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A COLLOCATION METHOD
FOR BIHARMONIC EQUATION

SEIYOUNG CHUNG

ABSTRACT. An O(h*) cubic spline collocation method for bihar-
monic equaﬁion 'with a special boundary conditions is formulated
and a fast direct method is proposed for the linear system arising
when the cubic spline collocation method is employed. This method
requires O(N? log N) arithmatic operations over an N x N uniform

partition.

1. Introduction

We are interested in approximating the solution u(z,y) of the bi-
harmonic equation, which is the deflection of a transversely loaded

simply supported plate,

(1) A*u=f inQ=]a,b] x[ecd]
with the boundary condtions

(2)  u=0and Au=0 on 04,

where 92 denotes the boundary of 2. This problem is decomposable

into the pair of problems

(3) —Av=—f inQ, v=0 on0Q,
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154 ' SEIYOUNG CHUNG
(4) —Au=-v inQ, u=0 ondN.

Therefore we can find an approximation to the problem (1)-(2) by
solving the second-order elliptic problem of the type (5)-(6) twice in
a row. |

In section 2, we first develop a cubic spline collocation method for
the problem (5)-(6) where nodal point collocation with bicubic splines
over an N X M uniform partition is applied to an O(h*) perturbation
L' of the operator L. This idea was originated from E.N Houstis et.al
[7]. In section 3, a fast direct method, which requires O(NM log N M)
arithmatic operations, is proposed to solve the linear system arising
from the cubic spline collocation method. The special structure of this
linear system is much similar to the system of Bialecki et.al [2] who
applied orthogonal spline collocation with piecewise Hermite bicubics
to the problem (5)-(6). The fast direct method derived from the
idea in [2] is based on the matrix decomposition and fast Fourier
transform(FFT).

Many methods have been proposed for the numerical solution of
the biharmonic equation. For example, Gustafsson [6], Braess and
Peisker [3] and Monk [8] approached the problem by iterative finite el-
ement methods and Zhang [12] proposed a multilevel additive Schwarz
method based on the finite element method with domain decomposi-
tion. Smith [10, 11], Ehrlich [5], Bauer and Reiss [1], Buzbee and Dorr
[4] and Bjgrstad [9] approached it by finite difference method based
on the 13-point stencil. According to Bjgrstad [9], the complexity
of the above finite difference methods is between O(N?3log N) and
O(N#*). In [9], Bjgrstad proposed a very efficient mixed method for a
rectangular region, a fast direct method with an inner iterative part
whose arithmatic complexity is O(N7/3). But the error of the finite
difference approximation based on the 13-point stencil is only O(h?)

instead of O(h*) of the cubic spline collocation method in this pa-
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per. Even though the boundary conditions and the region is quite
special, the new method in this paper is quite efficient and it may be

generalized to a biharmonic equation with the boundary condition

u = hi(z,y) and Au = hy(z,y) on 0.

2. Cubic spline collocation method

In this section we consider the cubic spline collocation method for

the second-order elliptic partial differential equations
(5) Lw=—(Dijw+Diw)=g inQ
with the homogeneous boundary conditions

(6) w=0 onJdN.

Let 55,2) be the one-dimensional cubic splines associated with the
uniform partition 7, = {z; = a+1thy : 0 <1 <N, hy =(b—a)/N},
which vanishes at both ends 2 = a and v = b. A basis {Bp, -+ ,Bn}

for 5'7(&) can be defined by

By(z) = Bo(z) —4B_1(z), Bi(z) = Bi(z) — B_1(z),
Bi(z) = Bi(z), i=2,---,N -2,
By-1(z) = Bn_1(2) — Bn4a(z), Bn(z) = By(2) — 4By (),

where the basis function B;, for —1 < i < n + 1, is the cubic spline
with the support [2;—2,2;42] in one space variable over the extended
uniform partition {z; = a+ihy : —=3< i< N+3, hy, =(b—a)/N}

such that

Bi(zit1) = 1/6, Bi(zi) = 2/3, Bi(zi_1) = 1/(2hy)
Bi(zit1) = —1/(2hs),  B{(ziza) = 1/82, Bl (zi) = —2/R2.
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In a similar manner we can define S,g:‘) associated with the uniform
partition my = {y; = ¢+ jhy : 0 < 7 < M, hy = (d - ¢c)/M},
which vanishes at both ends ¢ = cand 2 =d. Then 7 = 7, X 7y is
the uniform partition of §2. Let S be the two-dimensional bicubic
splines with the partition 7= which satisfy the boundary conditions
(6). The basis functions for S can be constructed by forming the
tensor product of basis functions of the one dimensional cubic splines

7(r2) and 5'7(\-3) . Throughout the notation g; ; denotes g(zi,y;) for any
function g¢.

