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Optimal Design of Accelerated Life Tests
with Different Censoring Times*

Sun-Keun Seo * Kab-Seok Kim
Dept. of Industrial Engineering College of Engineering Dong-A University

Abstract

This paper presents optimal accelerated life test plans with different censoring
times for exponential, Weibull, and lognormal lifetime distributions, respectively.
For an optimal plan, low stress level, proportion of test units allocated and
censoring time at each stress are determined such that the asymptotic variance of
the maximum likelihood estimator of a certain quantile at use condition is
minimized.

The proposed plans are compared with the corresponding optimal plans with a
common censoring time over range of parameter values. Computational results
indicate that those plans are statistically optimal ones in terms of accuracy of
estimator when total censoring times of two plans are equal.

1. Introduction

Most modern products have very high reliability when operating within their
use(normal, design) environment. This presents a problem in measuring reliabilities
of such products due to long lives of the products and relatively shorter time
available for testing purpose.

One solution to problem of obtaining meaningful test data is accelerated life tests
(ALT's) to test items at higher—-than-usual levels of stress so that we get
information quickly on their failure time distribution at use stress level. Generally,
information from tests at overstress levels of stress(e.g., use rate, temperature,

* This paper was supported by Research Fund, Dong-A University, 1995.
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voltage, pressure, etc.) is extrapolated, through a physically reasonable model, to
obtain estimates of life at usual level of stress. Nelson(1990) provides a
comprehensive source for background material, practical methodology, and
examples.

In some cases, stress is increased or otherwise changed during the course of a
test (step-stress and progressive stress ALT's) instead of holding the stress at a
constant level during testing period (constant-stress ALT’'s)Meeker and Escobar,
1993).

Traditional constant-siress test plans generally use equally spaced test stresses
each with the same number of test units. Such test plans are usually inefficient
for estimating the ¢ th quantile at use stress. Statistical optimal plans assuming &
two-parameter life-wtress relationship will test units at only two levels of stress
They choose levels of stress and allocations tc satisfy a specified optimality
criterion (see Bal and Chung(1991) and Yum and Choi(1989) for exponential
distribution, Mecker and Nelson(1975, 1978} and $%eo and Yum(1991) for Weibull
distribution and Kielpinski and Nelson(1975, 1976) (or lognormal distribution). Also
comproniise test pians with 3 or 4 levels of stress have somewhat reducec
statistical efficiency. but tend to be more robust fo misspecifications of unknown
inputst3. 5, 111 Sratistical optimal plans are useful because they provide ¢
benchmark for best precision that one can achieve for a given model. They alsc
provide important insights and a useful starting point from which to develop more
compromise plang.

The most test plans employ a common censoring time at each stress level. This
practice does not completely cover field applications. A censoring time that is long
enough to yield sufficient failures at low stress is too long at high stress. The
accuracy of estimators from a test plan with a common censoring time is les:
than that from a iest plan with different censoring times. This paper devises
statistically optimal plans with a longer censoring time at low stress than at high
stress. Recently, Yang and Jin(1994) presented the best compromise 3-leve:
constant-stress AL'T plans for Weibull distribution with different censoring time:
and Yang(1994) discussed optimal design of 4-level constant-stress ALT plan:
with various censoring times to minimize simultaneously the asymptotic varianc
of the maximum likelihood estimator(MLE) of the mean log life at use stress anc
total running time for lognormal and Weibull models.

The present investigation is different from the Yang and Lin and Yang work
in three directions. First. optimality criterion of design is to minimize asymptoti

variance of the MLE of the gth quantile at use stress while above works adopte:
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cost functions considering asymptotic variance of the MLE of mean log time at
use stress and total running time. Second, we consider exponential, Weibull and
lognormal distributions as models to describe failure mechanism. Third, this paper
deals with statistically optimal plans to employ subexperiments at two overstress
levels.

Computational experiments are conducted for various combinations of parameters
involved and relative efficiency of ALT plan with different censoring times
(ALTDC) to the orresponding ALT plan with & common censoring time(ALTCC)
is evaluated.

