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ON ISOMORPHISM THEOREMS

IN BCZ—SEMIGROUPS

Sun Shin Ahn* and Hee Sik Kim**

ABSTRACT. In this paper, we consider the quotient algebra of BCI- 
semigroups, and obtain some isomorphism theorems of BCi-semigroups.

1. Introduction

In 1966, K. Iseki ([4]) introduced the notion of BCZ-algebra which 
is a generalization of a BC/k-algebra. A lot of works has been done on 
B(7K-algebras and BCZ-algebras. The ideal theory plays an impor
tant role in studying BCK-algebras and BCl-algebras, and some in
teresting results have been obtained ([2,3,5,6,1 이). For B(77f-algebras, 
every ideal is a subalgebra. Unfortunately, the ideal of BCZ-algebra 
need not be a subalgebra. In 1993, Y.B. Jun et. al. ([7]) introduced 
the notion of BC〕l-semigroiips/monoid, and studied their properties. 
They also considered the concept of T-icleals in BCI-semigroups. The 
present authors ([1]) studied T-ideals in BCI - semigroups, and some 
authors ([8,9]) studied BCI-semigroups related to the fuzzy theory. 
Since every p-semisimple BCZ-algebra leads to an abelian group by 
defining ⑦ + j/ := ⑦ * (0 * y), p-semisimple BC/-semigroup gives a ring 
structure. On the while, every ring gives BCZ-algebra by defining 
x y := x — y and hence leads to a BCZ-semigroup. This means 
that the BCI - semigroup is a generalization of the ring structure. In
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this paper, we consider the quotient algebras and obtain some isomor
phism theorems of BC/-semigroups.

Recall that a BCI-algebra is a non-empty set X with a binary 
operation u * ” and a constant 0 satisfying the axioms:

BCI-1 ((⑦ * y) * (⑦ * 3)) * (之 * y) = 0,

BCI-2 (:z： * (⑦ * y)) * j/ = 0,

BCI-3 :z： * ⑦ = 0,

BCI-4 ⑦ * y = 0 and y * ⑦ = 0 imply that x = y,

BCI-5 ⑦ * 0 = 0 implies that x = 0,

for all x, y, z E X. In a BC丁-algebra X, we define a partial ordering 
< by a: < y if and only if x y = 0. A non-empty subset A of a 
BC/-algebra X is said to be an ideal of X if (i) 0 6 A, (ii) x y E A 
and y E A imply that x E A.

DEFINITION 1.1 ([7]). A BCI-semigroup is a non-empty set X 
with two binary operations u 氷 ” and 44 - ” and constant 0 satisfying 
the axioms:

(1) (X;*,0) is a BCI-algebra,

(2) (X, •) is a semigroup,

(3) the operation u • ” is distributive (on both sides) over the operation 
化 * ”, that is, ⑦ . Q/ * 之) = (⑦ . y) * (⑦ . 之) and (:r * 以) . 之 = (⑦ • 之) * Q/. 之) 

for all x,y, z E X.

We give some examples of the BCZ-semigroup which is a general
ization of the ring. We usually for convenience denote xy instead of 
x • y in a BC/-semigroup X,

EXAMPLE 1.2. Define two binary operations and “•” on a set 
X := {0,1,2,3} as follows:
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* 0 1 2 3 - 0 1 2 3
0 0 0 3 2 0 0 0 0 0
1 1 0 3 2 1 0 1 0 1
2 2 2 0 3 2 0 0 2 2
3 3 3 2 0 3 0 0 2 3

Then, by routine calculations, we can see that X is a BCZ-semigroup.

EXAMPLE 1.3. Let X := {0,1,2,3,4} be a set in which the opera
tions and u•” are defined by

* 0 1 2 3 4 0 1 2 3 4
0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 1 0 1 0 0 0 0 0
2 2 2 0 0 0 2 0 0 0 0 2
3 3 3 3 0 0 3 0 0 0 2 3
4 4 4 4 4 0 4 0 1 2 3 4

Then (_Y; *, •, 0) is a BCI - semigroup.

Proposition 1.4 ([7]). Let X be a. BCI-semigroup. Then
(i) Qx = xQ = 0,
(ii) x < y implies that xz < yz and zx < zy, for all x^y^z G X.

DEFINITION 1.5 ([7]). A non-empty subset A of a BCI-semigroup 
X is called a left(right) T-ideal of X if

(i) A is an ideal of a BCY-algebra X,
(ii) a E X and x E A imply that ax G A (xa E A).

