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ABSTRACT

The theory of optimal stack filtering has been used in difference of estimates(DoE) approach to the detection of
intensily edges in noisy images. In this approach, stack filters are applied to a noisy image to obtain local estimates
of the dilated and eroded versions of the noise-free image. Thresholding the difference between these two estimates
produces the estimated edge map. In this paper, the DoE approach is modified by imposing a symmetry condition
of the data used to train the two stack filters. Under this condition, the stack filters obtained are duals of cach
other. Only one filter must therefore be trained;the other is simply its dual. They also produce statistically un-

biased estimates. This new technique is called the Symmetric Difference of Estimates (SDoE) approach.

eyl st ALyt
FICEF96126-0416
R H T 1996 4H 160

1677



@“fmiu{u%lﬁuﬁxwl_ 96—7 Vol.21 No.7

I.M £

2 84 dEo] dae) ftMledge) HES S
3 o 71%‘ ol xﬂﬂauow o os of ety o
] 2o ghop alrh

] %Eﬂoﬂ ILM ?r f b T B Sl R |
éj As st cpekat Fepe] 3ol el Aol &

How Agd 4 e AEE AASH: AL

o] ytAlir slAs] fl8kal A4l Alrobustness) !
SFA ¥ =4 7k ZFo](Difference of Estimates, Dotd) 7
ol Aokl mp QUuHI] o) sntelAfys feapal ik

of WAL o] Aol waAov FHdn

A4

O A 1
al7] Slske] MjAE ClAE HE Q] AL o) &
shglvh. seleeie) A4l A ae]
Bl WA u Yol who-o g o) ary) af el Al wh g &

R o by &5 4 Ad2dvh Dol sjviel A

o=4

1
=gl ake] g ol AMdilated version)x} i qtalad
{eroded version)S F-4 817 flake] Aol Aelale]
& osferd el kel M Babeh b el AL
el OMI Aol #Hd
foll o] f-1
S W o s B L A o
&3ha] 18 4= AcHIL

ol =it Oﬂ*i“ T4k 401/1‘?39 w’i-’-—ir} /H el
]

{
:SDoE)e] e}l lﬂ»u]‘{_— A RS .f,nfgh-;];,,/\}
gheh SDoE 719l ell Az el i A Aleizu) 2le
! Ak detefol] of A S Hhajabal Al
Aol ezt AR duale] i shol 7 J‘}Jx’:*l
| 3h2) 0 & biasyb Rliz g ek Q1S 4 vk
: RS L RIS R AR I
& 7HAth DoE 7o) 715E 2] of e} fxpal g1+
W maste] w9 EapH o ek e o

el (el A olv] 7] go] W gltk of mile A Al

1‘; SDoE /] r”‘ DoE / m O‘ ”H? ({Jv}xg «,‘31 —ﬁ;%’} H
2Ee] A 7PAWA EAlel crtas e
ofefar & = Qlvh

II. AE{TE|(Stack Filter)

1678

2.1 AENIIE{] EM

o
sl el viayl o] gl §n -t
e "H Lokl R R rAd b vl taletet
R R B I B I L A U T A R
Ve ‘;’}'(5]":" S 1 I T R B e T R I R

) -

(Mat structure clement) 7p AT Wl Dar o) ol &b
dovlvpn el b poluf byl ] s

R R I R R B R TS
ST R I B R K [ I R PR I
T R NI R R U A Y B U F U

4] g1osba e So 2y ‘) ) x’xl T It YA B I |

Ao s e sy e s el ot ojull osf A M Aol o] s
N T R e A R U R R

el ol dndag el o Al §o,

A7

Ny N vt [

[

& 7] A] o] @At v(s. iz

fakel S04 NPl Uk el el

apmel Ay o] 4 g ol

I, Yis) =/
0, X{s) (!

