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We show Equivariant Serre Problem in real algebraic category is true when dimension of the fiber is one
i.e., we show an equivariant line bundle over a real representation space is isomorphic to a product bundie
of a real representation space and some G-module.
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L. Introduction solution when G is the trivial group. Bass-
Haboush [1] recognized and emphasized the
connection between the Linearity Problem and
the Equivariant Serre Problem. In particular,
they showed that equivariant vector bundles
over representations are stably trivial. Schwarz
[9] made a break through in the Equivariant
Serre Problem by constructing counterexamples
for several infinite groups. Recently Masuda
G-vector bundle over a representation B of G and Petrie [34] showed the existence of

trivial, ie, isomorphic to BXF for some negative solutions for certain non-abelian finite

Let G be a reductive algebraic group over the
complex number and let B and F be G-module
whose representation maps are algebraic.

In algebraic transformation groups, two out-
standing problems are the following :

Equivariant Serre Problem : Is an algebraic

G-module F ? groups such as dihedral groups. Also Masuda,
Linearity Problem : Is an algebraic action of Morser and Petre [56] showed that the

a reductive group G on an affine space C Equivariant Serre Problem has a positive solu-

linearlizable, i.e., isomorphic to some G-module tion for an abelian group.

as a G-variety ? In this paper, we consider the above pro-
Quillen and Suslin [8,10] showed that the blems in the real algebraic category in line

Equivariant Serre Problem has an affirmative bundle case. Since there is a one to one corre-
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spondence between the family of compact real
algebraic groups and that of reductive complex
algebraic groups through the complexification
(see [7], p 249), we take compact real alge-
braic groups as the acting group.

In general, it is not clear whether arguments
in the complex algebraic category works in the
real algebraic category because R is not alge-
braically closed. Now we consider the comple-
xification of real algebraic vector bundle. The
usual complexification of vector bundles is to
complexify only fibers, but we complexify also
base space.

Let VEC(B, F; S) be the subset of stably
trivial vector bundles over the affine G-variety
B depending on representations F and S of G.
This is the set of isomorphism classes of
G-vector bundles over B whose whitney sum
with S is F@®S, where F and S denote the
trivial G-vector bundle over B with a fiber
which is isomorphic to F.

It is natural to ask

Complexification Problem : Let G be a com-
pact real algebraic group and let ¢ be the
complexification map ¢ VEC(B, F; S)— VEC
(B o F o) S c)

Is the map c injective? Or weakly is the
inverse image of the trivial element trivial?

If we obtain affirmative answer of the above
problem, then we can get many results in real
algebraic category from the complex algebraic
category. If we obtain negative answer, then
we get some counterexamples.

II. Main Result

Definition. 7:C"—C" is an anti linear if
D) clyp+oly)=c(y + y),
for y,y, €C".
G) {ey) = cr(y), for ce C.

Lemma 1. let T = {7]7;C"— C" : anti

linear and 2 = 1}. For any anti linear invo-

lution 7 & T, there exists A € GL,(C)

such that 7 = AryA™', where 1, is a
standard complex conjugation.

Proof. For any r € T,1let V = (C"7 is
a linear subspace of C” over R and satisfies
V@& iV= C" Forany v C" v can

be expressed as follows v = U—'*’é_ﬂl))_
+JJ._:2_L(L’)_, where -2 ~+21(v) N
eigenvector corresponding to eigenvalue 1 and
L _2& YL is an eigenvector corresponding

to eigenvalue -1. Let W(#esp.V_) be the
eigenspace which is generated by eigenvectors
corresponding to 1 (7esp. —1). Then C" =
V@ V_. But there exists isomorphism
between V and V_ through multiplication
by i So in fact, V_ = {V. Therefore,

C" = V@ iV. Now consider the map
R">V. Choose a standard basis { e,

e...,e,) for R" in C"=R" and a basis

{v),v9,...,0,) for V in R*. Then, we
obtain a 27 X n matrix (v, | vy | v,).
Now choose a basis {ie,...,1e, for iR"
and {w, -, w, } for {V. Then we get a

2n X 2n  matrix A=(S—}?), where

(%) = (vl vy ]|+ ] v,). This matix A
corresponds to a map between R" @ R"—
Ve iv.

Then, there is a one-to-one correspondence
between A in GL,,(R) and P + iQ in

GL,(C). So we can consider that A is in
GL ,(C) by the above correspondence.

Corollary 2. The map r&€ T fo rry €
{Ce GL,(C)|CC = 1} is a bijection.
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Proof. By Lemma 1, we have the following
commutative diagram.

{Ce GL(C)ICC = 1} C GL,(C)
!
S ={u : invertible C—linear | u =t¢y v € T)
C { invertible C— linear maps }

!

Lemma 3. For any algebraic map c¢: C” —
{CeGL,(C)ICC =1} by x— c(x),

detc(x) is a constant. In particular, <(x) is
a constant if n = 1.

Proof. det c(x) det c(x) = 1 implies
det c(x) € C([x,, -, x,])" = C"

Definition. zBXFo—BXF( is anti linear if
@ 7 (x, y)+1(x, ) =r(x, y1 +¥5)

() r(x,cy)=cr(x,y), for ce C
(ili) 7 is an algebraic map over R ie., po-
lynomial.

Corollary 4. If dim F.=1, for any anti
linear involution 7 on B X F there exists a

bundle automorphism ¥:BX F—BXxF . such
that 7= P, ¥ "'

Proof. First we check ¥7o@ ™! is an anti

linear involution.

(T, Y (T, = T2 ¥ " =identity.

and (¥ ¥ N(ew) = ¥c (T H(v)
=¥c (¥ (v)
=c¥ (T (v).

So ¥ry® !is an anti linear involution.

Since dimension of Fo =1, 7 is an ele-

ment of GL, (R) and ?=1. Also ris an

anti linear .if and only if 7 7 is C linear.

By the following diagram, we can define

locally by analytic continuation and extend
grobally. Here, since B is a representation it is
simply connected.

beB
l

z(b) ((1) (I))ESO(Z)Q st

| log

log r(b)(é (1)) es0(2) =R

| exp

exp(-% log r(b)((l) (1)))5 SO(2) = (1) GL(F )

Lemma 5. Suppose that for any anti linear
involution 7 on BX F there exists a bundle

automorphism ¥': BXFs—BXF: such that
r= U, L
Then, if E. is trivial then E is trivial .

Proof. Suppose E- is isomorphic to

Be xXF¢.

Then B XFoC BXFc and r acts on B
trvially.

So (BXF¢)  =E

= | 3% i e, they are equi-
valent

(BXxFg) '=BXF

Theorem 6. Any G-line bundle over a real
representation space B is trivial.

Proof. let c¢: VEC(B,F;S)— VEC(Bc¢,
F¢;Sc) be a complexification map and E be
an element of VEC(B, F;8S), then E. is
isomorphic to BcXFe by (2], Let @: Ec-—
BcXFc be a given G-equivariant isomor-

phism. By corollary 4, there exists ¥: BX F¢
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—BxF¢ such that 7 = ¥ry ¥, where

7y is a standard complex involution. So by
lemma 5, E is trivial.

Remark If X is not a real representation,
then the above Theorem 6 is not true.

EXAMPLE Let E, be a trivial real line
bundle over S' and E, be a real Hopf line
bundle over S!, then E, is not isomorphic to
E, as a real vector bundle. But E; ® C is

ismorphic to Ey, & C
bundle.

as a complex vector
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