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ON THE FAMILIES OF PLANE QUARTICS

DEGENERATING TO A PLANE QUARTIC WITH AN

ORDINARY CUSP OF MULTIPLICITY THREE

Pyung-Lyun Kang

There are up to projective equivalence two quartics with an ordi

nary cusp of multiplicity three[5]. Their equations are x4 — y3z = 0 

and x4 — x3y + 以3之 = 0.

We say that p \ X — 스、 A the unit disk of C, is a right family 

of plane quartics degenerating to C if all the fibers over i % 0 are 

nonsingular plane quartics and generically projectively independent 

with Xq = C. This family always gives a morphism(/)from A* = 

A — {0} to a punctured arc in the moduli space of all isomorphism 

classes of all genus three smooth projective algebraic curves which is 

defined by ＜》(Z)= [Xt] the isomorphism classes of Xt. In this paper, 

we compute a stable curve of genus three whose isomorphism class is 

the limit point lim〔—()PG] in M3 and show that it lies in except 

the case that the total surface X has a triple point. We call this limit 

point the stable model of C obtained from X. The proof can be divided 

into two parts. One part is to find the desingularization X of X with 

the new fiber over Z = 0 a connected divisor with normal crossings. 

The other part is to replace the central fiber with a semistable curve 

(the semistable reduction theorem[1, 4]). A semistable curve is a nodal 

curve without smooth rational components of self intersection number 

(-1). Contracting the rational components of self intersection number
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(-2), we get a stable curve. In this paper, the proof of the second part 

will be shortly sketched since the similar proof have been done in [2] 

and [3] by the same author.

We fix that C is a plane quartic with an ordinary cusp of multi

plicity three given by either equation f(x,y, 之) in the above, P = (0 : 

0 : 1) the singular point of C and X the right family of plane quartics 

degenerating to C. Then the equation of X is given by

FO, y, z) = f(x, y, z} + tgx + t2g2 + • • • + tngn

where gi = gi(x,y, z) are homogeneous functions of degree 4 and 

gi 羊 0. Since X is a, right family, dF/dx, dF/dy, dF/dz cannot 

simultaneously be zero. Therefore the singular points of X can occur 

along Z = 0. From the following equations

읗| = ff 十 머(f〕뽀〉쯔 = 91 + 2物2 + 3》十 • • • 十 서一林, 

2=1

X is nonsingular if and only if the curve = 0 does not pass the 

singular point of (7, which in the present case is equivalent to g^(P) 羊 

0 . If X is nonsingular, the stable model of C obtained from X is a 

smooth curve from the usual stable reduction [2].

Now assume that X is singular, i.e., ^i(P) = 0. We remark that 

X can be considered a right family unless that P is a singular point 

of the curve defined by gi for all i. Since X has only one singular 

point (0:0:1) with t = 0, we can work on the neighborhood N of 

之 = 1. We also work with f(x,y,z) = y3z — x4 since the term y3z 

does not affect any other things except the total transform of C. We 

write gi(x, y, 1) as gi(x, y).
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Let X be the family given by

n
y3 — :r4 + 乞川八…) = 0.

i=l

It has the only singular point at origin P = (0, 0, 0) € A호 y 하 . From 

our choice as mentioned above, (0,0) is not a multiple point of g$ = 0 

for some i.

The case that P is a double point of X. Then X can be given 

by

F(x,y,t) = y3 — :r4 + t(b10:v + b01y -F 易)수 + bnxy + b02y2 + [3])

十 Z2(coo + ciqx 十 c()ry + [2]) + t3( • • • )

where at least one of iioj)oi and cqo is not zero. Let 7Ti : A3 —> A3 

be the blow-up of A3 at the origin and X the proper transform of X 

under 7「i. Let
으 = 으 = 丄

⑦i yi ti

be the equation of A3 in A3(…北) x We may take as local

coordinates on the open set U\ of ⑦1 % 0 the functions :r, yi = y/x 

and ti = Z/⑦ ; on VG of yi 大 0 the functions Xi = x/y, y and ti = i/y 

; on the open set Wi of 尹 0 the functions x\ = x/t、= y/t and 

t. We let 7?i = 7「i I父 : 호 — X, fi = p o 7?i ： 호 一> A.

Then the defining functions of the proper transform X of X and of 

the central fiber over t = 0 on each open set are as follows respectively.