x(s, {)=

) L [ R A S L B R sl A I
A Epye sy Al s e T (s) ) el ot
ofghuh el i el Hi/E 2 x02

s (s, s0/F A paol 9% slol ) <l ],

SMEERRETN

Wols s = [V (s 00 Vllsy | LS
V((s, 5o~ D) X (s, H1so- D)

of leh oful Azl wol Sldefis g aadel iy

O AR R R S

/‘\l

Woig =2 “’\(S {).
/

o 1A (s, Dz Lol A o] of fhd A s ol
‘q,,’l )“_o(; o¥ ul} 1 ] '/} l\.IL'}_

L Wl g o o] el Ale] 2] s,
(o) e oo el A Sg)k = positive Boolean
function) 700 4 Abo gvap wiel apebab AN g

Fob el Al slupe] st Alel i el

of Al vh Fobgbebin oAb gl A



WL9-Sh = b gl (majority logic) %2H8 2HA Hv)
el A] Fojwl 2 o} 8-3la]l AeiylE{e] 4-v
r} /LL¥

4 o) shl oo

M

S esN=5,( T wy (s 1)
-t

A

=3 Splwy(s, 1)
-1
M

‘; S wy (s, D).
b

et wyls, DiF
e So) 23k Telehn, k< I]1 BLIE ko) o5l
wyls, )E QIR b VR S '{3. s
lolch. Ao st vhehdlwl k< /i hGahs Wi kol
) stel

M 2ok

2l A]

Slwds, . Fl(s, D)

N E Lo ¥ M i) Ao 1 i
B ll“} /L)] ! v Ao) .O: /"/‘] iz MAaE "[“"9{ ‘,\} '1‘-‘ - ’E‘! ‘, i ?}
A27b AL NAO) Mg A E W LSt

2¥01 o] 4R % o7 A E) (decision vector) D, D =
v dEA HAE S Qou ol ¢, = f(ar)
i 7})‘(]7' ol MM E} LA IL8-8

ol Al WE S A }j“
] ! : AR A
9 A R0l A9, 4
S Al A

W g e el H4 44 zm & s e
Ay e o] dual® AFSEhe AL §

A 4l ‘{]L} oo L8849 d

Al vt

o] 3. ol g o4

8kt vheat 7ol A

f(@)2] dual (@it A
4 9] Bhr},

fla)=f(a.

ANA a=(a, ar-.a)E )AYE I f9} a f

/) Zip] 51 9] ¥

9} 2] ¢l(inversion)e]t}.

u}o} oW ILSEHg f7) Adtgolw o
f4AN Rt Ak oA e 2u

bRl oah 4 el o] dual

=) A~
$ra=v
dual 3}4,
o =
I HEs

ol A] el ) L‘ EL R ; ](‘5}.% 9] 1) b‘“l"Li},

el S, 7 AUAEE SYR FAH

FlEA) % eIy

I
T~
O
'
-~
10

1 dual &+4=

of 1 HolgkH B 9 duale HAUEE ) HL
bk el o) duale FAEEE s A & 0k
#1] += self-duale) T}

2.2 AHEE 2} pual 2 BES| EAEIN 4

2 9 E 9} dual 2 WE] Q) H o) el 2
AR o g A] o] Xk wlEj7be] A& o) H AL
Aha "’x‘- %lUr *U! -1t1

':% o g 1;355»+1_
Lol v o o] 714 g
’kvb Lid. Wb 2] H el ar

FH PG Wrne sl o) s

W ol u,o,. .3,1? ;g?}zl; Feix
b 2ol

2y S 9 = QdoH2, 51 9 X9 e
e

S

bz 2WE S0 3 QS Z)ekar sk,

=maxil ] (s, D x(sy, Dy=1}

of fvt. ay|A fix 29 e 5,8 Aok A%
FHpelL R 3t %‘ Hel NS G aq o] ¥
Aok bk ola) AW Seo] HUE A

]'w 3} 3o} gof FrHs).

