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ON THE FAMILIES OF PLANE QUARTICS
DEGENERATING TO A PLANE QUARTIC WITH AN
ORDINARY CUSP OF MULTIPLICITY THREE

PyunGg-LYuN KANG

There are up to projective equivalence two quartics with an ordi-
nary cusp of multiplicity three[5]. Their equations are z* —y3z = 0
and 2 — 23y + 932 = 0.

We say that p : X — A, A the unit disk of C, is a right family
of plane quartics degenerating to C' if all the fibers over t # 0 are
nonsingular plane quartics and generically projectively independent
with Xo = C. This family always gives a morphism ¢ from A* =
A —{0} to a punctured arc in M3 the moduli space of all isomorphism
classes of all genus three smooth projective algebraic curves which is
defined by ¢(t) = [X;] the isomorphism classes of X,. In this paper,
we compute a stable curve of genus three whose isomorphism class is
the limit point lim;—[X,] in M; and show that it lies in M3 except
the case that the total surface X has a triple point. We call this limit
point the stable model of C' obtained from X . The proof can be divided
into two parts. One part is to find the desingularization X of X with
the new fiber over ¢t = 0 a connected divisor with normal crossings.
The other part is to replace the central fiber with a semistable curve
(the semistable reduction theorem(1, 4]). A semistable curveis a nodal
curve without smooth rational components of self intersection number
(-1). Contracting the rational components of self intersection number
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(-2), we get a stable curve. In this paper, the proof of the second part
will be shortly sketched since the similar proof have been done in [2]
and [3] by the same author.

We fix that C' is a plane quartic with an ordinary cusp of multi-
plicity three given by either equation f(z,y,z) in the above, P = (0 :
0 : 1) the singular point of C and X the right family of plane quartics

degenerating to C. Then the equation of X is given by
F(I,y,Z) = f(ﬂ:,y,z) +tg1 + t2g2 + -+ t"gn

where ¢g; = g¢i(x,y,z) are homogeneous functions of degree 4 and
g1 # 0. Since X is a right family, 0F/0z, 0F/0y, 0F/dz cannot
simultaneously be zero. Therefore the singular points of X can occur

along ¢t = 0. From the following equations

a, 0 01

(9F 0 i) A _
(Z J: 7 01‘ = g1 + 2ty +3t293 + -+ nt" lgna

X is nonsingular if and only if the curve g; = 0 does not pass the
singular point of C', which in the present case is equivalent to g;(P) #
0 . If X is nonsingular, the stable model of C' obtained from X is a
smooth curve from the usual stable reduction [2].

Now assume that X is singular, i.e., g;(P) = 0. We remark that
X can be considered a right family unless that P is a singular point
of the curve defined by g¢; for all 2. Since X has only one singular
point (0 : 0 : 1) with ¢ = 0, we can work on the neighborhood N of

4 since the term 33z

z = 1. We also work with f(z,y,z) = y3z — 2
does not affect any other things except the total transform of C'. We

write ¢;(2,y,1) as gi(z,y).
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Let X be the family given by

n
y’ =2t + ) tigiz,y) = 0.

i=1
It has the only singular point at origin P = (0,0,0) € A3x’y,t). From
our choice as mentioned above, (0,0) is not a multiple point of g; = 0
for some :.
The case that P is a double point of X. Then X can be given
by

F(z,y,t) = y> — a* + t(bjox + bory + baga® + byyzy + boay® + [3])
+ t*(coo + cr02 + cory + [2]) + 1‘3( cee)

where at least one of byg, bp; and cgp 1s not zero. Let mq : A3 — A3
be the blow-up of A® at the origin and X the proper transform of X
under ;. Let

z y t

1 y_l N 11
“be the equation of A3 in A% (4 gty X P24 0:0,)- We may take as local
coordinates on the open set U; of 23 # 0 the functions z, y; = y/z
and t; = t/x ; on V; of y; # 0 the functions 2 = x/y, y and t; = t/y
; on the open set Wy of t; # 0 the functions z; = a/t, y; = y/t and
t. Welet mp = my|g ¢ XX f =pom ‘X = Al
Then the defining functions of the proper transform X of X and of

the central fiber over t = 0 on each open set are as follows respectively.