X HUi : y[x — ⑦2 十 ti(6io 十 fwi 十 小⑦ + biiWi 十 h)2⑦y? + [⑦2]) 

+ K(仁00 十 仁io：心 + coi^yi 十 [⑦2]) 十 ^1^( * * * );

X Q Vi : y - x^y2 十 M&ioW 十 b01 十 切⑦牧 + bu^y + b02y 十 [y2]) 

+ '12(仁00 + + c01y + [y2]) + t『y( … );

X n Wi : y[t — x^t2 + (610⑦ 1 + boiyi + 620⑦乳 + biWH/ii + bQ2ylt

+ [거2]) + (仁00 + 仁io文1거 + 仁oi'Uit + [i2]) + i( … ),
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and

Ui n /f(o)= (t) = (ti) + (x)

= (ti, Vix — ⑦2) + (自 bio'i + boiyiti + coo#2)

=(』1> 히 一 ⑦) + 2(鄒, ti) + (:r, &io + b()iyi + Coo'i)

= Ci + 2 乃i 十 Fi;

Vin/；(0) = (i) = (Zi) + (v)

= (ti, y - 쇼!/2) + (y, bioiwi + boi'i + cooK)

= (ti, 1 — 셔丄) + 2(j/, ii) + (y, bio⑦ 1 + boi 十 coo'i)

= Ci + 2Ei 十 F\;

Wi n /『(0) = (t) = (t, 血⑦i 十 boiyi + coo) = K

In the above, (g) means the zero locus of a function g. The following 

figure 1 is the central fiber of /i : X — A.

bw 羊 0 bio = 0, b01 羊 0 b10 = b01 = 0

figure 1

If 6io %： 0, then X is smooth and the usual stable reduction process, 

that is in this case two consecutive blow ups which makes the fiber 

over Z = 0 one with normal crossings, the base change of the total 

order 18, the desingularizations of the total surface and contractions 

of rational components of self intersection number (-1) and (-2) (see 

figure 2), gives a smooth curve (more precisely trigonal curve totally
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ramified at 5 points）. If one want to know the details of the proof, 

one can do it as we have done in [2] or [3].

figure 2

If 6io =0, then X has only one singular point which is a double 

point on X QUi，We now desingularize X. For the sake of equations, 

we in fact work on N\ = X Q Ui G A3^,汝,tl）without making any 

distinction from X. Take a blow up 冗么 ： A3 — A3 and write =

the proper transform of A『i under 7「2 and 臥‘2 = 冗21 乂（2）: 히2） —> X. 

To describe 호（2）, let

x

⑦ 2

: - （…oxP2（…2）

and take as local coordinates on the open set U2 of ⑦2 羊 0 the func

tions ⑦, — y\/x and 하 = 허 /⑦ ; on 內 of J/2 쿠 0 ⑦2 = 文/vi, Vi and

= h/yi ； on W2 of t‘2 % 0 쯔 = ⑦/甘, 1/2 = yi/t丁 and ti. We let 

h = fi 0 冗2 : 父（2） — A.

On each neighborhood U2, V2 and W2 the defining function of the 

proper transform （2）of X is the following.
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父(2) n y2 : y서2 — 1 十 t2(b01y2 + 으20 + bnxy2 + b02x2yl + ［찌)

十 유(coo 十 句0⑦ + co 1 a;2?/2 + ［⑦2］) + 바⑦2( … );

호(2)n V2 : x2yl — 쌔 + 하(%01 + >20=2 + bnx2yi + 加2⑦2어 + ［:아的］)

+ 유(Coo + 仁10⑦Wi + c01x2yl + ［서세) + t%c2y：( • • • );

父⑵ 0 1形2 : X2y^t12
2
 2 + (bmj2 + b2QX2 + b11X2y2tl + 으02⑦ 2y 체

+ ［⑦%1D + (coo + C1QX2tl + €0 = 유 + ［사유］) + 유⑦2( … ).

Then we have

成 n/；(〔)) = (허) + (z) = (Z2) + 2(z)

=(〔卜2> 애수 ■- 1) + 2(x, —1 + &0iy2^2 + b‘2ot‘2 + Coof)；

V2 A f；(0) = (ii) + (⑦) = (해) + 2(yi) + (⑦2)

= (허2, x2y으 — :E) + 2(?/1, —x\ + &01G2 + 즈20⑦2#2 + 仁0()E)

+ (⑦2, l)01t‘2 + <?00유)

= (#2, J/1 — 文2)+ 2(立2? #2)+ (^2, boi 十 Coo#2)

+ 2(yi, —X2 + 5o1#2 + &20^2^2 + 仁 0〔)K)；

*3 n /；(0) = (ii) + (；r) = 2(九) + (z2)

= (⑦2? boiy‘2 + Coo) + 2(/1, —⑦으 十 &01J/2 十 >20⑦2 + c00)«

If &io = 0 and &oi 羊 0, then 호⑵ is smooth and the figure 3(a) is 

the new fiber over t = 0.
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By the consecutive blow ups of the total surface J?（2）at 7%, the 

base changes of the total order 40, the singularizations（九以以7七 $） and 

the contractions of some rational components, we get a, smooth curve 

of genus three which is 4-gona.l over P1 totally ramified at four points.