Fpla)=PiZ (2]
=P{f(x(s, 2),,x(sn, 2)) =0}
= PL(x (s, 2) 0, x(sy, 2) € FTHON )
= ¥ U=F@Ve Fr®

a€ f7H0)
= Y fla) (1 =Fy (@)@ Fp(z)T'@,
aeto, 1Y

71N g o] 2GS WEe shuol T(aE a
e & sk 12 ﬂHlolc}. Dual 28} HE} 57 2|
3 WATEE A (DM HETSF £ el dual

1679



BB ER L '96—7 Vol.21 No7

B f1E ol g 44 +E 4 Atk Dual 28y
Elo] 28 d4L vYo)gal s

Y (5)=S7(X(s)
=max (/| fAx (s, D, x(sy, D =1"

bS5 olm) Fee] Ragat thay ol pel

Fy(y)=P{Y (¥}
=P{fx (s, 9, x(sx, ¥)) =0}
=P Ux (s, ¥)e X (s W) =11
=PHx (s, ), x(sy, ) E SN
= T U=FGI Fy(y)"

uF7 "
— : f(a) (1 "F\'(_}’))T(”) F’\,('v)rm. 2)
aein 1Y

2 WE 9 dual 2EHE = vpS3 7he B SR
dAE gk

el 1 e el Qi xvh Wk Fi gt
T oiid HapE AR 2bg abat vhoF v vt xol] 1)

&} F\'(Xl): l _F,\'(xz)ola}‘f‘. F,(x)=1 — x4k
REGEch o 714 Zot Vi 2wEE S,90 §,¢] dual
e ] Feolil F,()9) B ()i 79k Yol wx

ZFB) 4 (03 QF M3 Frle) =1 Fylx)eh
Ap2lg ol g5 Thg 3t 7hol HIvk,

Fa)tRln)= Y fl@a —Fylx))T® Fx'(xl)”f;)

a€eln, 1Y
+ T @ U =Fe(e) @ Fy ()™
aefo 1
= X [ f@U=Fo )7 Fylx)) @
a0, 11V

+ /@ Fe ()@ (1= Fy ()T

= ¥ @+ S@IF ()™ (1= Fylxy) )

a€io, 1}
=1.
[
del 125¥ Qlgo] 7|ulgt e tig & ® ot 03
UESsE 7hd o 29989 dual 29 o] &
Y UEderes M2 EHZJOIELC AR S 9 52 Q)

1680

& Lgiel dergd 0ol dapdt v b Hul oo
el el g
Fig 1. The densily functions of the max and min filters

when the mpuat density is normal with vero mean

o iRl sbaedete] sz ) 3ol A gyl o)
S A ey, as ap /b o) d i e oteluh ol
Holgbavir geldli: AN a b toa )
AR U ISR I e AR N R TR S N R

/1 O] " ol ” a) L};
Fo(2)=(Fy ()0

A 71Al Zvz Hgvieiel He Jepdicg #Holg
HE ] dualo] Hagtvlelo] o g shi 4Gl
Vo ayasay=ay ¥ oay + ) el S A oshn "3 (2)
AN HA bl o] Akl bS ) o

Fy(v)=1-—~(1—~Fc ()

SlZIA) Yz FHAgvle o) Eefeluh trejriin viop

Fyvlxe) 4+ Felxs)=1o)epyl

Fola) +F o) = (F e )+ [ =0 = Fy ()
=

of #ITh ql¥lel WIniehdib et gk 0] Aaf vl
Al A, H e
of vhebuldh. SrylollAl Hugbaeye) mel vinel

wob HaghE o] Eel ekt il dfdl e

] :),:—.lf] n) 1“_?"17,]:,-7:, L'T'v] 1



W/ ge e 5434 §30 P2 FE A7

44 & 5 Ak
. ®= A=m"e{2 Duality

3.1 & AL E|(Optimal Stack Filter)
o] el g HA AddE & stz shriel].
1 20 HA ALY dANYe FxEE BAT

Image X Nois A Wand Wy X
v ! wany : -
™ corruption & Indowan LY

[}
Enput soape f
- MAE

= ndaptation
IR I ETEE P

a7 2 ALE 7S ol 83 A AEE o] dA PR
Fig 2. Block diagram of the adaptive stack filtering algor-
ithm.