2. The Model

2.1 Notation

N T'otal sample size

Sg, S1, S Standardized use, low and high (transformed) test stresses

n, Number of test units allocated at s;, =1, 2

a; n /N, i=1, 2

t Standardized censoring time at s;, =1, 2

T Total allowable test length at s; and s,

Ly Standardized censoring time at use or high stress necessary to

guess P, or P,

P, Frobability that an item tested at use stress will fail by time ¢
P, Probability that an item tested at high stress will fail by time ¢,
T I ifetime of a test unit (random variable)

Y n7T

I ocation parameter of location-scale family of distribution
Scale parameter of location-scale family of distribution

B Standardized intercept of log linear relationship between location
parameter and stress

5 Standardized slope of log linear relationship between location

parameter and stress
t, ¢ th quantile of the lifetime distribution at use condition
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FC-) Probability density function of lifetime of a test unit

F(C-) Cumulative distribution function of lifetime of a test unit

¢( - ) Probability density function of standard normal distribution
o) Cumulative distribution function of standard normal distibution
avar! - ) Asvmptotic variance

g stendardized asymptotic variance

2.2 Assumptions

The following assumptions are made.

1. The log times o test units to failure are distributed with a specified location-
scale family of distribution F(y:8,0) where ¢§ and ¢ are location and scak:
parameters, respectively. That is, the lifetime distribution is exponential o
Weibull or lognormal for any constant stress.

2. The location parimeter is a log linear function of stress, ie.

In8; = jg+Bis:. (1

3. The scale parameter does not depend on the stress level.
4. The lifetimes of test units are statistically independent.

The inverse power law and Arrhenius models are special cases of the simple
life-stress relationsaip (1) for a single accelerating stress. The most commonl
used distributions for F{ + ) are smallest extreme value distribution (corresponding
to logs of Weibull and exponential data) and normal distribution (corresponding te
logs of lognormal data).

2.3 The test method

It is assumed that

1. The test uses only two stresses, s; and s,.

2. The high stress s, is specified.

3. Na, test units rundonmly chosen among N test units are allocated to low stres:
s; and the remamning items are allocated to high stress s,.

4. The total allowible test length at s and s, is given, ie, r=¢,+ 1. . The

units aflocated to s, are tested simultaneously until the censoring time( f.) at's;
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2.4 The estimation method

The ML estimation method is used since the method provides asymptotically
minimum variance estimates and generally compares well with other estimates for
small sample sizes. Asvmptotic (large-sample) variance of the g¢th quantile of the
lifetime distribution at use condition 1s adopted as a criterion for determining
optimal plans

Parameters are standardized such that use condition and high stress level as
well as total censoring time( r ) at two overstress levels become 0, 1, and .
respectively. Such standardization does not alter the nature of the problem[Seo and
Yum, 1991].

2.5 Asymptotic variance of MLE of g¢th quantile at use stress

2.5.1 The case of exponential distribution
Assume that lifetimes( T°) of test units at stress level s are independent and
identically distributed with probability density function :

(0 = (1/®exp(—t/0) , 0. 2

Of particular interest is the logarithm of the mean lifetime at use condition which
is defined by

o = Inby = Byt Bise. (3

Note that ¢,, the ¢th quantile of the exponential distribution at use condition, i¢

related to g as lollows !

y, = Int; = gt In{—In0-g} ¥E

Let Z?O and Bl be ML estimates of B, and f,;. respectively. Then, ML estimares

of u¢ and y, is

uy = W@, = B+ Biso

v, = o + In{—Ind-q)} .

The Fisher information matrix is given by
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Fe = N(fu) j, k=0, 1 5)

fw = ga’in‘

fuo = Jio = lgaisiQi

2
S o= g‘a’isi Qi

where Q. = 1—exp(—{,/6;) [Yum and Choi, 1989].

Thus, asymptotic variance(avar) of Zzo and 3}(, 1s obtained by

avar(Bo+ Bisy)

avar(y,) = avar(p,)

N Y5+ (1@ —s5@)a))
Q Q51— 59 (—ai+a))

(6)

We also define

v, = g avar(y,)

<

for later use.

