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Cantor®] FEEo]l YA ANXY 19417 A= £ A (infinite process)
o] o}F Agglo] ALgHol g}t o] W, “RE FAYL FHAY HEE ¢4E F F A
o et A 8T A(Well-Ordering Problem)7t A7 3, of EAE 27|dE EAlo)7|8hg
T 7Y o2 Wolgd A1 F 18839 Cantore ABEAE #Q “law of thought”"2 Q213
31, o} AFYe)l(Well-Ordering Principle)g} £3tt, 28y 2 34 FE(EL ol ¢
o}Eo]A] &%k, Cantor AL 1803d ©o]& FHE L AE3PT

Zermelo® 1904d A9 Fe(Axiom of Choice)E =43 AAUAE F oA H22)).
& olFd FEYY AEFYE AR FAYo HHA 3, MIYFIE ZE $EoA 2
+49 FEst AAdch. Hiberts 19260 “dEF s 1 ZA7AY RE F89 £RE
AN 7+ ®ol FFWE FE”, £ Fraenkele 195839 “AHAFe: oiulx 744 Fn 9l
= Fgoln =A YEldAw 2000643 Ao =YY Euclidd HRHFAE Aggstae 7}
F Bol AEHI e 89 FE'ga 3 vl Po] MAFYE FFdAAY Fo Yn
T olE HE & eVt e EAE dds Fado

289 M Fu dE FAA A Fgo] HAFUE Filo pEFm = 19824 9
4F7te] Ywtslel frame(pointless topological space)?] categoryol Al Tychonoff A7t A
g3eiel FB3A TPl @ (2, 3, 18], see also [14]), ABFao] R $-gle AL
& FdiEe], o] =& 24 HAUh

12AME 19417) #8250 3 AR o], dgte) FHTEA 2EHA Hes9 F
B A% HEFTYE FYHHo2 AEET JE R A dE o] Boj, o]EL F
3k, 33} £ 3 A (finite and infinite process)?) AolE QAAHFEZ oot L B2
Lig= o ‘

22 E 19417] FatE0] 4R A HAGFAE FAST 92 FFPELE FFIdA=A
HAIH o2 olEE AL, T HHAFYE AT Eu|FHHo] oRA APHJEA Yol
o}

3HAMNE d9Fe ol%e AAL TEIHA YolEo)
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1. Mezyy
w2 e Yo 4 HAIAT oot

1.1 0s A8 du3alet

o

Ct.

FAFe] old HFEZ o]Fo A AYE (X)) ei(1E 499 AP Udd, BE
ield d3td f(i)e X,Q & f [-U (X;: te I} EA48

ol i, ¥+ & AFEF (X;) ;¥ A< (choice function of the family (X;) ;)
2} 3o}

12 D) #83A%E (X)) e & 17 208 Z9ods 99 FAE 390 G224
43t “FRAYS dsted AAYET FAYYE dFolE Foh AT ¥4FAE
£33 #83 T olg AAEA @k E FEE (X)) e8] HAYS ZANE
RE 19 94 o WE 1 FEF ()7 FRFAADGE RE dnjsng, o]F I
E 3] 498 onjdid.

2) AEZAM ARE (X)) eE EE i+j0 ddtd X,NX,= ¢, § HE &9
A2 AVAAE 2P guad, A998 IRE (X)) dSS ({1} x X)) e
ME2 429 AYRojn, U{i} x X;siells A8E (X)) ;e coproductel B2, onto
s

gU{i} xX:iel})oU{Xiel}
b EASA, ZE el ze X dFd9 g(i,x) =re Xt MR 2 IAFS

(I} X X)) e ABFFE j & 84 g [-UXiniels (X;)ic9 A48
F7t H7] Q&

3 AEE (X)) B98% s2 [I{Xiie Dy Qaclmz, AYFd: gLk
Zol Uegtd $ o ZE je o dd, X+ g0, [{X::ie )+ gojoh.

OJAFH AHFs duit 2¥HA HAGHE LRTAE R IR F B0 Lotr
A, '