AP A HA o AN E Az NEL
29gEle] 2Ygda dste G0l i Hd
Q2Hg Hastste Ao stk Wi stk X(s)7h A
A4 HrE g4 (ointly stationary random
process)ol2H H Aol 7NFo] He HPFHWAE
t}&- ) 7ho] FrofRich

MAE;=E{|S;,Wz 5NH—-X 1}
M (3
=Y E{\ flwg (s, D) —x(s, DI}
{=1

714 x& Qe 9ol X & 494 X7t &
203 o= o] dojx & FAolth 4 (3l BHH
#A¢ 29U E AAsE FAE THE BHS
Auj o] thed] Ueste AVErE HAe
A2 goebd.

3.2 2B E{2] Duality

DoE 7Rl e F7e A 2ddert Fdo
osiA g AT stue Feol e 994
2d94 e A3ty dAET & shue 5
g4 =43 fate] AA "] 299E 5,0t
HHe BN FAUS Y3y st dAH
At 7pA 8k A}, gheF 2=l WE S, ©] dual ~2HPEH
7 Hddde AH FAYS FHY F AT DoE
Vel A shtel e e dAsH gt olE

gta] o] mRAMe F4d vojE R ALEE A
AH WAL HoAsH). EFLAG HAEE A
9al7] Rl AA Ay={a;:i=1,2,. 2] 44N
M o) XME 2V % FAR Aol AN s
f fo A ol A=A WME wyls, H7F AT Axol
w3 spgskab £ 9 xoll o] WM H a7t

WA sk RIE S E Oyxl(a)tal B o stak.

Aol 5. Fold PG4 xvF AL L /HE HeFEE
718 BE idl digte] Oxla)=0x (a)e BHEE A
oltt. 714 e WMH g 7t 20 BE(comp-
lement)$F o 24 dojxict

(b)

222 3. (a) 2] 256 x 256, W= 2562] Couple G4 (b)
(a) @] A(inverse).

Fig 3. (a)256 X 256 natural image Couple with 256
gray-level. (b) The inverse of (a).

1681



B ERETR i '96—7 Vol.21 No.7

itatel gatel SAolA Holdl WA ol
% E’%Xl“& 438 AN T el oy
2 olshs Qe ol @A @k 19 Mol 1el 2]
256><256?1 Couple OMCM (Dol 121 o 4H(2562]

=5 Hokel 999l IO ool YA e
el 419 Bl 45 2 e

Ao mouE g AAehis P Adey v

i
i

A ¥ <] s, (ool
= AGH XS dden g ojx &
Holeta shg st & 4

sl g 4 Al

2w 7kl A

MAE; =min; [ELIS, (Wi (D =Y (s) 1]

M
=min, [ £ 1 /Gog . 0) =365, 0 13 ]

M
=miny | X Bt fwg (s, D) =g (s, 011 |
=1

A71H X (s)e B4 X()7F FS S0 lste) ot
WGl y(s, HE FF YS)E 8l Lo A -l
wefshe] doj & ofR G Aolnt. ojmf AEPE 5,
= S,(NE F487) A A2 I} 5 upe}
M Sz §OE FE7] AT HA o) ARE)
7b o}

BTl 2Bk S, (0E FAet) g8k H4 sl
S, AAE Asel Yol sl YA el
& AbEEtE e dual 28 s" = s“m T4
3t7] 918 37 2egel s} @}

e TE o 05} ¥ 8 A At gelsh 1
A el Az pot zb v g '{‘l’oﬂ 2569) B4
Zala) oo algdael AR o] §HHFlo i o] it
oldu}. & T=pPUQ7F Au} ek zp ¥ Ao 2y

(9) 4ol 58 wESes rnva,'ow XSO X & uhi:
A

MAHE MRS B A e Sp,

o) F4 e W, 2auH 85,0 el Vi i

A8 5 s fo,,zol g9 HH A PR

o130 99l 9] Mg kst k Lol o)l o) 3

ho} ko) Cﬂblofl o lh—kl = h—kii 6] o)

o v} ke L A8 918 4 9l

1682

o] 2l H e v 48

A\
NN g ) =g s, D))
e Il
B Af
=y N [ £ ey (s, = glogls, DI
ool
71/
=3 N Lo oy (8, D) =gy (s, D))
sepP [
B \I
+ N lf“/,,(u\ scO) =gy (s, ).
e l