2.5.2 The case of Weibull distribution
The lifetimes of te:t units at stress level s follow a Weibull distribution with

probability density function :
(= (8/0 0 texp{—(t/O°}, BO. (7)

It is further assumed that scale parameter & and stress s are related as 8 =
exp (B + B;s). Since lifetime 7" at a stress level s follows a Weilbull distribution.
Y = InT has the smallest extreme value distribution with the cumulative
distribution function
Gly) = 1-expl—exp{(y—p)/o}], —o0<y{o
where ¢ = Inf = [y+p8s, o0 = 51

In terms of the extreme value distribution, we want to estimate
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y, = Int, = (By+ Bisg) +toln{—In(1—¢g)} . (&)
Then, Fisher inforrmation matrix for /Bg, 2?1 and Bg= 7 is given by

Fy= N (f2), j, =0, 1, 2 (©

fo = a"zga,ﬂf“

fo = fu = G_Zé_;a’isinl)

Jo = fuo = U_ZZGI'HZ@

fn o= 6'_22053?1’-{;1)

o = fa = G_ZgaiSin@

_ -2 3
fo = © ;aiHi

HY = [ gade = Glzy)

H? = J;;(l+z)g(2)dz
HY = [ (+2%(2dz
z; = (Int;— Bo— Bis;)/o [Nelson and Meeker, 1978].

Thus, asymptotic variance of f/a is obtained as
avar(y,) = a'Fla (1)

where ¢ = (1, s, In{—In(1—¢)}) .

The standardized asymptotic variance is also given by

vy = (N/o*)avar(y,) .

25.3 The case of lognormal distribution
The lifetimes ( T') of test units at stress level s follow a lognormal distribution

with probabilitv density function :
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N _ (Int—8)*
oy - Vomar exp[ 7 } 0 (11)

Also, it is assumed that scale parameter # and stress s are related as equation

(1) and we want to estimate
yq == 1ntq - (BO+BISO)+GZ,7 (12)

where z, is the gth quantile of standard normal distribution.

The Fisher information matrix for ?0, //3’1 and 2)’2= o is given by
Fr== N(fe) 4. k=012

oo = O'—ZIZAi (13)

where
o _ #aa)
A= 0z = ¢(za)|si— 72002
B ‘ _$(za)
Bz o —(/)(Zm‘,)[1+sl'{si_ 1'“‘@(261') ”

C, = 2@(Zci)_si¢(zﬂ')[1+S%-__1fi_¢_—é%’zc)')]

[Nelson and Kielpinski, 1976].
Thus, asymptotic vartance of fzq has the same form as equation (10) and the

standardized asymptotic variance is defined by

.

vy = i\/-)—avar@q).
g
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3. Optimal Plans

The problem of optimally designing an ALT with different censoring times can
now be stated as; given N, sy, Sy, and ¢, determine s; and e;, ty, =1, 2
such that vy is minimized. We also standardize a censoring time necessary to
guess P, and P, as 1. The optimization procedure is initiated by first providing
guesstimates of the following quantities

P, = P,{a test unit fails at use condition in (0, t4=11]}, (14}

P, = P,{a test unit fails at high stress level in (0, to=1]} (13

Then, By/0 and j3;/0 ( 6=1 for the exponential case) can be easily determined.

Optimal plans with a common censoring time at s; and s; are usually
inefficient. In such test plans, a censoring time that is long to yield sufficient
failures at s, is too long at s;. Our developed plans choose a longer censoring
time at s; than one at 35, in order to share with total allowable testing tiniec
efficiently.

Therefore a common optimization model for designing optimal test plans for
any distribution 1s given by :

SJ"E:"‘ b, v (1¢)
st 0<s5 <],

0< <1

0<#44¢2 .

For cases of Weibull and lognormal distributions, test plans are determined hy
using the Powell(1964) algorithm for finding the minimum of a function without
calculating derivatives with respect to s;, @;, and {,. In case of exponential
distribution, the following two step procedure is adopted to minimize v, with
respect to §;, @, and f,.

First, we optimize @, for given s, and ¢4 by equation(17)[Yum and Choi, 1989]

@ = (—s5Q,+V ss3Q,Q, ) /(S%QI—SEQZ) . "
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The second stage ol optimization employs the Powell’s method with respect to s

and f..

Optimal values of sy, @, f4, and v, are tabulated in Tables 1, 2, and 3 for
cases of exponential, Weibull and lognormal distributions, respectively. For plans
with a common censoring time ( {,={,= 1), the corresponding optimal s; anc
ap are determined using the methods described in Nelson, Meeker and othe

authors{2, 6, 8 49, 1],
In the Tables, the tllowing quantities are also included

v, for ALTCC

vy for ALTDC (18,

R =

Thus, R represenis the relative efficiency of ALTDC plan with respect to the
corresponding ALTCC one.
We illustrate the developed plans with an example.

