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TRIANGULAR SUBSETS AND

COASSOCIATED PRIME IDEALS

Sang-Cho Chung

ABSTRACT. We study the relationship between a property of a tri- 
angular subset and coassociated prime ideals of the module of gen
eralized fractions induced by the triangular subset, and investigate 
coassociated prime ideals of modules of generalized fractions defined 
by some special triangular subsets.

1. Introduction
Throughout this note, B is a commutative Noetherian ring with 

non-zero identity and M is an 7?-niodule.

In 1995, Yassemi[Y] introduced the coassociated prime ideal 

( definition 4) which is the dual concept of the associated prime ideal. 

It is very useful to study the new properties of non-Noetherian and 

non-Artinian module.

In 1982, Sharp and ZakerifSZl] gave the module of generalized frac

tions U~nM (Definition 1) of a given B-module M with respect to a 

triangular subset Un which is the generalization of the localization of 

modules. In general, even though the given 2?-module is finitely gen

erated, the induced module of generalized fractions is non-Noetherian 

and non-Artinian.

So we interest the coassociated prime ideals of modules of gener

alized fractions. We obtain the relationship between a property of

The author was partially supported by BSRI, the Ministry of Education, 
Project No. 95-1427.

Received by the editors on May 7, 1996.
1991 Mathematics subject classifications t Primary 13C05.

17



18 SANG-CHO CHUNG

a triangular subset and coassociated prime ideals of the module of 

generalized fractions induced by the triangular subset(Theorem 7), 

and give coassociateci prime ideals(Theorem 9) of modules of general-
■■ ' ■- - '. 『 • 느 : . ’- -

ized fractions defined by some special triangular subsets(Example 2). 

That is, we have

(1) ⑦i Z UpeCoass(Un nM) Peach (cii,.. •，아J 石 l『n«

(2) Coass(J7/l)“nAf C {p G Spec(l?) : /ityi/p = 0}.

(3) Coa*(L心)〕nM C {p E Spec(Jl) : dim Af/pAf = c!}, where 

dim M = cl.

(4) Coass(!7r)；nM C {p € Spec(J?) : depth(p,M) = 0).

(5) If, in addition, R is local, then we have

Coass(L[f)〕nM C {p € SpecfR) : depthrvMp = 0}.

In [Y, 1.7], Yassemi proved that, for an jR-module M, p € Coass(Af) 

if and only if there exists m G Max(B) Pl K(p) such that p G Ass(Hom 

(M,Hence when we investigate coassociated prime ideal, 

it is valuable to investigate Ann(Hom(Af, £〕(7?/m))). For this rea

son, Theorem 10 (if Ami(rr) C m for all non-zero x G M, then 

Annt군M = Ann(Hom(M, 乃(7?/m))) which is an extended version of 

Sharp’s result is help to find coassociated prime ideals.

2. Preliminaries and Main Results
We use T to denote matrix transpose, n to denote a positive inte

ger, and Dn(R) to denote the set of n x n lower triangular matrices 

over R. For H 6 Dn(I《), \H\ denotes the determinant of H. Let 

(ai,...,ai)l? be the ideal of R which is generated by {«i,... , cii} 

and let (czi,... ,cii)M be the submodule of M which is generated by 

{a,jm : j = 1,..., i and m G M}.

DEFINITION 1. [SZ1] A triangular subset of Rn is a non-empty subset 

Un of Rn such that

(i) if (czi,..., an) E J7n, then (①우1，… , ) G Un for all choices
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of positive integers cvi,..., , and

(ii) if (til,..., an) E Un and (伍 ,..., bn) G Un, then there exist 

(ci,, cn) G Un and H, K G Dn(I?) such that H[ai ... an]T 

= [ci … ctl]T = K[bi •.. bn]T.

Let Un be a triangular subset of Rn. The module of generalized 

fractions U^nM of M with respect to Un is a module, whose elements, 

called generalized fractions, have the form

m

(시1 >•••,이n)

where m E M and . ,czn) G i7n, satisfying the following condi

tion.

Let m, m', 昌 6 M and (ai,...,an), (bj,..., bn) G Un. Then 
77Z 777/

7-------- - = 元-----— if and only if there exist (ci,... ,cn) € Un
(句,... , an) 功,,bn)

and H, K G Dn(R) such that H\a\ ... an]T = [句 ... cn]T = 

K\bi ... 5n]T and |_H|m — |7引77? G (ci,...

