. Let M be an
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arbitrary factor with a subfactor N. We assume the existence of
a normal conditional expectation £ : M — N. By E, IndexF
will be defined. If M and N are II; factors, the index of the
canonical conditional expectation determined by the unique nor-
malized trace on M is exactly Jones’ index [M : N] [3] based on
the coupling constant.

Let M be a von Neumann algebra on a Hilbert space ‘H and v
be a normal faithful semifinite (n.f.s.) weight on the commutant
M’

Let ¢ be a n.f.s. weight on M and let N be a von Neumann
subalgebrd in M. An operator-valued weight £ : M — N is a map
M+ — N, such that

(a) E is additive,

(b) E(aza*) = aE(z)a*,z € M ,a € N.

The set of all (n.f.s.) operator-valued weights from M to N is
denoted by P(M, N). Haagerup showed that

P(M,N)#0 & P(N',M') # 0

and constructed an order-reversing bijection between P(M, N)
and P(N',M'). By the spatial theory, it is possible to con-
struct the canonical order-reversing bijection from P(M, N) onto
P(N’,M’) (denoted by E — E~!). For a given E € P(M,N),
the canonical E~! € P(N', M’) is characterized by

d(¢ o E)/dip = dg/d(yp o E~Y).

Let M be a (o-finite) factor on a Hilbert space H with a sub-
factor N. Since E is an operator-valued weight, we get E=! €
P(N’, M'). For any unitary u € M’, we have

wE~ Y (Du* = E~(ulu®) = E7H1).
Since M is a factor, this means that E~1(1) is a scalar.

DEFINITION 2.8. IndexFE is the scalar E~1(1).

When the Index E < +oo, the operator-valued weight £~! €
P(N', M') is a scalar multiple of a conditional expectation.
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3. The von Neumann algebra W*(R¢)

Let (X, u) be a Lebesgue space and G be a countable group
acting on X as automorphisms. An equivalence relation Rg is
a subset {(z,y) € X x X|3g € G st y = gz} of X x X. Then
(R, 1) becomes a Lebesgue space, where y; is a left counting
measure. Hence we define a Hilbert space L2(Rg, ) on (Rg, w)-
If f is integrable on (Rg, 1),

o, [@dulz.y) f > fla,y)du(y)
z~y
For f,g € Lz(‘Rg,u;), the operatlon of f and g on L%(Rg, ) is
the convolution product of f and g as

(f*9)(my) =Y _ flz,2)9(zv).
ZE~T

We shall construct the von Neumann algebra w*(R¢g) on L2(Rg, u1).
Let R¢ be a countable relation on (X,B, ). For f € L?*(Ra, )
with supp f small (i.e, f(z,gz) = 0 a.e. except for finitely many
9), Ly : L*(Rg, ) — L*(Rg, ) is defined by Lyg = f * g for
g€ LZ(‘RG,}“). Then we have LyLg = L.y, and Ly™ = Ly- with
[ (z,y) = f(y,z).

DEFINITION 3.1. The operators Ly form a *-algebra of opera-
tors with unit; we denote its weak closure by W*(R¢).

For f € L?*(Rg,m) with supp f C D = {(z,z)|z € X} the
diagonal, we define F € L°°(X, u) by

F(zx =
f(:v,y)::{o() ﬁ#z

Hence we can correspond {Lg|suppf C D} to L*(X,pu). For
ff € L*(Rg) with supp fin D, if f(z,y) = 65, F(z) and
£/(2,4) = 62y F'(x), then

(f ) @y) =Y f(@,2)f (2,y) = 6y F () F'(2).

Therefore {L¢|suppf C D} already forms an abelian von Neu-
mann subalgebra A of W*(Rg), isomorphic to L™ (X).
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PROPOSITION 3.2 [9]. The abelian algebra A is a MASA (maxi-
mal abelian subalgebra) in W*(Rg). i.e, W*(Rg)N A’ = A.

We suppose that X is R. Let (X, B, u) be a Lebesgue space

and G be a countable group of all mappings g = [g ﬂ of

z + ax + b, where a,b € Q, a > 0. That is, Go = {g = [8 ﬂ :

X — Xla,be Qa > 0}. Let Gy = {g = {(1) I{}lgEGo}bea

subgroup of Go. Then Gy, acts ergodically on X. Hence Gy acts
ergodically.

LetG:{g:[“ b

0 1
ProposiTION 3.3 [9]. L%(X) ®1%3(G) = L*(Rg).

LEMMA 3.4 [9]. For A= L*(X) and a unitary V as in propo-
sition 3.3,

} : X = Xla,be Qa # 0}.

V(A x,, G)V7! = W*(Rg).

4. Main Results

Let I'(g) = {(x,gz)|z € X} be the graph of g in Rg. If Ly €
W*(Rg) N W*(Rg) € W*(Rg) N A" = A, then Ly commutes
with Ly, . where A is as in proposition 3.2 and xr(g) is the char-
acteristic function on I'(g). For Ly € A and f(z,y) = 6,,F(z),
F(gz) = F(z), since

Ly, Lih(z,9x) = LgLy.  h(z,gz) for all he L*(Rg,wu).

