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1. Basic Notions and Definitions

We consider a system of functional differential equations(F.D.E.)

(N) 心 (t) = f(t,xt)

where f : R+ x C — is continuous, /(/, 0) = 0, and C = 

C([—r,0],Rn),r > 0.

For any xt G C,= x(t + 0) for all 0 G [―八이 and ||:이| = 

sup |⑦/(@)|, where | • | denotes an arbitrary vector norm in Rn. Let 
K[—r,0]

x = ⑦be the unique solution of (1) with initial function <j) 

such that xto = <).

The value of f) at t will be x(t) = f)(t),

DEFINITION 1. The trivial solution ⑦ = 0 of (N) is said to be 

uniformly Lipschitz stable (ULS) if for any to > 0, there exists a(5 > 0 

such that if \\(j)\\ < 5, then |位(/(), <》, /)| < M||(》|| for t >tQ.DEFINITION 2. The solutions are uniform!시 bounded(UB) if , for 

any a > 0, there is a 0 = 0(a) > 0 such that for all io 合 0,q!> € C 

with ||<》|| < 사!, we have |:r(t(), 0,/)(Z)| < 0 for all t > tQ.
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2. Lipschitz Stability and Boundedness

LEMMA 2.1 [3, page 46]. Assume that f G C[R x C,Rn] pos

sesses continuous partial derivatives으g on R x C. Let the solution 

:r(fo, 仏/)(') of (N) exist for t > to. Then /)(/) is a lin

ear operator from C to Rn, D小= I, the identity, and 

•C사：心(to, 仏/)'0(<h 七호 each 川 in C, is the solution of the variational 

equation

(Z) zf(t) = 1忌/(¥,凡(/0,0,/))幻.

In particular D^x(to^O^ /)?/〉(]) satisfy the equation

(V) v'(t) = 以/化,꼬(加,0,/))仙,

where D中 = 으 is the derivative operator,

LEMMA 2.2 [2]. Assume that :r(Z(),砂i,/)(i) and 臥加,끼2,/)(커) are 

the solutions of (N) through (io, V’l) 허nd (io, ^2)? respectively, which 

exist for t > to and such that -01 and 此 belong to a convex subset D 

of C, Then for t > to,

⑦ Go, 새 i, /)(0 — 川 o, 쏘 2, /)C0

= [ [D"(7o,<S?,l + (1 — 3)砂2)(加이 • (01 — 砂2).

JO

PROOF. Define X(<s) = 以加,昌'01 +(1 — < 5 < 1. Then

••어-X(s) = D小x(tQ,s此 + (1 - %2)C0 • (#〉1 — 가2) 

ds

and X(l) = 以加,G/XZ), X(2) = ⑦位,'02,/)(0。By integrating the 

above equation from 0 to 1, we have the conclusion.
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THEOREM 2.3. If /)(i)| < M whenever \\(/)\\ < 6 for

some <5 > 0, and for all t > to, then the zero solution of (N) is ULS.

PROOF. Since ⑦(Zo,O, y) 三 0, we have

⑦ (Zo,0,jf)(O = I D中x(tQ,s(l),f)ds • 0, 

o

by Lemma 2.2. Hence 

h사』oj>,f)| 으 [

Jo
|Z)7(to,必,/)|d<s • HOU

玄 M||0||,

for all t >to and ||<》|| < 6.

THEOREM 2.4. The zero solution of (V) is ULS if and only if 

•Dq汉(』0,0,/) is UB.

PROOF. Note that the solution of (V) through (to, VO has the form

v = D的(』Q, 0, /) 씨 = x(tQ，砂,/) — ⑦ (fo, 0, /) — 2?(0, 砂),

where 2?(0,씨) = O(|p0||), :r(Zo, 0,/) = 0. Hence there exists a constant 

a > 0 such that

|£>0：r(Zo,(〕,/)(Z)| < /3(a) for |누이| < a and t > tQ.

This implies that D小x(t(),0, f) is UB.

The converse is trivial from the definition.
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COROLLARY 2.5. If the system (N) is ULS, then there exists a 
constant 6 > 0 such that

|」L&>：z：(io,O,/)(Z)| 玄 M(a) for ||^|| < ot and t > tQ.

PROOF. If the system (N) is ULS, then the zero solution of (V) is 

ULS[2]. This Corollary follows from Theorem 2.4.