A (s D x (s 3 2E2E 9 K99 Y (s)i

] Rlel o dadgelth 4 vl X sk ul 4 ool

t

Aol e 48 9l e el

Af

SN Sy (s, D) - glogts, D)
sl
,\!
YN ey s D)= gty (s, D)
[ L S
\f
=3 N S g s DY =g (ee(s. 1)
EES AR |
oM
=3 N U,“(w\ (s. D) — g oets, ).
[ AR

wobAp vkeR £k ghas go) melel olet A 4y
) )
I

A e dual gE3 705 gl Eelol el A 4

W pt

e RIS AR AN

i

T /}All] [, ubok 2laly) g‘ 9}, N

, Feel g

2w

@A)y -t R R é"‘}l‘?‘l oF it

IV. cH&l=Xgk o7 1B (Symmetric Difference
of Estimates Operator)

A 2Fol ZINH(Difference of Estimates operator,
DoE)e Chat ol gl e yiv),

Dok (8) =S, W (5D =5, O ¢ (5)

i
=3 fawy (s D)= fuwg (s D)
[
1Al Wi vl el Al ARGy el v
Wup @-Go) 9l ¢ Aol g Aba) brol of 4o

q |
Aol Dyehar shyl 2l alE] S, 2) Sy Dol H 4
T DobvE ?17) 91stel AA¥IVE Dyds 2% 2 2L
7o) rAod ol obo A} nit o

o)k deln #H s

k-0 ol Hoj el A
O

soogadel gt



DoEi%4S 448 FEge olgstel o|ugae
LA T 5 A

Image ¥ . \
: Nowg .
! = corruption § ) o
| : ; ,
. . Do oMaE
- Voo e L
w Windowing - »adaplation |
(a)
Image X Nose \
! > cormupteon
> Mk
» WVindowimg " e adupatioy -
(b)
> \’.1
Iage 7 ' Y Edge Mup
) 3w Threshold e >
4
- Ny
(c)

a8 4 (@) (b) B =9l e 2e A% Adgele dA 7
2. (Do &34 A&7 9 TR, A4 2=
Qoie) QA ek,
Fig 4. (a) (b) The data flow for training stack filters to
serve the role of max{dilation and min(erosion).
(c) The structure of the DoFE operator. Image Z may
be an arbitrary observed image.

Aolg e A7) A HrE 287 HAS A
doz AMel zuue AANYE a2 ALgs
A el st o) FAU oAt WS Bs
ook g,

Epor(fu, f) = ;S | DoE7(s)~ Dy (s)]
=§e:; HS W5 (8) =S (Wx ()]
—[max ¥y (s)—min V ¢ (s)}! €Y
S;ES LSy, 5 () —max{V y (s)}

+ 1S W5 (s) —max ¥y (s},

o%vw We AAsEE 29ue e Fageo,

B Hma)d ¥(min)oll A AF& 5= 2 x2 YA}
Z*‘%*Ql FaF9E Hepd HL2Yr9 g o83
o Y (@e] mA v o) A F S HAasEE H
Aol 29 e g HAGT Az Fole) YRe
e faSt SR BE 5 Ao olo gl g E e Fle

umx/*s—‘iglbi“l *éa«‘zr‘—‘%ﬁ’d%ql*?%& iy

2B 7L 21y 4o B3 FA gL Aol 7 Wl A
ERES

o] ERdMe Tl 29U E YA s} 3}
w TAHE A} 349 2™ A My A
HE 9] dualityg ol &8t} Duality® o] &3t 2
A Aol IMeM shbe) AwmElur AA sl a)
e Aotk & HA 9 BP(HY) FAHLL 98 &
HEdei g AAsL MAE FE Y dualg o] 8381
HA O =d(HY) FH/UL Fah At NEe
71E WA FH gL 2bol 718 (Symmetric DoE:SDoE)
23 ey E s