< Example >

Suppose that a certain type of electrical capacitics is known to have a Weibul!

distribution. An ALT is to be conducted using temperature as a stress. The us

condition 18 307 and number of available tested items are 300. The experimente:

assures that relationship (1) is valid up to 70 C (high stress level) and tota’

allowed  test duretion is 2000hrs.

The experimenter's guesstimates of P, and P, are 0.001, and 0.9, respectively.

and the 1th percentile of the lifetime distribution at use condition is of interest.
From < Table 2+, the selected plan is characterized in terms of the origine!

scale denoted with the prime by

(~"~|’, -\‘2’) = (53, 70)
(ny, ny) = (236, 64)
(iq", ts) = (1602, 398) .

4. Discussion

Base upon the computational results of Tables 1~3, we observe the following.
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1) For three lifetime distributions, vy of ALTDC is quite smaller than v, of the
corresponding ALTCC.

2) For exponential distribution, R increases as P, increases.

3) For Weibull distribution, R increases as ¢ increases and/or P, decresases

4) For lognormal distribution, R increases as ¢ increases and/or P, decreasus

5) For three lifetime distributions, s; of ALTDC is lower than s; of the
corresponding  ALTCC. Thus, ALTDC plans reduce the hazards of
extraploatior in stress (see Meeker and Hahn(1985))

6) For all the cases of each distribution, t, of ALTDC is longer than {o. The
statistcially optimal plans to minimize a given criterion should use a longot
censoring time at low stress than at high stress.

The optimal AI T plan requires the knowledge of P, and P, (or, equivalenily
By/0 and B, /0 1. This situation is termed “locally optimal design” and sensitiv:ts
analysis is needed[Meeker, 1984]. Let P, and P, be the guessed values of F',
and P, , respectively. For the guessed values, false optimal s;, @), and f4 cmn
be determined using P, and P;;. Then, the sensitivity is defined as the ratio of
vy with false optimal s;, @; and {4 to v, with true optimal s;, a; and i,
These ratios are calculated for ALTDC and ALTCC in cases of exponential
Weibull and lognormal distributions, respectively when P, = 0.001, P, = (.9
{and ¢ = 0.01) as shown in Tables 4~6. ALTCC is less sensitive to departw
from true values of P, and P, than ALTDC in most cases but the differer ¢
of sensitivites of two plans is trivial little.

In conclusion, this paper presents statistically optimal plans with differen
censoring times to employ subexperiments ot two stress levels under thi
assumption of c¢xponential, Weibull, and lognormal distributions, respectiveiv
Compared with the statistically optimal plans with a common censoring tirie
ALTDC plan provides higher efficiency than the corresponding ALTCC plan whor
total censoring times of two plans are equal. Accordingly, the proposed ALTIX
plan may be virtually optimal ALT one to minimize the asymptotic variance of the
MLE of a given quantile of failure time distribution at use condition.
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< Table 1 > Optimal ALT Plans :