In order to formulate the spline collocation method we need to
define a high order perturbation L' of the operator L by
1

12
+ 10D32,w,~,j + D2w; j1+1] at the interior points of €2,

2 2 2 2
L'w;; = [Dzwi-1,j +10Dzwi j + Dywit1,j + Dywi j—

L'w; j = Lw;; at the boundary points of Q.

The cubic spline collocation approximation W € S to the solution
w of (5) and (6) is obtained by requiring that

1) The interior conditions
(7 L'I’Vi,]‘=gi,]‘, t=1,---,N-1, g=1,--- ,M—-1,

2) The inner boundary conditions
®) —-D2W; i = gijs t=0,N, j=1,---,M—-1,
8

—DgVVi,jzgi,j, Jj=0M, 1=1,--- N -1,

3) The corner conditions

9) —-DiDiW; ;= D.gij, i=0,N,j=0,M.

The uniqueness and existence of the cubic spline collocation approx-
imation W is an immediate consequence of E.N Houstis et.al [7] and
the optimal convergence of O(h*) follows from Theorem 1 which can
be found in E.N Houstis et.al [7].
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THEOREM 1. Let W be the cubic spline collocation approximation
of w. If g € C?*[Q)], then the error bound is

IDEDY (W — w)||oo < a  A*™EHD 0 <k, 1<3,0<k+1<4,

where h = max{hz, hy} and ay,; is independent of h.
To obtain the matrix forms of (7)-(9), let
N M
W(z,y)= > > Ci;Bi(z)B;(y).

i=0 j=0

Then the interior conditions becomes the system of linear equations
(10) (A1 @ Dy + D, ® A3)¢ =,

where ® denotes the tensor product of the matrices and

A = (1) N-1,M 1 1 B (: 10B" (2 B"
1= (4 ¢ = =15 [Bj(zi-1) + 10Bj () + B (2i+1)] ,

A, = (a'? M-1,N @ _ 1 B (u L0B" (v} 4. B (.

A2 =\%5),_, j=0 4y T 719 [ j(yz—l) + i (yi) + j(yz+1)] :
N-1,M

Dy = (di)) W) _ B (s,

D = (di’j>i=1,j=0’ dij = Bj(wi),
M-1,N

A — (1(2) ’ (2) ‘

D, = (di’j)z:l,j:o’ ii = B](y,),

= T
c:(COO,"' 7COM, ClO,"' ,Cl My " ,CN,O,"' ,CN,M) ,

T
g = (90,07"' ,.(]0,My gl,O,"' 7!/1,]\4"" 7.(/N,07"' ,.(IN,M) .

It follows from the corner conditions (9) that

1
(11) Cij = —5ghihiDlgij, i=0,N, j=0,M.



158 SEIYOUNG CHUNG

Since Theorem 1 says the error ||W — w||« is of O(h*), we may put
Ci;j=0,:=0,N, j =0, M without losing any accuracy. Introducing
Tn(a) = tridiag(1,a,1) of order n and
di = (higi,l - Cz‘,o,higi,z, T ,higi,M—‘z,
h2gim—-1—Cim)T, i=0,N,
Gj=(h2g1,; — Co,j,h2g2j, -+ \hign_a,

hygn-1,;—Cn;)', 5 =0,M,
the inner boundary condition (8) can be represented by
Ty-1Ci=G,  i=0,N,
Tn-1Cj =G, §=0,M,
where Thr—1 = Tapr-1(4), Tn—1 = Tn-1(4) and

=f T .
C*=(Cia, Cig,-++ ,Cim—2, Cim-1)", 1 =0,N,

Cj = (C1,j, Ca,j, -+ ,CN=a,j, CN—1,j)T, J=0,M.

Since T,(4) is nonsingular tridiagonal symmetric matrix, the inner
boundary equations (8), and hence the boundary unknowns (12), can

be solved at the cost of O(N +M). Introducing the n xn pentadiagonal

matrix
z—1 a 0 \
a z a 1 0
a z a 0
0 1 a 2z a 0
P,(z,a) = ,
l a 2z a 1 0
0 a z a
0 1 a = a
0
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the matrix form (10) of the interior boundary conditions (7) after

eliminating the corner and inner boundary unknowns (11) and (12)

can be reformulated as
(13) (2 A1 ® D2 +h2 Dy @ A;) C =G,

where Al = PN-](—18,8), A:_) = PM_I(—18,8), D1 = TN_1(4:), D2 =
Tr-1(4),

C = (01,17"' 7Cv1,1\1—1a Cv?,l)"' aC’2,1\-‘1-—1"" ’C'N—],la"' P

T
Cn-i,M=1)",
G=(Gr1, ,Giar-1, Ga1, -, Gorr—1y - \GNo11y

)

T
GN—],M—]) )

and, fore=1,--- ,N-1, 5=1,--- M -1,
(14)