Both left and right T-ideal is called a two-sided 丁一ideal or simply 
T-ideal. Let I be an Z-icleal of a BCZ-algebra (X; *,0). For any x, y 
in X、we define x 〜 y by x * y E I and y 水 x E I. Then 〜 is a 
congruence relation on X. Denote X/I := {Cx\x E X} and define 
that Cx * Cy = Cx*y Since 〜 is a congruence relation on X, the 
operation u * ” is well-defined.
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THEOREM 1.6 ([10]). Let (X;*,0) be a BCI-algebra and let I 
be an ideal of X. Then (X/7; *, Co) is also a BCI-algebra, which is 
called the quotient algebra via I, and Co = I.

DEFINITION 1.7. Let X and Y be BCZ-semigroups. A map f is 
called a BCI-semigroup homomorphism if f(x * y) = /(⑦) * f(y) and 

/O • y) = /(⑦) - f(y) for any x,y E X.

2. Main Results
It is well known that in B(7Jf-algebras every ideal is a subalgebra. 

But in 2?CI-algebras this fails to hold (see [10, p.498]). Hence in BCI- 
semigroups this also fails to hold. We say an ideal A of a BCI-algebra 
X regular in case A is also a subalgebra. Obviously, in J3C7if-algebras 
each ideal is regular.

For our purpose, we say an T-ideal A of a BC/-semigroup X regular 
in case A is also a subalgebra of X.

DEFINITION 2.1. Let (_¥;*,•,()) be a BC’Z-semigroup and let Xq 

be any non-empty subset of X, (Xo； •, 0) is called a subalgebra of X 
if for any x, y € Xo, x * y G Xq and x • y E Xq.

We can easily prove the following theorem and omit the proof.

THEOREM 2.2. Let X and Y be BCI-semigroups, and let f i X —> 
Y be a BCI-semigroup homomorphism. Then Kerf is a regular T- 
ideal ofX.

We define quotient algebra and obtain some isomorphisms of BCI- 
semigroups. Let I be an Z-ideal of a BC/-semigroup X. Then 
(X/I; Co) is a BCI-alg사)ra by Theorem 1.6. Define Cx • Cy = Cx.y 
on X/I. Then the operation u • ” is well-defined. If Cx = Cy 
and C3 = Ct, then x y,y x E I and <s * * ⑦ G I. Since I 
is an Z-ideal of a BCV-semigroup X, y(t s) = yt * ys E I for 
any y G X, and (y * x)s = ys xs E I for any a E X. Then, 
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(yt * xs) * (ys * xs) < yt * ys E I and so (yt * xs) * (ys * xs) E I. 
Since ys xs E I and I is an Z-ideal of X, yt * xs E I. Similarly, 
xs * yt E I. Since xs * yt E I and xs 氷 yt E I, Cxs = Cyt. Therefore 
Cx • Cs = Cy • Ct- Hence u • ” is well-defined.

We claim that (X/Z, •) is a semigroup. Since Cx • (Cy - Cz) = 
cx • (Cy - Cz) = C引") = C(xy)z = (Cxy) • Cz = (Cx • Cy) - Cz for any 
Cx1Cy,C z £ X//, (X/丁, •) is a semigroup.

Finally, we show that is distributive (on both sides) over the op
eration For any Cx,Cy,Cz G Xj I、Cx \Cy^Cz) = Cx - (Cy^z) = 
C'x(y^z) = C xy^xz = Cxy * Cxz = (C： • Cy )*((『；• Cz). By a similar way, 
we obtain (CA*(〕｝)• (7之 = (CX'Cz)^(Cy-Cz). Hence (X/7; , Co) sat
isfies distributive laws. Thus X/I is a BC/-semigroup. Summarizing 
the above facts we have the following theorem:

THEOREM 2.3. Let (X; *,-,()) be a BCI-semigroup and let I be 
an T-ideal of X. Then (X/Z; *, •, Co) is also a BCI-semigroup which 
is called the quotient algebras via I, and Cq = I.

Furthermore, if 1% is the multiplicative identity of a BC/-semigroup 
X, then C\x is the multiplicative identity of X/I ; and if X is com
mutative, then X/1 is also commutative. If I = X, then X/I is 
the zero 27(7丁-semigroup. If I = (0), then X/I is the same as the 
BC/-semigroup X by identifying Ca, a E X, with a.

THEOREM 2.4. Let X and Y be BCI-semigroups, and let f : X —斗 

Y be a BCI-semigroup epimorphism. Then Y = X/Kerf.