SDoE 71¥ ¢ 43 £ shtel 29 gejnt MA s
Aot 2 oj9el MAE 2ulwE s FHAe
A wh ol A 2 biasH R R AL
T Aotk kel 15 o] &3hH 4] (4)9)
AW LAE St o) M H 4= Qlok

Espoe(f) <2 Z [S7,(W 5 (s)) —max ¥ x(s)]

'*27 IS (W ($)) —min ¥V (s)].
ses
2 ()l =YY S, Ao Y 2HRS 9
&t A3 dual AWYE de‘f HY o =9l 24
g 9isted AjgEct a1y 5°ﬂ 21 B A e K1
He Byt

._.
=

Image i N
- ‘—“i;{;‘f‘?f‘»‘” ; »Symmetrizer- - » ,
S MA "
. >
: vy | wdaptation
mSLimenier s Windowing —{n‘.;\x : »i
(a)
- Sry :
Image /7 ot V Edae Map
4 Thresholding -
ot u
- 1y :
(b)

S 5. (a) Ao BY %S A8 AU o) MAR
(b) SDoE 71 2] 2%, 1o A o) A 7] (symme-
trizer) ¥ th A GAE 57| A3 AL H.

Fig 5. (a) The data flow for training stack filter to estimate
the maximum. (b) The structure of the SDoE oper-
ator. The symmetrizer is used to generate sym-

metric training images.



B HHEAR EE "96—7 Vol.21 No.7

V. &

o] =i e A=A gk ol (Symmetric Difference
of Estimates, SDoE) &¥4 3] & 748 )3l u).
olal AvfE FAUL Aolziyel txd Al 9
st dAFYE Aostda WAY TS ol &3t
2 We g AAgre 2 AAE 2ul e o} dual 2
HAE & o] &3t Folxl el oAl H4
o] o 71 &7 & F4stv}. SDoEv %4 4 2 & bias
7t e 4 %S &9t SDoE 71 ellA Ay

segEE $Yolt Wl A4 FYs Fa)

7

= A FES HUF o g Foly 9 s gl

1. J. Yoo, C. A. Bouman, E. J. Delp, E. J. Coyle,
“The nonlinear prefiltering and difference  of
estimates approaches to edge detection :application
of stack filters,” CVGIP:Graphical Models and
Image  Processing, vol. 55, pp. 140-159, March
1993.

2. P. D. Wendt, E. J. Coyle, and N. C. Gallagher, Jr.,
“Stack filters,” IEEE Trans. Acoust. Speech, Signal
Processing, vol. 34, pp. 898-911, Aug. 1986.

3. J. P. Fitch, E. J. Coyle, and N. C. Gallagher, Jr.,
“Median filtering by threshold decomposition,”
IEEE Trans. Acoust., Speech, Signal Processing,
vol. 32, pp. 1183-1188, Decc. 1984.

4. E. N. Gilbert, “Lattice-theoretic propertiecs of
frontal switching functions,” J. Math Phys., vol.
33, pp. 57-67, Apr. 1954,

5. O. Yli-Harja, J. Astoal and Y. Neuvo, “Analysis of
the propertics of median and weighted median
filters using threshold logic and stack filter rep-
resentation,” IEEE Trans. Acoust. Speech, Signal
Processing, vol. 39, pp. 395-410, Feb. 1991.

6. J. -H. Lin, T. M. Sellke, and E. J. Coyle, “Adapt-
tve stack filtering under the mean absolute error
criterion,” IEEE Trans. Acoust., Speech, Signal
Processing, vol. 38, pp. 938-954, 1990.

1684

F X AHJiSang Yoo) 4 3] 3]

198543 © A 8- o)) 8 50.( - 8FA} — 4l
2}4 8

198741 o Af-R-tl) & a5 8F AL AL
Axpgteh)

; 19938 1 0] 5 i) S0 85 ()
a Ap =21 )8t

199351 ~1994%1 &) 4 2191 5)
Alal L gl
19943 ~ &1 A al gl o sha Al &bt e ) e
Aokl Akl s A ] AL N F A, Q)

L=
B