Gij = —12h2h2%[gi; — ()Zc,sd‘” 510)

uMa
o

23O = Y v - mm

$=0

~a) Z Crod) —d%, Z Croyr af! Z Croar di)].
=0

Note that G can be calculated at the cost of O(NM) instead of
O(NM?*+N? M) since it follows from the definition of (1( J), 52}, bglj), bg?])
that the equation (14) becomes

Gi,; =—72/li/1§gi,j, 1=3,--,N-3,5j=3,--- ,M -3,
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and the rest of G; ;’s can be obtained at the cost of O(N + M). For

example, the equation (14), fori =1, j=1,--- ,M — 1, becomes
Jj+1
Gl,j = — 72]12]1 gl,j - aglg Z C 0,s d(,23) (1) Z Co sa
. s=j-1 s=j—2

2
— dj Z Croayl) = a5y Z Crodiy — 52 Z Crom af)
=0

2
2 'l 1
—a{%, Z Crar di)]
=0
where Cp,—1 = 0.

3. Algorithm

To solve the linear system (13), we formulate a fast direct algoritm
based on the matrix decomposition which is highly suitable for parallel
computations and employs the fast Fourier transform(FFT) to reduce
the arithmatic operations involving matrix-vector multiplications.

Let S, = (si,j) denote the unitary matrix of order n such that

2 . ym
Sij = sin ,
n+1 n+1

12W :13 y T,

and diag(dy,- -+ ,dy) the n xn diagonal matrix with diagonal elements

dy. The following Lemma is a well-known fact whose proof is omitted.

LEMMA 1. For any real numbers z, a and «,

SnTn(a)Sn = diag(tl, e 7t'n)a
S71Pn(27 a)Sn = diag(pl, e ap‘n),

“where

tr = a+ 2cos
n

Pk = 2z — 2 — 2acos
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Introducing, for n =N —1,M —1,
P, = P,(-18,8), T, =Tu(4), Zu=S5.T,;"'5n,
it follows from Lemma that
(15) YnSnPpSn=An, n=N-1M-1,

where, forn =N -1, M — 1,

(——’2 + 2 cos ff;) (10 + 2 cos n’”—_*’_’])

An = diag(/\l”" ’/\‘ll)v /\k =
(4 + 2 cos n"L)

Let I, denote the identity matrix of order n. Using the facts (15)and

the properties of the matrix tensor product, we see that

(EN-1SN-1® Zp—15Mm-1) (hz A1 ® Dy + hi D, ® A2)
(SN-1®@ Sm-1)=hi AN 1 @ Iy + P2 In_1 @ Ay,

and hence that the equation (13) is equivalent to

(R2AN-1 @ In—1 + 13 IN-1 @ Apr—1) (SN-1© Sm-1)C
=(EN-158N1® EM—ISM—I)G:a

which shows that the following matrix decomposition algorithm for
the equation (13) holds. ' ‘
ALGORLTHM I
1. Compute G* = (En-1SN-1 ® ZM_lsM_l)é
2. (M2AN_1 @Iy +h2IN1 ® Api—1) C* = G*.
3. Compute C = (Sn-1® 51\,1_1)6*.
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To consider the operations count and the parallelism of Algorithm
I, we note that if we may regard any vector
Q = (‘Zl,l, e ,QI,m, (]2,1, e ,92,m, Tt ,(In,l) e ,(In,m)T
as an m X n matrix @ whose j-th column is (gj 1, ,¢jm)T, then it

follows from the properties of the tensor product that we may view

step 1 and step 3 as matrix forms

G* =Yp-1SM-1GSN-1EN -1,
C=5u-1C*Sn-1.

In this manner all steps are highly suitable for parallel computaions
since each column of Sy;_1GSNn—-1 and Sy —1C*Sn—_1 can be calcu-
lated separately using fast Fourier transform routines. Noting that
the matrices ¥y—; and X7 are diagonal, it is easy to see that the
multiplication involving the matrices £ y_; and X371 in step 1 can
be performed within 2(N — 1)(M — 1) arithmatic operations. If FFT
is employed to perform the multiplication by Sy—1 and Sps—1 in step
1 and step 3, each of these steps can be performed at the cost of
O(NMlog NM). Step 2 requires only NM — 1 arithmatic operations
since it is a diagonal system of order (N — 1)(M — 1). Therefore the
total cost of Algorithm Iis O(NM log NM), which is almost optimal
considering the number of unknownsis (N — 1)(M —1).

Finally the biharmonic problem (1)-(2) can be solved by the fol-
~lowing Algorithm II.

ALGORLTHM II

Repeat the following with ¢ = —f and then with ¢ = -W.
1. Compute C; j = —==h2h2D2%2¢g; ;, i=0,N,j =0,M.

T 36'°z’%y
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. Compute 6i, t=0,N, and dj, J =0,N, and solve

Trr—1Ci=Gi, i=0,N, Ty_1Cj=G,, j =0,M.

. Compute G.

4. Apply Algorithm I to solve the equation (13).
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