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ESSENTIAL SEQUENCES AND

GENERALIZED FRACTIONS

Sang-Cho Chung and Dong-Soo Lee1

ABSTRACT. We investigate associated prime ideals of the module of 
generalized fractions defined by poor essential sequences and extend 
the McAdam and Ratliff’s criterion of locally unmixed rings.

1. Introduction

In 1983, Ratliff [R] introduced the asymptotic sequence in Noether- 

ian rings and characterized locally quasi-unmixed rings. Furthermore, 

in 1985, he and McAdam [MR] gave an analogous concept of the as

ymptotic sequence, that is, they defined the essential sequence (see 

below Definition) which is an asymptotic sequence itself under Noe- 

therian rings and obtained a criterion of locally unmixed rings.

For a module M of a commutative ring R, in 1982, Sharp and Zakeri 

defined a triangular subset Un(C Rn) and, using this set, constructed 

the module of generalized fractions U~nM which is a. generalization 

of localizations of modules.

On the other hand, when R is Noetherian, we [CL] got the following 

associated prime ideals of modules of generalized fractions (Ua)QnR 

induced by the triangular subset (Ua)n consisting of poor asymptotic
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sequences and obtained an extended criterion of locally quasi-unmixed 

rings. We had the following

{p G Spec(l?) : a-grade(p) = ht p = n — 1}

C AsS((t7a)；nJ?)

C {p 三 Spec(J?) : a-graJe(p) = a-grade(pRp) = n — 1}.

and the next equivalent conditions

R is locally quasi-unmixed.

a-grade(J『) = ht I for all ideals I in R.

a-grade(ya) = ht m for all maximal ideals m in R.

If I is an ideal of the principal class in R, then a-grade(I) = 

ht I,

(5) Ass((J7a)”nJ?) = {p G Spec(2?) : ht p = n — 1} for all n =

1,2,....

(6) The following complex defined in [RSZ, p. 52]

0 — 丘 —— (Ua仁1 R — … — (Ua)『lR — … •

is of Cousin type for R with respect to the height filtration 

:F = (凡)企o where = {p G Spec(7?) : ht p > i} (see [RSZ, 

3.1]).

Suppose that J? is a Noetherian ring. The purpose of this paper is to 

study associated prime ideals of the modules of generalized fractions 

defined by poor essential sequences (see below Definition) and to give 

an extended criterion of locally unmixed rings by means of associated 

prime ideals of the above modules. We show that the set ({7e)n whose 

members are poor essential sequences is a, triangular subset (Lemma 

1), and hence this triangular subset provides a module of generalized 

fractions (Ue)^nR by [SZ1]. Next we obtain the bounds of associated 
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prime ideals of (Ue)^nR (Theorem 3) and an extended criterion of 

locally unmixed rings (Corollary 4), i.e., we have the following dual 

conclusions, these are

{p G Spec(2?) : e-grade(p) = /if p = n — 1}

CAss((i7e)；^)

C{p € Spec(7?) : e-grade(p) = e_grade(JpRp) = n — 1}.

and the next equivalent conditions

R is locally unmixed.

e-grade(I) = ht I for all ideals I in R.

e-grade(xv\) = ht m for all maximal ideals m in R.

If I is an ideal of the principal class in R, then e-grade(I) = 

ht I.

(5) If ,..., czn are an essential sequence in R and p G ,..., 

<zn)7?), then ht p = n.

(6) Ass((J7e).“n7?) = {p G Spec(7?) : ht p = n — 1} for all n =

1,2,....

2. Definitions and Results

Throughout this note, 7? is a commutative Noetherian ring with 

non-zero identity, and if R is local then we denote 7?* the completion 

of R. Let («i,..., an)R be the ideal of R which is generated by the 

set of elements {ai,..., an] in R.

We call a ring R locally unmixed if, for each maximal ideal m, 

dfm((2?ni)*/5)= 成m(7?nJ* for all j G Ass(J?ni)*, and unmixed if R is 

local.

DEFINITION. [MR] Let Cl and p be ideals in R such that p is prime. 

Then p is an essential prime divisor of a in case a C p and p(2?p)* is 
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minimal over a(/?p)* + j for some 3 G Ass(2?p)*. The set of essential 

prime divisors of a will be denoted E(a).

The elements czi,..., an of R is said to be a poor essential sequence 

if, for i = ai 0 UpW((ai,..•，어-iW p H is said to be an

essential sequence if, in addition, (di,..., an)R %： R,

If a is an ideal of 7?, then the essential grade of a, denoted e- 

grczde(ci), is the length of a maximal essential sequences in a and we 

interpret e-grade(、R) = 00.

LEMMA 1. Let Cl, b be ideals of 7군. Then we have

e-grade(ab) = e-grade(a Cl 6) = min{e-grade(a), e-grade(b)}.

PROOF. By [MR, 4.3], for an ideal I of 7?, we have

e-gracle(I) = min{成m((7?p)*/5): 즈 6 Ass(Hp)* with / C p G Spec(B)}.

On the other hand, since R is Noetherian, every ideal has a primary 

decomposition. Therefore this completes the proof.

Proposition 2. Let (Ue)n = {((幻,... ,<zn) e Rn : czi,... ,an is 

a poor essential sequence in R such that if ⑷ = 1 for some i =

— 1 then cij = 1 for all j(> i)}. Then (Ue)n is a triangular 

subset of Rn.

PROOF. We show that (77e)n satisfies the three conditions of tri

angular subset [SZ1].

Clearly (Ue)n % 0, since (1,..., 1) e (Ue)n.