1.3 M9 2219 S N SHOIC.
EE onto ¥ f: X Yol dEtq f-g= id,d ¥+ g Y- XJ EAU
AaZelg AR ZE ye Yol distd f ontool 2R, fTI({y}) #4olth. waA,
ATE (U OD:ye VIe AEEE s YU (B)):ve YIE 73 olg
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U{f M ()):ye Y} = XolE2, g: Y- Xolx, 2E ye Yo datd, f(g(y) =1y
ojt},

do2 MZ Aoy, FFFe] old AFez olFoA AYFEF (X;) e didd, &
F fUXiriel}—=1 (fx)e xE 942 ZE 98 X9 HE A4, =
onto FFoln AN ddd, ¢ g: [-U {X;:ie 17t £A43d, f- g= id)olt.
Behd, gr AWE (X))o o Ad¥FolT. 9A9) 12 o) Dol oste), TS 4
g3,

AAZ F HAY X, Yo s, X9 cardinal numbergE |X|E vebd o, onto ¥
Y- X7 EAEY, | X< |Y3e AHE 99 right inverse 571 A7) B
AEEE FI84. webA Cantor-Bernstein 3 & th&d Zo] Jebd 4 Qo

FAY X, Yo d3do, onto 5 f: XY, g: Y= X7t EAFY, | X| =1Y]
o.

. Cantor-Bernstein A8 - [X|<|Y|, |YI<[X |9, |X|=|Y]| - & Schroder-
Bernstein 382 ZZ <A Ut AAZ, Bernstein Cantor7} ©] A€ conjecture
¥ ¥ Cantor seminardlA ©]2 ZFE3 Atk T Schroder® 219 =& “Uber zwei
Definition der Endlichkeit und G. Cantor'sche Sitze, Deutsche Akademie der
Naturforscher, Nova Acta Leopoldina, 71(1898), 303-362" o o] Az2le] 3L 2 ¥ sgrch
3 @A¢] Cantor, Peano, Schoenflies & 2% 19 $3E %= Ro=E wolEqxr.
Zu, 19029 549 8Yx WMAE Edtd, A Korset: 29 F9d] 8% Aol UL
Schroderdl Al €dx, 2 2F ¥ KorseltdjAl 2@ SF9A Schroder= 19 ZEE o
A AAZ 19014 oju] M. DehndiAl 2 A€ 48 FAdn FAd mehA,
Schrider®] o]&2 wWxoF H=dlxE, oflAx 433 B o 2dl2 AHEHIL 9t

T8 ZE FobfA 7HF ol 2ojx Jv 9 £8E Y% Fundamental Theorem
of Factorizationdl= 9 HdeiFd et B FAI 2oz Yt}

g f1 XYl dad, ker(f) = {(x,2) e XX X: f(x) = f(x) }22 A5z
o] ¥+ 79 kernel relation°lgt gt}

1.4 Fundamental Theorem of Factorization onto ¥4 f: X—Y, &+ g: X—2Zd o
o, g=h-° 1A GF h: Y- 27t EAF7] A% Y2FE2PL ker(f) S ker(g)el
o ol & A HYst

AAZ Foljxd zAL Pus dazdor FERAUL Hol7] Y34, s= ontod] =
2,87 Y- Xh EAQSA, f- k=1d,0lt ol W h= g k2 B 3AL
EE xe X ddtd, fk(f(x))) = Ax)o12Z, (k(f(x)),x) & ker(f) € ker(g)°l
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ok wEA, glx) = gk (f(x))) = h(f(x)), & g=h- solZ, E 7} onto °|2Z,
re %9,

15 Y X7t 2P ol7] 4 B_FEZAL X7} countably infinite subsetd X
3= Aotk o] Al FHoE NAAFEYE MM countably infinite subsetg A ¥},

1.6 Countably infinite setE 2 ©olFo] A JFE (X,)9 I FE countably infiniteo)
1=

AUsE, N X N2 countably infinitezts AMd-& ©j&3td FHS R gl o &, &4
nol ] X, N Afojo] daid disg FALZ HIHEA dgtd dFE A
Ze Ay FHEL Fn A FI(A. AAR, T o distd, X,& countably
infiniteo] 2 2,

F,={h:h: X,—» N 21—1onto&<}=+ ¢gojt},

meta  dgFed 9std, (F,)9 A9¥F L N-UF,L2 &A%3, o H
f(n) = h,ol2t 319, olE (h,)# N X No| countably infiniteZte A& o] &3,
UX,°] countably infinite & BY 4+ Utk