REMARK 1. If the zero solution of (N) is uniformly Lipschitz stable, 

then the zero solution of (N) is uniformly stable. The converse is not 

true in general[l]. But, for the linear F.D.E., they are equivalent[2].

Now, we consider the homogeneous linear functional differential 

equation 

(LH) :r'(Z) = L(t,xt).

Assume that there is an n x n matrix function 7/(i, 0) such that 

= 0,?7(f, 0) = 0, for 0 > 0,

r/(t, 3) = 7/(7, —r), for 0 < —r,

where T](t,0) is measurable in (t,0) 6 R x R, continuous from the 

left in Q on (—r, 0) has bounded variation in 6 on [—r, 이 for each t. 

Moreover, suppose that there is an m G』C{°C(R,R) such that

Var[_,r,o]77(tr ) < m(i)

and

Z(f,<》)= / 地(故)] W), 
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for all t G R and q!> 6 C.

Obviously, |丄心, 0)| < m(t)||0|| [3].DEFINITION 2.6. The fundamental matrix solution U(t, s) of (LH) 

is the solution of the equations,

해"세이 = I人tJUt( 北o)), t 之 s 之 to a.e. in s and t 
\J v

where
' 0, for s — r < t < s

J7(f, 昌) = <
[ 丁, for t = s,

and Ut(- , 昌)(8) = U(t + 0, <s), —r<0< 0.

LEMMA 2.7 (Variation of constants formula)[3].

If L satisfies the above hypotheses and :r(/(), 0, h) is the solution of 

the nonhoniogeneons system

(NH) ⑦'(/) = Z(Z,⑦t) + A(Z), t 之 to⑦ to =
then

(*) ⑦(to,0, A)G) = ⑦Wo,0,O)(t) + / U(、t,s)h(s)ds, t>tQ
J t0

where x(Z(), <》, 0) is the solution of (LH).

If ⑦t(to,0,0) 三 T(Z,Zq)0, then T(Z,io) : C — C is a continuous 

linear operator. So the relation (*) has the equivalent form: 

(**) a：t(to,0,h) = [ T(t,<s)X0A(昌)己s, t 之 tQ,

J to 

where
0 —r 玄 이 < 0,

I @ = 0.
Xo ⑵ =
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THEOREM 2.8. The zero solution of (LH) is ULS if and only if 

there exists K > 0 such that

(T) |T(t,i0)| < K fort>tQ.

PROOF. If the zero solution of (LH) is ULS, then there exists 6 > 

0, M > 0 su산i that

|Z0,0,0)1 = |T(Mo)OKM||0||

for t > to and ||q!>|| < 6. Thus |T(t,f())| 으 M for t > t().

Conversely, the zero solution of (LH) is uniformly stable [3, page 

163] and uniformly Lipschitz stable [2, Theorem 1].

COROLLARY 2.9. If there is a constant mi such that

(H) J m(u)du < mi for f € R,

then the zero solution of (LH) is ULS if and only if there is a constant 

K such that

(U) |Z7(i, <s)| < K for t > s and for all s 6 R.

PROOF. With hypotheses (H), (T) and (U) are equivalent[3]. By 

Theorem 2.8, The proof is completed.

COROLLARY 2.10. Suppsoe that the Hypotheses (T) and
poo
/ h(s)ds <(X)

Jto
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are satisfied. Then the zero solution of (NH) is UB.

PROOF. By the variation of constants formulas(**),

KI < 조(II씨I + I h(s)ds)

Jt0

< W

for ||(^|| < a and for all f > io-

Let f(t,xt) = D中f(t,0)xt + and DqJ(t,0)xt =

THEOREM 2.11. Suppose that the hypothesis (T) and

\h(t,xt)\ < 히：이, < ”7.
lx

Then the zero olution of (N) is ULS.

PROOF. By variation of constants formula(서*),

께》,/) = 7\Mo)0 + [ T(t,s)Xoh(s,xs)ds.

Jt0

Therefore

N < K||씨| + * / \xs\ds
Jt0

< 시|0|| + Ke sup |g| for t >t()>Q.
to<S<t

Thus sup \xs\ < 丁스시|。|| < M||<》||. This completes the proof of 
tQ<s<t ”프 丄

the theorem.

REMARK 2. With (U) ,(H) and e < ^, the zero solution of (N) is

ULS.
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