the Exponential Case

ALTDC ALTCC
Py Py J A1 N " " " .
S1 1 to LU0 S1 21 R
00001 | 099 | 92103 | -10.7375 | 06770 | 07351 | 1.68% 8235 | 0.7066 | 0.7690 | 1.333
0.9 ~10.0443 | 06799 | 07494 | 16284 | 12450 | 07108 | 0.7950 | 1.283
05 -38438 | 06621 | 07677 | 15776 | 277.99 | 0.6976 | 08243 | 1.240
0.1 69599 | 05793 | 07906 | 1587 | 101510 | 0.6299 | 0.8489 | 1250
0.01 46101 | 03403 | 08497 | 16995 | 390253 | 0.4450 | 0.8896 | 1.352 |
0.001 099 | 690V | -84344 | 05870 | 07595 | 1.7089 4734 | 06264 | 07897 | 1.356 |
0.9 77413 05812 | 07737 | 1.6565 6878 | 06247 | 08152 | 1.312 |
05 65407 | 05353 | 07960 | 16252 | 13927 | 03911 | 0.8470 | 1283
0.1 46560 | 03446 | 08481 | 16992 | 384.16 | 04469 | 0.8879 | 1352 |
0.01 099 | 461 51273 | 0423% | 08083 | 1.7801 2185 | 04858 | 08288 | 1.408
09 54347 | 03015 | 08268 | 1.7223 2921 | 0.4654 | 0.8555 | 1382 .
05 42336 | 02393 | 08798 | L7711 4667 | 0.3683 | 0.8989 | 1424
01 0.99 27775 | 00000 | 09999 | 2.0000 526 | 01659 | 09341 | 1.749
< Table 2 > Optimal ALT Plans : the Weibull Case
o o ALTDC ALTCC
g £ P Fas 7 ; R . . . .
Lo LSt @ ra oo S1 oy R
010001 ] .99 07375 | 6765 | 7364 | 16864 823505 | 7268 | 7344 | 1415
! 9 100443 | 6843 | 7346 | 16664 | 1252059 | 7380 | 7354 | 1.465
5 R8A33 | 6746 | 7247 | 16728 | 287.2296 | 7329 | 7279 | 1530 |
1 59509 | 6261 | 6942 | 17282 | 11450206 | 6867 | 6991 | 1679
oL |09 | ear 3| wazaa | s | 7so7 | 16204 490368 | 6330 | 7803 | 1.321
9 s | sy | 788l | 16023 59.4317 | 6444 | 7868 | 1.371
5 G407 | B36h | 7928 | 16339 | 1393060 | 6251 | 7868 | 1.484
1 16560 | 4051 | 7806 | 17638 | 4082821 | B251 | 7651 | 1753
o1 |99 ae0| 61273 | a3l | 7866 | 14334 | 293565 | 4731 | 8216 | 1119
9 54342 | 4183 | 8208 | 1377 66686 | 4608 | &541 0 1121
5 12336 | 8080 | 8707 1 13820 578838 | 3677 | 8993 | 1.149
1 23492 | 0000 [1.0000 | 1.9996 739273 | 0000 | 1.0000 | 1.353
UT0001] 99 9rTGT 107476 | 7021 | 6795 | 1777 | 882454 | 7803 | 6798 | 1534
e 100443 | 7115 | 6686 | 17550 | 1388025 | 7579 | 6757 | 1508
5 A8433 0 TI05 | 6485 | 1T4T0 | 3350069 | 7505 | 6396 | 1637
TO0T 99 T enost 34344 Bl | 7168 | 19737 492318 | 6761 | 7118 | 1500
9 77413 . pi16L | 7067 | 1.7584 742162 | 6820 | 7061 | 1616
5 SR407 | 6023 | 6827 | 17620 | 1644635 | 6620 | 6863 | 1703
POl 99 46001 ] 51273 | 432 | 7964 | 1.7681 219243 | 5368 | 7747 | 1.533
9 34342 | 4213 | 7901 | 17701 290316 | 5343 | 7709 | 1644
5 12336 | 3638 | 7699 | 1.809% 53.4459 | 4781 | 7507 | 1.834
1 99 2050 37775 | 0000 |1.0000 | 1.999¢ 73115 | 1489 9408 | 1.271
9 30844 | 0000 [1.0000 | 1.999G 73115 | 0577 . 979 | 1.357
5 SL8839 | 000 L0000 | 1.9990 73115 | 0000 | 1.0000 | 1.369
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< Table 3 > Optimal ALT Plans : the Lognormal Case