17 A9 Aj R distd, &+ £ R 2RI gdA d%017] 98 2o 2R AL ¢
2 Y3 ZE F£9 (x,) A3, (f(x,))°) fa)2 FI3E= Aol

1.8 First countable 44F} X, AS X di&d, xeclA(cdA: A9 closure)e]”]
A BRFEZALE A4 A 4 (x,)°] EAFA (x,)0 o B F#83= Aot

Aol T A9 FHE e FAFl obd IAFSZ ojFo|A countable familyE
TR oo HAFTIAE HELso FEEL Fopdrt 15 - 184949 Zol countable
familyoll o3 A& g49 2244 Countable Axiom of Choicezt &t}

19 A3 XdM L5 X9 base?} 39, Al <|L£ A X9 dense subset A7l &
At AdE HEFAg Horut Fho] drh. AAZ o] F AMLE N2 FA e,

£-3] second countable space’} separable & countable dense subset2 7}AthE AL
194171 +&atg0] o] L&Y olF FIdE o AgFrt 29¢E A 9
o}

1.10 (Boolean Ultrafilter Theorem) 2 non-trivial Boolean algebral® ultrafilter® 713
=3
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ole AF XA RE filters ultrafilterdl EFAcE HAIS FXojo
Az Az 492 Zorn's lemmas 23 ole A FHo] du. a8y, AHF
2l = Boolean Ultrafilter Theorem2 imply3 A%, 1 €& A3 F=o({l, 5, 11, 12).

1.11 (Tychonoff Theorem) Compact space®] product space:= compact space®|th. A
2 AeF e Tychonoff Theorem3} F X o]t}

Boolean Ultrafilter Theorem& #A HA4F X7t compacto]”7] A% o FEXAL
X99 ZE ultrafiiter’t $¥@3E RAolh compact spaced] £ (X;) el WA,
[IX;= Xz &2 X9 uuafiter #& @89, BE il distd, p(F )= 8
k. (p= ith projection). WA L,={xeX;:p(F)—=x}+¢ (i) AZH
(L) et 42388 A88a, [ILi+4 (a)ellLE 939, #-(a) =
&4, XE compactelth. &,

A& Fe8 = Tychonoff Theorem.

go2 Tychonoff Theorem® 7}A3xL. FHFo]l old AFEZ olFA FJESH
(Xi) el B, 0= UX,E 982, E; = X,U {0}, E2 topology® (¢, {0},
E;}e &9, 593 EX compactolth. 7R 9&d, [[E= compactoltt. ZE X,
= E,9 closed setel, {$;1(X;): i< I}= finite intersection property® 7%= [lE;
9] closed set?] familyelth ojustd, 2E 19 #% RFEIF Jd A4,
[I{X;:jeN+¢122, (), [l{X;:je/}e 98 & Ak o o, o;=1x,
if t€j; ;= wif i€ )2 A3Y,

(a;) je1€ N {Di_l(Xi)3 ie]}
°ol7] dgoltt. wat, [[E7} compactol=z,

{7 (X):iely = 11X+ ¢
ot} &, Tychonoff Theorem = =¥ 2.

1.12 #F. Tychonoff Theorem3} M €& FaE A& FXo]A %, compact Hausdorff space
9] product”’t ThAl compact spacegts AMAE el FHojA L7t singleton sete] 22 A
gFdg 24 ¥aE F7 FHUE A4S F3Y 4 A9 2AZE Boolean Ultrafilter

Theorem™ compact Hausdorff space®] product space’t compactgh= BAE A2 FX o]
o},

¥ complete uniform space®] product uniform space’} ©A] completeztE= F A% A=HF
gde A2 FXold,

1.13 EE vector space= baseE 7}t
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1.14 unit® %= commutative ring R9 ideal j& maximal ideal o] TEH}.

99 5 Az AdFYE AM FHES F €A Uk AA=2 1.14% g
ME FA oIt ({4, 19).