figure 4

If 6io = b（）i = 0, and cqo 羊 0, then has a double point 7% in the 

open set』\L2 = p J주（2） q V》= A호么 仙 故） （Figure 5（b））. Therefore 

we need more blow-ups. As before, we define 14, 7V2 = 호（3）and 

H : 히3） — 父（2）. Since

후 = {스 = 뿌 = 으} C AL,W2）X Pk：2/3：t3）’

we take as local coordinates on the open set U흐 = 羊 0} the 

functions ⑦2, i/3 = y?/^3 and t3 = t2/x3 ; on V3 = {y3 羊 0} the 

functions = ⑦2/yi, yi and t3 = t2/yi ; on W3 = {i3 羊 0} the 

functions ^3 = ⑦2/해, J/3 = yi/t‘2 히id 휴.

On each open neighborhood U訓 IG, 히3） is given by the 

following equations respectively:

⑦W： — 1 + '3（620 + bii ⑦ 2V3 + 此文I 서 + ［⑦%乃］）

+ 유（仁00 + e10^y3 十 coi⑦%/3 + ［文%/:］） + 사아아（ • • • ）；

Wi — 서 + h（b2Qx3 十 bn⑦3的 + bMWyl + ［서에）

十 K（coo + 仁 10^3'!/우 十 仁01之3?# + ［⑦h/：D + ⑦3?/휴1（ … ）；

⑦3이託‘2 — 사 + （으20⑦3 十 伍1⑦3以3어2 + 城애서유 十 ［서애부］）

+ （＜〕00 + C10⑦W3# +（〕01文3?/5이 + ［⑦&/%#］） + ⑦3이#（ … ）• 
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But 文(3)is not smooth either. Its singular point lies in 히3) A V^, 

As we have done, we define N針 끼, ⑵, V), TV%, 父(4)and in the 

same way. Then 父(4)is locally given by as follows on U4, V4 and W4 

respectively.

y4 — 1 + t4(b2o + &iiam/4 + ^02^3^4 + [애에)

+ K(coo + Qo：여?4 + Coi^J/4 + H?4]) + 이?4K( … );

x4 -x^+ t4(b20^4 + biWWt + bowwl + [:m#])

+ K(c00 + 仁 10 仁 41g + 仁01 ⑦4여 + [^4^1 ]) 十 x4^i^4( …);

仁41/4 — 서 十 仙20⑦4 + 으11⑦4以北3 + + [文4아아])

+(0)0 + 句0=1서€ + 仁01⑦4?/｝버 + [⑦h4KD + ⑦4?4K( … ).

Now 호⑷ being smooth, we compute the central fiber /^(O).

jf；(O) Q U4 = (하 + 2(yi) 十 (쯔)

= (i3) + 4(仙) + (⑦ 3) = (ti) + 4(y4) + 6( ⑦ 3)

= (커4, 的 一 1) + 4(t/4, “1 + &20^4 + 仁00匕)

+ 6(^3, 이냐 一 1 + &20^4 + ＜〕ooK)；

/；(0) A V4 = (h) + 4(yi) + (⑦3) = (tj + 6(yi) +(X4)

=(Z4, ⑦4 — ⑦：) + 6(1/1, ⑦4 — ^4 十 @20⑦4커4 + 仁00匕)

+ (⑦4, ＜〕(〕(〕“)

= 3(亡17 ⑦4)+ (커4? 1 — G)

+ 6(t/i, x4 — 서 + 즈20⑦孔4 + 仁00匕)；

/；(0)nW4 = 6(Z3)+4(y4)十 位4)

= 6(/3,〔WJ4 — ⑦1 + 6‘20⑦4 + 0)0)

+ 4Q/4, —：匕 + &20⑦4 + =)•

Therefore it consists of the 6-tuple exceptional curve, two quadruple 

lines (possibly not distinct), a triple one and the forth proper trans

form of the original central curve C which is a smooth rational curve 
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(figure 5). In figure 5 parallelogram represents 파끼4.싸.사). Now the 

total base change of order 12 followed by desingularizations and con

tractions will give us a smooth curve of genus three that is a totally 

ramified trigonal curve.

The remaining case is that X can have a triple point. Therefore 

we have proved the following.

THEOREM. Let C be a plane quartic with an ordinary cusp of 

multiplicity three and p : —今 A a right family of plane quartics

degenerating to C. Then the stable model of C obtained from X is a 

smooth curve except that the total surface X has triple point along 

i = 0.
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