The addition and scalar multiplication in U~n are such that

m 十 s _ \H\m + \K\s

(⑦1 , • • • , 사'n) (으1，• • • 어 bn) (仁1, • • • ? 仁n)

for any choice of (ci,...,cn) E Un and H, K G Dn(R) such that 

H[a^ ... an]T = [ci ... cn]7 = K[bi ... bn]T and

777 rm
r ’ ---------- = ---------

(八1, • • • , ⑦n) (이1，• • • 어 G)

for r E R- The reader is referred to [SZ1, SZ2] for more details of the 

construction.

When M 羊 0, dim M (or cHttirM) denotes the dimension of M, 

that is the supremum of lengths of chains of prime ideals of Supp(M).
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For p G Supp(M), the M-height of p, denoted by htMp, is defined 

to be dimRpMp and 7此必(«1,..., an)7? is defined to be inf{htMp : 

(ai,..., an)R C p}. We interpret hGR = oo.

EXAMPLE 2. Let R be a Noetherian ring. Then the following non

empty sets are triangular subsets of Rn.

(1) (cf. [SZ2], 5.2) Suppose that M is a finitely generated R- 

module.

(Uh)n = {(czi,...,g) e Rn : ••.，어)R > i (1 <

i < 77)}.

(2) ([C], 1.1) Suppose that M is a finitely generated 丘-module of 

dimension d.

(Us)n = {(<zi,..., czn) G Rn : dim 어)M =

d - i (1 < i < n)}. .

(3) ([SZ1], 3.10) Let M be a finitely generated 7?-module.

(Ur)n = {(^i,..., ⑷J € 2?n ： ,.. •, an forms a poor* M-

sequence }.

(4) ([C], 1.2) Suppose that (R, m) is a local ring and M is a 

finitely generated」R-module.

(Uf)n = {((ii,..., an) G Rn : 으, . . .，뿌 in Rp forms an 

A/p-sequence for all p E Supp(M)\{m} such that («i,..., an)R 

Cp}.

REMARK 3. [C] The above triangular subsets give modules of gener

alized fractions and we introduced their associated prime ideals. That 

is

(1) Ass(q7/7XnM) = {p G Supp(M) : htMp = n — 1}.

(2) Ass((?7s)〕nM) = {p G Supp(M) : /zWp = n — 1 and 

dim M/pM = d — n 十 1}.

(3) Ass ((E7r)~nM) = {p € Supp(M) : depth(p,M) = depth 

= ti _ ! }.
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(4) Ass ((U f)~nM) = {p G Supp(M)\{m} : for some («i,, an) 

G (Uy)n, (ai,... ,an)R C p and depth= n - 1}.

DEFINITION 4. [Y, 1.2 and 1.3] We say that an 12-module L is cocyclic 

if L is a submodule of _E(2?/m) for some m € Max(jR) where 乃(2?/m) is 

the injective envelope of R/rr\. In other words L C Honi(2?, B(J?/ni)).

Let M be an 22-module. A prime ideal p of 7? is called a coassociated 

prime ideal of M if there exists a cocyclic homomorphic image L of 

M such that p = Ann(L). The set of coassociated prime ideals of M 

is denoted by Coass(M).

DEFINITION 5. For an K-module M the subset w(M) of R is defined 

by

w(J\』f) = {a E R ' M •으M is not surjective }.

REMARK 6. In [Y, 1.13], Yassemi introduced the dual version of 

UpGAss(Af) P = {으 仁 水 : M -으＞ M is not injective }, i.e., he gave

w(M) = (J p.

pGCoass( Af)

The next Theorem shows the relationship between w(U^nM} and a 

property of the given triangular subset Un.

THEOREM 7. Let R be a Noetherian ring and U~nM a module of 

generalized fractions where M is an R-module, Then for each czi E R 

such that(€Zi,, aTl) E Un, we have

U~nM = U-naiM.