2. A Ze] o]z 43

2.1 532 A4AF9 AY - actual infinite - & AYF e WolSolA ¥ 3, potential
infinite 2 o]#32l= Aristotle o)2} 194)7]¢] A& 22 actual infinite’t Cantorel )3
Al $8toz ol A HU AAZ Cantor o)A ojn] T3 #3te FHL ALY
ATt 1 o2, Bolzano AFEs] &%¥ 19 A Paradoxes of the Infinite(1851d &%)
o o4& HA 5o Uk

22 AY X7 4+8AFT)) 9§ WeaSrzAL X7t TARIAY, A4dS k7t 28
o, Xsb (1,2, .., k}7} equipotentd] Heojt}.

3, 187233 18783 Alojdl 29z 23 E olu] YeR} 913, 1 F 183834 &%d
Dedekind ¢} 3} Was sind und was sollen die Zahlen?9) 4} Dedekind®= 2 A7-A] &)
d F3Y £33 Ao ayr geoz o3 Fol #3 FIAFE A n &
ATt :

23 ¥ X7h A3EALH equipotentst® XS FRAGoI a3, FAAYo ohd A
g2 AEAYol Bt

19417) Fwt71e] BE £8a}, E3] Dedekind®t Cantore 2.2 & 2.3& HXgdn 443
At = Dedekind® A9F9 2822 TE F3IAFL countably infinite set2 T3
OE 158 93499 2 ¥ 1.5% 1895d9 Cantor, 189839 Borel, 190239 Russello]
gAl 33 Ed o] EF Countable Axiom of Choice® 21 FH3FIATL, 18
o] AHdE Ux RIxm FHILAY.

AYZEFH HAggM »F 29 Countable Union Theorem 1.6& o}F A 3}glo] oA
gtr. 234, 1.6 A B%Xo] infinite family (X,)9 Z X, didte ojd Pye
B89 X,& enumerationdFEAld distd AFE A &L AeHd F3L Ao}
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23 Countable Axiom of Choice”l false?! Zermelo-Fraenkel Model($ o2& °]& &
oA ZF modeloleta 3tri)olra dAA e 3 RS uncountableo} A %, countable set
9] countable uniono] "o} FHEH (9, 10)), = RY FIFEAYT X7t EAdd X&
countably infinite subset® ZX &% ZF modele] A& o] FHH A TH(9)).

24 AY X Y49 BX#A R dstd, | X/R|<|X|, § EE X9 partition £l o
&dd, | | <|X|ojgte AT LolA BEgKol Ao o3td dojxlty. o] A=
1830 dtioll Cantore A49 AMA F2E AFHHEA AFLSFATHT, 8D. AAZ o] HA
T 189639 Burali-Fortiol 93t H&oz FAHAW. o] B AFHsA &= ZF
model°] & 3cH([17]).

2.5 18953 Cantor: cardinal number® A 2] class”t totally ordered, § 2 F cardinal
numbere ¥l 7}53tth= Trichotomy of Cardinals® F9Wglol F33 T 18099
Well-Ordering PrincipleZ %8 o] A& Z9¥ 4 T DedekindlZl RAE B3
o}, 191539 F. Hartog([131)2 A €##2 9 Trichotomy of Cardinals® M2 TXYS BEH
. Trichotomy of Cardinals® A& Cantorol®l %, Schroder, Pierce, Borel, Russell,
Hardy, Jourdain 5o 93t} tifojzled o] E5¥ Well-Ordering Principle® A4
T o AL ¢ UAAT. A& HZ, Well-Ordering Principle2 Law of ThoughtZ
wolgold Cantore 1895372 %-H FH71ed A2 AZer] A3z, 1897d ol 4
AZ FEddcn AU FHA EAIE A& IUHA, Foll o] FPE LI = A&
Adsdgd. 2% 190049 Hiberts R Y  well-ordering EAE A7jstyq oA
Well-Ordering Principle®] £#17} 2& A2 59 #AE EA HAUh

26 ¥+ £ R—RY 9443 sequential contimuity’} A2 FX2heE 1.7 187149 10¥
o Ajzsted 1872\ £ %WE Heined =%d AL Yerdt dA=Z o dAids
Weierstrassoll 93t doizl dadEg el AEAH, BerlinollA Cantor”t Weierstrass
9 A2 FRYT o wWE AEL Cantor7l 1869 Halle thdte] EE2ILE JYOoHA
Heinedl Al 7124 £ Aoz 4#A dcl. o2 X F Countable Axiom of ChoiceE &
e AMdE AAEHA Zsm ok o] AEE 1886'd Tannery/t 3 22HQ
Introduction & la théorie des fonctions d’une variable(Hermann, Paris)dl Y4Eely3, E&
Tannery = Countable processol W3l o3 AFE A &gk a2, o] ALYrt &
oA FgHoz HYFUE 24 € Hzx9 st Uk AAZ 1913E Italy 9
Cipolla®} 19163 Poland® SierpinskiZ} ©] A}d-& AA|&7] A7AR] o} 7= G4 &2
A AHEHo] gttt & sequentially continuous©] A% discontiuous real valued function©]
EAQ 3= ZF modelo] &213H([15)).