ALTDC ALTCC
q Pu P’x ﬂ() Bl N N . N .
5 ) ta Yo S1 @l R
01 0001 99 | 37190| -6.0454 | 3226 | 8138 | 17783 | 85472 | .4247 7860 | 1.397
9 -50006 | 356 | 8146 | 17191 | 116235 | 4764 7760 | 1548
5 -37190 | 3770 | 8031 | 16647 | 219264 | 5314 7542 | 1.861
1 24375 | 3593 | 7419 | 16436 | 639520 | 5522 7079 | 2.491
001 | 99 | 30002 54166 | 2452 | 8287 | 17977 | 69540 | .3481 8171 | 1310
9 -43718 | 2628 | 8473 | 16599 | 87245 | .3900 8175 | 1.440
3 —30002 | 224 | 8790 | 16529 | 138103 | .4261 8082 | 1.780
1 -1.8087 | 0000 | 1.0000 | 1.9989 | 17.2813 | .3963 T | 4269
01 | .99 | ©3263] -46527 | 1430 | 8020 | 16244 | 57107 | 2325 8419 | 1161
9 -36079 | 1562 | 8367 | 14961 | 65544 | 2439 8704 | 1195 |
5 -23263 | 0970 | 8921 | 13979 | 87066 | .2004 9165 | 1272
1 -1.0448 | 0000 | 1.0000 | 19990 | 97995 | 0000 | 1.0000 | 1.422
110001 99 | 27190] -6.0454 | 3608 | 7774 | 19005 | 79542 | .4655 7343 | 1644
9 50006 | 4011 | 7484 | 1.8488 | 117341 | 5117 7008 | 1812
5 a7190 | 4547 | 6921 | 17998 | 250850 | 5605 6684 | 2083
001 | 99 | w0902] -54166 | 2788 | 8210 | 19035 | 57708 | .3999 7660 | 1672
9 -43718 | 3076 | 7943 | 18585 | 79705 | .4403 7411 | 1.869
5 -3.0902 | 3433 | 7373 | L7807 | 151223 | 4745 6957 | 2207
01 | 9 | 3263 -46527 | 1411 | 9014 | 19170 | 36053 | .2938 17 | 1719
9 -36079 | 31411 | 8878 | 18906 | 43525 | 3191 8008 | 1.99%
5 L -23263 | 1260 | 8556 | 18467 | 62835 | 3141 7557 | 2580
1 9 | 128161 36079 | 0000 | 1.0000 | 19993 | 20175 | 0546 0650 | 1.367
9 L -25631 | 0000 | 1.0000 | 19998 | 20175 | 0211 9851 | 1435
5 D-12816 | 0000 | 10000 | 19999 | 20175 | 0000 | 1.0000 | 1.445

< Table 4 > Sensitivities of vo When £, = 0.001 and P, = 0.9
: the Exponential Case

p L 0.7 08 09 0.95 0.99 |
u i
. 1.0247" 1.0343 1.0461 1.0540 1.0647
00003  t-— 5 - !
1.0251° 1.0322 1.0386 1.0409 1.0400 |
1.0062 1.0093 1.0157 1.0206 1.0287 1
00005 - - :
1.0057 1.0094 1.0131 1.0146 10142
0001 LOOST 1.0016 1 1.0007 1.0050
' 1.0018 1.0004 1 1.0001 1.0000
0002 1041 1.0293 1.0178 1.0134 1.0131
' 1.0286 1.0205 1.0148 1.0128 1.0127 |
0,003 1.0895 1.0662 1.0471 1.0389 1.0353 ;
‘ 1.0623 1.0490 1.0391 1.0355 1.0349

Note 1) Under ALTDC
2) Under ALTCC
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< Table 5 > Sensitivities of vo When P,=0.001, P, = 0.9 and ¢ = 0.01

. the Weibull Case

Note 1) Und

E\\ P; 0.7 0.8 0.9 095 0.99
(0003 ] 0B93” 1.1008 11110 11141 1.1085
1 0439° 10505 1.0549 1.0540 10432

(.0005 s 10312 1.0378 10401 10377
10139 10174 1.0194 1.0182 L0112

(‘f;(;! ooz 10006 1 1.0001 10007
| 0004 L0000 1 1.0001 10028

<‘~.u;)tz 10 10534 1.0399 10341 1082
1 0304 L0253 10237 1.0066 1 0427

";) ’ 150 L0 11004 10883 1.0805
L L1 LOB 10631 1.0675 10017

er Al TDC

2 Under A) TCC

< Table 6 > Sensitivities of vo When P,=0.001, P,
. the Lognormal Case

= (.9 and ¢ = 0.01

\\
P \\_fih 07 0.8 09 0.95 0.99
I .
. 1.)760" 10795 10751 1.0647 10408
0.0003 R e
R R . 10412 10195 L0017
. 1.0237 1.0243 1.0212 10150
o i 10320 oz 1.0034 1.0082
1001 1 1.0008 10100
0.001 - : — L
R 10034 1 1.0037 10367
o L) ) 1.6348 10220 1.0202 10341
R 1006 1.0161 10328 10890
o 11080 10750 10527 1.0466 LIBST
e llames 0 10420 1.0648 RALIUN
Note 1) Under Al'TDC
©) Under A5LTCC
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