XNU; i ydz — 2% +t1(bio + boryr + baoz + biizyr + bogay? + [22])
+ t{f((?oo + c102 + cor1zyr + [:cg]) + tilix( ce);
XNViy—aty? +t1(broxs + boy + bao®y + birzry + boay + [v?])
+ f12(coo + c1021Y + co1y + [yz]) + t]3y( )
X AWy 3t — 2 + (brgxy + boryr + oot + by ayat + boay2t
+ [tz]) + (coo + croz1t + cor1y1t + [tQ]) +t( ),
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and

020 F70) = () = (8) + ()
= (t1, yox — 2?) + (x, biot1 + bory1t1 + cootz)
= (t1, ¥5 — ) +2(z, t1) + (2, bio + bo1y1 + coot1)
= Cy +2E, + Fy;

- Winf0) =) = () + (v)

= (t1, y — 21y%) + (y, brot1z1 + borts + coot])
= (t1, 1= 21y) +2(y, t1) + (y, bro1 + bo1 + coot1)
= C) + 2E, + Fy;

Wi N f(0) =(t) =(t, broz1 + bor1y1 + coo) = Fi.

In the above, (¢) means the zero locus of a function g. The following
figure 1 is the central fiber of f; : X — A.

blO 75 0 b]g = 0, bo] # 0 bl() = bOl =0
figure 1

If byg # 0, then X is smooth and the usual stable reduction process,
that is in this case two consecutive blow ups which makes the fiber
over t = 0 one with normal crossings, the base change of the total
order 18, the desingularizations of the total surface and contractions
of rational components of self intersection number (-1) and (-2) (see

figure 2), gives a smooth curve (more precisely trigonal curve totally



A PLANE QUARTIC WITH AN ORDINARY CUSP OF MULTIPLICITY THREE141

ramified at 5 points). If one want to know the details of the proof,

one can do it as we have done in [2] or [3].

A e =
2 A . _+ 2 —E 2
< 1

frgure 2

If by = 0, then X has only one singular point P; which is a double
point on X NU;. We now desingularize X. For the sake of equations,
we in fact workon Ny = X NU; C A® (4 41 1y) without making any
distinction from X. Take a blow up 73 : A® — A3 and write X2 =
N 1 the proper transform of Ny under my and my = 7r2|<\~,(2) X® 4 X,

To describe X let

s [ oyt 3 2
A” = {; IR E} C A @yt X Plagiyaits)

and take as local coordinates on the open set Us of 3 # 0 the func-
tions @, yo = y1/x and to =t; /2 ; on Vi of yo # 0 22 = 2/y;1, y1 and
to = t1/y1 ; on Wy of t2 # 0 2o = a/t1, y2 = y1/t1 and t;. We let
f2 = fl O T 2.32(2) — A

On each neighborhood U,, V, and W; the defining function of the

proper transform X () of X is the following.
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X@ AUy 322 =1+ ta(borya + bao + birays + boaz?y? + [z))
+ t2(coo + c102 + co12?yz + [22]) + t322( -+ );
X®NVy: 29y? — 22 + ta(bor + baoza + biizays + boezay? + [22y1])
+ t2(coo + croz2y1 + corzayt + [2393]) + B xayd( - );
XONW, : zoysti? — 22 + (borya + baozy + biizayaty + boazayt?
+ [23t1]) + (coo + croz2t + co1Tayat] + [25t]]) + tiza( -+ ).

Then we have

Uz N f3(0) = (t1) + (z) = (t2) + 2()
= (t2, ya2® — 1)+ 2(2, —1+ boryata + baots + coots);

V2N f5(0) = (t1) + (2) = (t2) + 2(y1) + (22)

= (to, T2y —23) 4+ 2(y1, —23 + boits + Daozats + cootd)

+ (@2, borts + Cootg)

= (t2, Y3 — x2) + 2(a2, t2) + (72, bo1 + cootz)

+ 2(y1, —3 4 borta + baoTats + cootl);
Ws 1 £3(0) = () + (&) = 2(t1) + (23)

= (22, boryz + coo) + 2(t1, —3 + bo1y2 + bag@2 + coo).

If by = 0 and by, # 0, then X®) is smooth and the figure 9(a) is

the new fiber over t = 0.