Thus we have the following theorem.
THEOREM 4.1. W*(Rg) is a factor of type I11.

Let G be a countable group of all mappings ¢ = [8 Il)]

of x — ax + b, where a,b € Q, a # 0. We denote by A =
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{(z,y) € Rel3g € Go st y = gz}, B = {(z,y) € Rg|3g €
G\ Gy st y = gz}. Also we define the multiplication op-
erator M,, by M, k(z,y) = xa(z,y)k(z,y). Now we define
E : W*(Rg) = W*(Rg,) by E(Ls)k(z,y) = Lum,, sk(z,y) for
ke L2(RGO)-

LEMMA 4.2. E is a (n.fs.)conditional expectation.

Proof. For L € W*(R¢,), Ly € W*(Rg), and k € L*(Rg,),

(E(LnLsLn-)k)(z,y) = (E(Lhesfen-)k) (2, y)
= LM, hefrn-k(Z,¥)

= Z hx f * h*(z, gz)k(gz, y)
g€Go

=3 3 hizv)f(v, w)h*(w, g2)k(g2, y)

geGo wyv~z

= Z h{z,v)f(v,w)Lp-k(w,y)

v, W~

= Z h(z,v)L¢(Lp-k)(v,y)

v~T

= (La(Lm, , £(Ln-K)))(z, )
= (LphE(Lj)Ln-k)(z,y)-

Also we have (E(Lyp,,)k) (2, y) = Ly , xp(g,, ¥ ¥) =Lxpy, k(. ¥)

1 0].
because of My, Xr(g,)k(2,¥) = Xr(s)k(z,y) for g1 = [O 1] m

G. Since Ly, , is identity in W*(Rg), E is a conditional ex-
pectation. Let Ly, € W*(Rg) / a € W*(Rg,). Since E(a) -
E(Ly) = (a — Lyg)|La(re,) E(Lg) / E(a). So E is normal.
Let E(L;-Lg) = 0 for Ly € W*(Rg). For k € L*(Rg,) and
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le Lz('RGO)‘L,

< E(Lj+Ly)k,k >= /Y S (E(Lje2p)k) (@, 0)F(@ )du(y)

N yeox

= /Y S Lty 1ok, )R, DY)

X gz

= /¥ 3> D7 F o« f(=, 92)k(gz, y)k(z, y)dp(y)

* y~z geGo

= [ ¥ % ¥ @ ho)f(he,g)k(ge, )k )du(w)

X y~z geGg heC

= [ (S X 3 1@ ha)f(he,gx) My ko, 1) M Kz 0)ity)

+ y~x geG heG
=< Ly+Lf My k, My ok >,and

< Lf—LfoBl,MXBl >
- /X Z Z Z f*(z, hx) f(hz, gz) My g gz, y) My 5 l{z, y)dp(y)

Yy~ g€G heG

= [ £ 5 T 1@ ha)sthe, go)iloz, I viduty)

Yy~ g&Go heG

= /X D o (Lny , pou )l 9)I(z, v)dply) =< B(Lg-Lp)l, 1> .

Y~z

Thus F is faithful since Ly = 0 by above. We put
ng = {Ly € W (Re)I|E(Ls-Ly)|| < oo}

mg = ngng = span{Ls-Lp|Ls, Ly € ng}
Dg = {Ly € W*(Ra)+||E(Ly)|| < oo}

Let Ly € mg. Since Dg is dense in mg, there exist net {Ly,} of
Dg with Ly, /' Ly and E(Ly,) /* E(Ly) by the normality of E.
Hence E is semifinite.

Let ¢ € W*(Rg,)T be a fixed normal faithful state. By repre-
senting W*(R (), we assume ¢oF = wg, with a cyclic and separat-
ing vector £. Let e be the projection defined by e(L &) (x,y) =
E(L§)éo(z,y), for Ly € W*(Rg).



The Index for the Type III Factors W*(Rg) 95

THEOREM 4.3. Let Gy be a countable subgroup of G as above
and let E: W*(Rg) =+ W*(Rg,) be a (n.fs.) conditional expec-
tation. Then IndexFE = 2.

Proof. Let g1 = [(1) (1)} and g; = [Bl (1)] Then G is the
disjoint union of g:Go and g2Gy. Let Jg be the modular conju-
gation of W*(R¢). By the basic construction, < W*(Rg),e >=
JeW*(R¢) Je is the basic extension of W*(Rg) 2 W*(Rg,).

Also {Lxmg,-)“L;cr(g»;}fEl'Z is a partition of the unit of < W*(Rg),e >

. By the U. Haagerup [12], there exist the (n.f.s.) operator valued
weight B-1: W*(Reg,) = W*(Ra) (Jap B(L§) g, = E=(Jay E(Ls)Ja,))-
Define E; :< W*(Rg),e > W*(Rg) by E; = JgE *(Jg, -
Jao)Jo. Then E is the (n.f.s.) operator valued weight < W*(Rg), e >
into W*(R¢). Hence

2
Indexk = E——l(l) - El(l) = El(ZLXP(yi)BL;F(yi)) = 2.

d==1
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