In particular, we have(紅 우 w(U^nM\

g
PROOF. Let  ----——— G U~nM. Then by the definition of gen-

( 스1》• • • ? b ri)
eralized fractions there are H, K E Dtl(R) and (句,..., cn) E Un such
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that H[ai ... an]T = [cj ... cn]끄 = K[b\ ... . Hence we have

Ci = Aiiai for some hn € R- Therefore, by the definition of addi

tion of generalized fractions, we get (for the first equality we may 

take m = 0 in below Definition 1, and for the second ecjuality we can 

choose a suitable lower triangular matrix)

昌 _ |K|3 _ ci|K|s
(61, • • • 어 bn) (cj , . . . ? Cfi) (仁12, 仁2 ? • • • 5 仁n)

aihu\K\s 

(仁1어, 仁2, • • • > 心n)
e 1=

Next, since the multiplication by cii on U丁1 M ——> UQnM is sur

jective by the above proof, we have the conclusion.

COROLLARY 8. Let N be an R-module and f U^nM ——> N 

be an R-homomorphism. Then we have, for each cq € R such that 

(€Z1, • • • , CLn^ G Un,

if/(LLTVqM) = 0, then = 0.

PROOF. From the above Theorem 7 it is clear.

THEOREM 9. Let R be a Noetherian ring and M a finitely gener

ated R-module with dim M = d. Then we have the following.

(1) Coass(〔7/J]nM C {p 6 Spec(7?) : htmP = 0}.

(2) Coass(J7s).；nM C {p 6 Spec(i?) : dim M/pM = d}.

(3) Coass(i!7r)“nM C {p G Spec(H) : depth(p, M) = 0}.

(4) If, in addition, R is local, then we have

Coctss(Uf)~nM C {p G Spec(jR) : depth= 0}.

PROOF. (1) Let p e Coass(J7/l).“nAf and /zZmP > 1. Then by [Y, 

1.7] we have

p e Ass
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for some m g Max(J?). Hence there is f G £?(J?/m))

such that Ann(/) = p, that is, for the 2?-homomorphism f : (Uh)nnM 

—>」E?(2?/rn) we have pf((Uh^nM) = f^Uh^npM) = 0.

Then the following claim completes the proof.

Claim： /((^)“nM) = 0. That is f = 0.

m

Proof of Claim. Assume that / 0. Then there is

( 、G (l수);"M such that f (----끄---〕羊 0.

(何,…. ,an)

Since htMp 之 1, there is 伍 6 p such that (bi, 62,. • •, bn) € (Uh)n 

by [M, 13.6]. By the definition of the modules of generalized frac

tions, there is H,I〈 G Dn(IT) and (句,…,아J G (Uh)n such that 

H[ai ... an]T = [ci ... cn]T = K[bi ... Z>n]T. Hence we have ci G p 

and by the definition of addition of generalized fractions again

m

(세1? • • • , 이n )

\H\m ci\H\m

n
(C….'.，아) = (…，包,.‘.…) e

Therefore we have

끄—-J =f
• • •)사'n ) )

，의1키m J=o.

This is a contradiction.

(2), (3) and (4) In the above proof, if we replace ht# > 1 by 

dim M/pM < d (respectively, depth(p, M) > 1 and depth> 

1), then we have the same conclusions using the definitions of given 

triangular subsets and the similar method.

The next Theorem is an extended version of Sharp[S, 2.1] which 

was proved under the local ring. The proof follows his method.

THEOREM 10. Let R be a ring, M an R-moclule and m a maximal 

ideal of R. Suppose Ann(rr) C rn for all non-zero x 6 M. Then we have

(1) f : M ——> Hom(Hom(M, 乃(7?/m)), 乃(7?/m)) is injective.
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(2) AiiiirM = Ann(Hom(M, E(7?/m))) = Ann(Hom(Hom(M, 

乃 (B/m)),E(J?/m))).

PROOF. It is clear that

(0 旧 M) C (0 示 Hom(M,E(2?/m)))

C (0 Hom(Hom(M,E(_R/Tn)),E(7?/m))).

Let f : M ——> Hom(Hom(M, E^jR/m)),』E(2?/m)) be the 2?-homo 

morphism for which = g(X)for all g E Hom(A/, E’(7?/rn)) and 

x 6 M. Let g1 : Rx ——> E(7?/m) be the composition of the canonical 

maps

Rx 으 R/Ann(x) ——> R/va ——> 乃(J?/m)

which is well-defined using Ann(ar) C m. Then we have gf 牛 Q and, 

since £?(7?/m) is injective, we can extend g1 to g : M ——> E(R/xx\). 

Hence we obtain f is injective and

(0 :R Hom(Hom(M, 乃(7?/m)), E(7?/m))) C (0 :R M).

These complete the proof.
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