PROOF. By Theorem 2.2, Kerf is a regular :『-ideal of X. So the 
quotient algebra X/Kerf can be obtained in the standard way. Now 
we define h : Y —» X/Kerf by h(J(x) = (Kerf)x. We will prove that 
h is an isomorphism from Y onto X/Kerf, First, we claim that h 
is well-defined. If f(x) = /(y), then 0 = f(x) * /(y) = f(y) * f (x) 
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and so f(x * y) = f(y * x} = 0. It follows that :c * y, y * ⑦ G Kerf 
and hence (Kerf)x = (Kerf)y. On the other hand, for each y 6 K, 
since f is an epimorphism, there exists an element x in X such that 
/O) = y. So h(y) = h(f(x)) = (Kerf)x. Since h(f(x) * /(y)) = 
h(f(x * y)) = (Kerf)…너 = (Kerf)。(Kerf)y = h(f(x)、) * h(f(y)) 
and h(f(x)f(y)) = h(f(xy)) = (Kerf)xy = (Kerf)x • (J〈erf)y = 

A(/(⑦)) ’ 九(/(以)), h is a BCI-semigroup homomorphism.
Suppose that h(y) = (I〈erf)()for some y in Y. Then there exists 

x E X such that f(x) = y. So (、I〈erf)o = A(/(a?)) = (Kerf)x. This 
means x = x * 0 G Kerf and y = f(x) = 0, therefore h is one-one.

For each (J〈erf)x E X/Kerfy we have = (Kerf)x. Hence
h is onto. This completes the proof.

COROLLARY 2.5. Let I be an 丁-ideal of a BCI-semigroup X, and 
let t) : X — X/1 be the natural BCI-semigroup homomorphism. 
Then X/I 으 X/Kevr].

The proof can be immediately obtained from Theorem 2.4. In the 
above Corollary 2.5, F〔err] = Io, where Io is the class containing 0 in 
the quotient algebra X/I. In general, I 그 Kerr] = Iq.

THEOREM 2.6. Given a BCI-semigroup homomorphism f : X — 
lz, there exists a unique injective BCI-semigroup homomorphism g : 
X/Kerf — Y such that the diagram

commutes^ that is, f = gr/, where 7/ is the canonical (or natural)
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BCI-semigroup homomorphism.

PROOF. Clearly, the map g defined by g((Kerf)x) = f(x) is in
jective. Also, f = gq, as proved in Theorem 2.4. To show that g 
is unique, let f = A.77, where h : X/Kerf —» Y is a BC I - semigroup 
homomorphism. Then giX、x) = hr)(x) for all x E X. So g(、(Kerf)x) = 
h((I〈erf)x) . This proves g = h.

Definition 2.7. Let X and Y be BC/-semigroups. A BCI- 
homomorphism / : X —> K is said to be regular if Imf is an I-ideal 
of y.

By the definition, for any subalgebra A of X, .4 is a regular T- 
ideal if and only if the inclusion mapping 으 : ？1 —» _¥ is a regular 
BC/-semigroup homomorphism.

PROPOSITON 2.8. Let / : X —> 1” be a regular BCI-semigroup 
homomorphism. Then for each I-idea! I with I D Kerf, f(I) is an T 
-ideal of f(X). Conversely, for each T -ideal K ofY, f~1(K) := {a £ 
X\f(a) E K} is an T-ideal of X.

PROOF. Assume y 거k b,b E f(I) C f(X). Then there exists a. 6 I 
such that b = f(a). Since f(x) is an Z-ideal of K, y G f(X). So there 
exists x E X such that f(x) = y. It follows f(x) * /(a) = /(c) for 
some c in I. Thus /((⑦ * a) * c) = 0 and so (⑦ * a) * c 6 Kerf C I. 
Since I is an Z-ideal of X, ⑦ * a £ Z, it follows x E I. Therefore 
y = /0) G f(I\ Clearly 0 E f(I). Suppose b e f(I) and y G /(X). 
Then there exist x,a E X such that = y and f(a) = b. It follows 
that by = f(a)/(:r) = f(ax) G f(I) and yb = f(xb) 6 f(J). Hence 
/(丁) is an Z-icleal of/(X).

Conversely, let x * a, a 6 f-^K). Then f(x) * j\a), f(a) G K, 
Since K is an Z-ideal of l'\ G K. It follows x € If

⑦ 1W2 G /…(互), then G K. Since K is an T-ideal of K,
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/(⑦ 1^2)= /(⑦ 1)/(⑦2) G K. It follows X1X2 G Obviously
0 G /—(K). Therefore, is an T-ideal of X.

Let 77 : X — X]A be the natural BCI-semigroup homomorphism 
of X onto X/A. By applying Proposition 2.8, we have the following 
theorem:

THEOREM 2.9. Let X be a BCI-semigroup and A be a regular 
丁-ideal of X. Then there is an one-to-one correspondence between 
the I-ideals of X containing A and the 丁一ideals of X/A.
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