2 3

(a) (b)
figure 8
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By the consecutive blow ups of the total surface X@) at P;, the
base changes of the total order 40, the singularizations(figure 4) and
the contractions of some rational components, we get a smooth curve

of genus three which is 4-gonal over P! totally ramified at four points.

s e 4

N\ s AN s s

figure 4
Ifbyop = bo1 = 0, and ¢gg # 0, then X(2) has a double point P; in the
open set Ny = Vo, N X2 C 1, = ALy, 1 1) (Figure §(b)). Therefore

we need more blow-ups. As before, we define V3, N, = X®) and

730 XB®) = X@) Since

~ z Y t
7, = {...2. _n _2} CA oy X B

T3 ys t3 (z2,y1,t2

we take as local coordinates on the open set Us = {z3 # 0} the
functions z2, y3 = y2/x3 and t3 = ty/x3 ; on V3 = {y3 # 0} the
functions a3 = x2/y1, y1 and t3 = t3/y; ; on Wy = {t3 # 0} the
functions a3 = @2 /t2, y3 = y1/t2 and ts.

On each open neighborhood Us, Vi, Wi, XG) s given by the

following equations respectively:
Toys — 14 t3(bao + b1y 2ays + bosz‘gyg + [z3y3])
+ 3 (coo + cr023ys + co123ys + [25y3]) + 23yst3( -+ );
T3y — $§ + t3(bozs + brixsyr + bozl‘sylz + [’Lgyf])
+ t3(coo + croe3y + corzsy; + [23y1]) + syt );
w3ysts — x5 + (baoxs + biiasysts + bo2xsysts + [25y5t3])

+ (coo + 010$3y3t§ + 0015633/375% + [”cgygt?l]) + $3y§t3( ).
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But X® is not smooth either. Its singular point lies in X® N Vj.
As we have done, we define N3, w4, Uy, Vi, Wy, X@ and f4 in the
same way. Then X® is locally given by as follows on Uy, V4 and W,

respectively.

ys — 1+ t4(boo + br173y4 + bozl‘gyg + [:Lsyf])

Ty — ~L4 + t4(b2ozs + br1zays + b02$4yf + [:Myf])

(
t3(coo + cro23yi + corzzyi + [25v1)) + 2Syitd( - );
(
t3(coo + crozay; + corzay) + [2395]) + zayfti( -+ );
T4ys — T; + (b’)oi&; + biyixayats + boazayits + [ayit3))
+ (oo + crozayits + corzayits + [23yitS]) + zaystS( - ).
Now X®) being smooth, we compute the central fiber f(0).
fi0)N Uy = (t2) + 2(y1) + (22)
= (t3) +4(y1) + (23) = (t1) + 4(ya) + 6(x3)
= (ts, ya — 1)+ 4(ys, —1+ baota + coot])
+ 6(23, ya — 1+ baoty + coots);
f10)N V= (t3) + 4(y1) + (23) = (ta) + 6(y1) + (24)
= (tg, 24 — 23) + 6(y1, 24 — 25 + boo2aty + CootZ)
+ (24, coots)
= 3(ty, va)+ (ta, 1 —24)
+6(y1, x4 — 25 + baoxaty + coot});
F1(0) Wi = 6(ts) + 4(ya) + (4)
= 6(t3, T4ya — 23 + boo24 + coo)
+ 4(yq, —2F + baox4 + coo).
Therefore it consists of the 6-tuple exceptional curve, two quadruple

lines (possibly not distinct), a triple one and the forth proper trans-

form of the original central curve C' which is a smooth rational curve



A PLANE QUARTIC WITH AN ORDINARY CUSP OF MULTIPLICITY THREE145

(figure 5). In figure 5 parallelogram represents way‘*:m. Now the
total base change of order 12 followed by desingularizations and con-
tractions will give us a smooth curve of genus three that is a totally
ramified trigonal curve.

4 3

4 0:1:0

..// /\<_/_\>/l
e =

figure 5

The remaining case is that X can have a triple point. Therefore

we have proved the following.

THEOREM. Let C' be a plane quartic with an ordinary cusp of
multiplicity three and p : X — A a right family of plane quartics
degenerating to C. Then the stable model of C' obtained from X is a
smooth curve except that the total surface X has triple point along

t=0.
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