2.7 first countable space XolA X9 FEAF A9 closure?t A2 sequential closure
7} 29= 1.8% 19189 SierpinskiZt A&Fd 3t FHEL 2d W7, 1947
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BAASL o]5o] L AHoE ¢ AFE VYA HAZ HEFest JHHA &%=
modeldl A o5 F closure7} M2 t& AF9 REAFo] SAFHI6]). AT =
J7] AQ 1947 FEAEL BE first countable space® UE 2 ojyx, R"Y F £
Agol W ZAE HIFSHR, T closure A limit point®} sequential limit pointE ¥
st o] A4 HZdHot 1817'd Bolzano’l %% Ao wy¥ & o]&3td Weierstrass
7t 293 R 9 Infinite bounded subsetd limit point(sequential limit point)E 7}Zthe
Bolzano-Weierstrass& gl ol A, limit pointE 7FHte Azle A4FE 24 &1 FHol
5 A8k sequential limit point &< AdFeist & Bt o] AME SierpinskiZt 2
AHL S B3)7] A7AE F HA B4 A2 €3 JAUTh  limit pointdl]l FI F
Z2Pe oy AFSYA A dd=d, 18789 Berlinol A WeierstrassS Z9E €2
Pincherled] 9J3te 1880l 2R At 2 F 18929 Jordane HEFE GA] 94
Ho2 A48t sequential limit pointdl] ¥ AIAE FHIFAD o] =EAAM 2=
Jordan Measured 7Id< =&Y 1966 Cohene R 9 infinite bounded subset©]
sequential limit point® ZA %+ ZF modelE TS AH9)). Jordan®] ZA 3= Lebesgue
A Be AFE FU3, AAZ 2= AHF2E French schooldt F#A FAFHA, 2
A o Ao FHM HddFgst A4Hn IS s A 194)7] HM A
£ ZermeloZt AT E =357 A7A finite process$} infinite processE FI & A
o2 g3 AAES dojuidh

2.8 19417] #8AEo] ZF7} infinite processE ol AL oblth Italyd Turindl
Zo] 0¥ Peano, Bettazzi, Levi7t 22 tlEHQl 8 aLE0ltl. Peanots 1890d] €%d =
(21D HHFE Hokste dEdA &3 22 dF L 4k

"But since one cannot apply infinitely many times an arbitrary rule by which one
assigns to a class A an individual of this class, a determinate rule is stated here, by
which, under suitable hypotheses, one assigns to each class A a member of this class”.

ZermeloZt AHF S A FZUAE FIF F, Peanot AHFIAYG X o] & AHE3
oq FEEHIYY EE AFE ZEsA  vBAS.  Bettazzi®  1892de]  infinite
process—infinite choice-& 72H3A v BRI, £ o]E choice®l E determinate ruled %
o1 xHIFPT L(6). 1863 22 gndle] Fagold Dedekindejw| o} F3t
7ol €t Dedekindd ZHo A=HFE/t 298E AFsn o& FAs oY,
Burali-Forti7} Dedekind®] o] Rt H53sd, ddFeld d& g oj4e =98 &
F QA HAd. Levi 94 Peanod J3 2 Z arbitrary choiceE H3teis 3t