Next, let («i，… , an) E (Ue)n. Then we may assume that e-grade 

(cii,..., an)R = n. Hence by [MR, 5.5] we have (czf1，… , a유") E (Ue)n 

for some positive integers a心
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Finally, let (czian), (1)丄,, bn) e (Ue)n. Also we may assume 

that e-grade(ai,..., an)R = n and e-grade(l)i,... J)n)R = n. Then 

by Lemma 1, there is (ci,..., cn) G (Ue)n such that for each i = 

1, • • • y Tl，

(ci,..., Ci)R C (th, • • • ,ai)R Cl (6i,, bJR.

THEOREM 3. Fix a non-negative integer n such that n < 

wPmGMaxGR) e-ff?wZe(m). Put

(〔7e)7나<1 = {((zi,. •.，⑴n+i) € 7?z 너'1 : eq,... ,czn+i is a poor essential 

sequence in R such that for some z(l < z < n) if cii = 1 then a,j = 1 

for all j > i} and

(Ue)n = {(이i, • • •, 이n) G Rri : there is czn+i 6 R such that (ai,..., 

十i) £ ([『e)n+i}. Consider the following conditions.

An = {p G Spec(J?) : e-grade(p) = ht p = n}.

A!n = {p G Spec(7?.) : J?p is unmixed such that e_grade(p) = 

e—gradeljpRp) = n}.

Bn = {p G Spec(7?) : e-grade(p) = e-grade(pRp) = n}.

Bfn = {p E Spec(7구) : for some (何, … ,an) G (Ue)n P G 乃((시【1, 

•. .，⑷JJ?)}.

Then we have An = Afnl Bn = Bfrl and

An C Ass((見);;五切八： %.

PROOF. The first and the second assertions follow immediately 

from [MR, 6.1, 5.7 and 5.1이.

For the third assertion, we show that the first inclusion holds. Let 

p E An hence ht p = n. Let ① : R ——> be the natural map. Then

①시)/너"1 = {(① (C'l)?. • •、① (⑴71 十 1 )) 三 우?；서" 거 : G江1 > • • • > ①71十1 ) 三(시) 71十1 } 
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is a triangular subset of I《꺼‘1 and ((凡으己丁切方 = ①0"e)；저!己邱 by 

[HS, 2.1]. Since Supp((?7e)“^f1 J?) C {q G Spec(7군) : ht q > n} by [HS, 

3.1], it is enough to show that ①(J7e)；졔"kRp 羊 0. Since e-grade(p) = 

e-grade(pRp) = dim Rp = n and Rp is unmixed, we may assume that

$(L7e)n+1 = {(아 (czi$(《zn+i)) G /?p+1 : there exists j with

0 < j < n such that ①(시i), • • •, ①(⑷ ) form a system of 

parameters for Rp and $(«,十i) = • • • = ①(an_牛i) = 1}

; for,7此(cii,... ,a7너_i)7? > n + 1 and if ①(⑷) = 1 for some i < n —b 1,
r

then by [SZ1, 3.이 we have ；--- —--- 즈
우 1 J (到何),...，①(an+1))

= 0.

Therefore by [SZ2, 3.5] and [BH, 3.5.7] we have

으 h에)※.

Next for the second inclusion, let p € Ass(q7e)라’12?). Then by 
7*

[SZ3, 5.1] there is ---------- — 6 (히e)；저!f1 凡 such that
( (丄1，• • • 어 Cln ? 1)

0 : 7----------푸 )==
시..., dn, 1) /

Since (czi,...,an)J? C p by [SZ1, 3.3], we have e-grade(jp) > n. 

Suppose that e-grade(jp) > n. Then for all q E B((ai,...,an)R) 

we have e-grade(q) = n by [MR, 5.10]. Hence there is ⑷너-i € 

t八 UqeE((a1,...,an)H)qsUchthat

(ttl, . . . , <ln十i) £ (Ue)/14-1 •

Therefore we have 

= P
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by [SZ3, 5.1] again. Hence we have the following contradiction.

czn+ir _ r _ 0

(이1, • • • , 十 1) (⑷ , • • • , , 1)

On the other hand, by [M, Corollary(p. 38)] we get

p e => P凡 e Ass(①(아);;五1^).

Note that, for all (ai,..., an十i) G (?7e)n十i we have e_grade((^(ai

① (di))R) > i for i = 1,... ,71 by [MR, 5.7.1]. Hence replacing R by 

」Rp, we have e-grcide(pRp) = n, using the same argument as above.

COROLLARY 4. The following statements are equivalent.

(1) R is locally unmixed.

(2) e-grade(I) =.ht I for all ideals I in R.

(3) e-grade(m) = ht m for all maximal ideals m in R.

(4) If I is an ideal of the principal class in R, then e-grade(J「) = 

ht I.

(5) If ai,, an are an essential sequence in R and p E E((ai,..., 

czn)」R), then ht p = n. (For n = 0 we take this to mean that 

p E 乃((0)) = Ass(J?) implies ht p = 0.)

(6) Ass((LLJ；리’1 ??) = {p G Spec(2Q) : ht p = 72} for all n = 

0,1,2,....

PROOF. (1) <=> (2) = (3) <=> (4) <=> (5) These are immediate con

clusions of [MR, 6.1].

(2) = (6) By the hypothesis we have e-grade^p) = ht p for all 

p € Spec(li), Therefore the proof follows from Theorem 3.

(6) = (3) Suppose that ht m = n for some m E Max(7?). Then 

m G Ass((l7e)；$丁17?) by the hypothesis. Hence by Theorem 3 we have 

e-grade(va) = n.
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