3. MUBY 0|5 53
of il Zermelo7t HAFeE o] 43dq FHFAYE FFE F AAFYs A%
ol Ao dated Yopt.

L, =

Zermelo € ASFH FYEL THFE AL oplrh  18M4d 29 HAFYEES
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Calculus of Variation® HE3dAR, I F FPEs, 53 FAYELE A+FAC
1894-18973 Alolel= Berlindl 3= The Institute for Theoretical Physicsdll4], Max
Planck®] =2 433, I F Gottingen® 2 At 18999, hydrodynamicsel &3
HabilitationsschriftE& A &3t 1, Privatdozent® 79 & A&ttt ©] @, 2= Hilbertdl
A 7e G BotM, £ E, 53] Cantord AFEL 737 AFsded, o o
Gottingend] o3 AFEZHEH B Z&E wSe 71£dn dvh o] #, Zermelo®
Russell®t} 23 Ao o7 Russell paradoxE Zopo] Hilbertoll Al daFAx, & 33 ¥
o o} AdE& HsA Husserld 74 =98 2Agsdgeoy, EE: A I
1900-1901d AL&7ld O&= ARE ZYE AL AAAY. 219 Z9gE= F2 Cantord
A& AHE3P A%, Trichotomy of CardinalsE FH® RS Z wolgolx ¢rekoh. 19049
84 E. Schmidts}e] digoA AAdeld] digd T3 AGeha, 9Y 24U T3S &
B33 Z Hilbertol] Al 2 ojR 3, oj= Math. Annalend] = & 2EFIJTH([22D). 2T FA
= choice function t4le) coveringolgtEs ©ol & A&, =89 ZAE REd 1t
oS3 Zo] deFeE FxIA '

"The preceding proof is based on the assumption that coverings Y exist in general,
therefore on the principle that even for an infinite totality of [non-empty] sets there
always exist mappings by which each set corresponds to one of its elements, or
formally expressed, that the product of an infinite totality of sets, each of which
contains at least one element, is different from the empty set. Indeed, this logical
principle cannot be reduced to a still simpler one, but is used everywhere in
mathematical deductions without hesitation. So for example the general validity of the
theorem [Partition Principle], that the number of subsets into which a set is partitioned
is less than or equal the number of its elements, cannot be demonstrated otherwise than
by assigning to each subset one of its elements.”

infinite choiceZ} 7Hsdttts AHF s 23] B v Eddod|A4 I 2
AR HAHQA dEL UEoZ W7E 1 I dEAHY AEE 2 AT sA9
% Borel# Hoblande MEF AR g dojA= 2E FAE 38y sz, ¢S
< countable set2 2 AR AxdFY. EE 2EL Countable Axiom of Choicex
wolgole Y-S AsAY. dS AsAE Baire?t Poincarés EE T3S potential
infinite2 PolEolals YF7A Hso.

Zermelo®) 9] tiste, Hadamard, Hausdorff, Keysere wolEols 44 =3 uig
dl, Hardy ¢ Poincaré® A @Fee wolEo|x|gt, I FHE WolEolx g+ Y%L ¢
3t Borele ddEFele ALY} AR FAA AL -FF L Holl HUA - wolE
% 1, Baire, Lesbesgue, Hobson, Peano:= A #Fe& AA 3] skoisiyc).

TH ddFed AZ2AYE BolEole P HI}= FME oJEL olsso B
A3g dJuidtl.  Sierpinski® FA o2 Z 3= Polish school® Hamel basis, Vitali®)
non-measurable set®] FA, Hausdorff®] A& HAAESL 2F AuHFeisl ALddEE
ol &3t 7] MEo] PojF AEejth, = Russell& HHAFHZREH o= Y=g A
2o AF7A dojd AREY Biso] drhy Bol MAFYE o] &Aoot =t
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0 #AL $AqY%. 2 FRGA 2E 2.3 9 DedekindZt A F33AFe] 22 oM A
o8 &3AFo)TgE AT BE FIHF L countably infinite set& EF3IThE ApAo]
25 Mdazgd odd Z5o] @& Holn % infinitely many cardinal® ¥ ¥& F9
e dox dA AdFerst 9e3de 9y gtk = F 942 o|Fo3 countable
infinite familys] ¥3A&o] countableolgts HAE AdFd floje FHo EVNTHE B
At

a3 e zRFYAM AFEH nsHHTE 2L A4 tEAR e A4 B4
weld F28 712RIYSY TP HAAFYE Horw sdx oo dF AFe] gl
1947) F8A=E0] 21@8F<] infinite process—infinite choice-& AT & A& AAH %
A8 31 x ARt U, AdFst FYHA ¥& AH gy, ojd ¥
infinite processoll & FAAE A&so A7IANFNEA ZF4E 3t o] vt s,

3
ks
1,

o
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